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Abstract

Multi-Criteria Decision Analysis (MCDA) problems often involve 
multiple Decision Makers(DMs). In this paper, we present several 
decision analysis algorithms, considering both subjective and 
objective decision criteria with different strategies to account for 
uncertainty. We address the uncertainty and availability of weights 
for decision criteria, and develop probability scoring for the criteria. 
We demonstrate an application of our method with a case study 
concerning aircraft stringer decisions.
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Introduction

Categorize the decision criteria into subjective decision criteria 
and objective decision criteria.

To model the uncertainty of subjective criteria, we sample the data from a 
Bayesian posterior distribution.

To model the uncertainty of objective criteria, we sample the data from 
appropriate probability distribution or empirical distribution.

 Study the uncertainty in weights from multiple DMs by  treating 
weight as a subjective criterion.

Develop a probability score with embedded sampling procedure to 
measure the probability that one alternative outperforms another.

 Implemented five MCDA algorithms

 1-stage sampling + normalization table

 2-stage sampling + normalization table

 1-stage sampling + interval hull linear score

 2-stage sampling + interval hull linear score

 probability score (related to the pairwise winning index)
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Bayesian 2-Stage Sampling Procedure

Let Xi be the value for a subjective decision criterion from i-
th DM, i =1, …, d.

Xi| 𝒑 ~ Multinominal(𝒑), i= 1, …, d

Prior distribution: 𝒑~ Dirichlet(⍺=1,…,1)

Posterior distribution: 𝒑|X1, … , Xd ~ Dirichlet (γ=α + β), where βr = 
 𝒔=𝟏
𝒅 𝟏[𝑿𝒔=𝒓].

2-Stage Bayesian sampling: for t from 1 to M,

 Step 1: Sample one 𝒑t from its posterior distribution 𝒑~ Dirichlet (γ).

 Step 2: Sample one data value Xt from its distribution Xt ~ 
Multinomial(𝒑t).
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Bayesian 1-Stage Sampling Procedure

The optimal parameter estimate I the one that minimize the 
quadratic loss function, which is the mean of the posterior 
distribution.


 𝒑 = 

γ

𝟏𝑻 γ

Algorithm: obtain posterior mean  𝒑 = 
γ

𝟏𝑻 γ
. For t from 1 to M, 

sample one data value Xt from its distribution  Xt ~ 

Multinomial( 𝒑 ).

Both 1-stage sampling procedure and 2-stage sampling 
procedure can be used to continuous subjective decision 
criterion by discretization.
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Probability Score

Let  X1 denote the criterion variable for alternative 1, and X2

denote the criteria variable for alternative 2.

 If the higher the criterion value, the better the alternative

 probability score of X1 is Pr(X1 > X2)

 probability score of X2 is Pr(X2 > X1)

 If the lower the criterion value, the better the alternative

 probability score of X1 is Pr(X2 > X1)

 probability score of X2 is Pr(X2 < X1)

 If categorical variable, take Pr(X1 > X2) + 0.5 Pr(X1 = X2)

Rescale original probability score from [0,1] to [-1, 1].
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Probability Score: objective criteria

Subjective criterion: for sample t from 1 to M,

 Step 1: Sample one  𝑝1t for Alternative 1,  𝑝12t for Alternative 2 from their 
posterior distributions.

X1
t ~ Multinomial(  𝑝1t), X

2
t ~ Multinomial(  𝑝12t). S12=Pr(X1

t > X2
t ) or Pr(X1

t < X2
t ).

 Matrix of pairwise comparison

0 𝑠12 ⋯ 𝑠1𝑚
⋮ 0 ⋱ ⋮
𝑠𝑚1 𝑠𝑚2 ⋯

0

Obtain probability score vector (  𝑠1 ,…,  𝑠m) for each alternative on one 

subjective criterion under sample t. Here,  𝑠k =  𝑙=1
𝑚 𝑠

𝑘𝑙

𝑚−1
, which represents the 

average probability of alternative k outperforming the others.

Objective criterion: 

bootstrap observed values to get another sample, calculate Pr(X1
t > X2

t )

 If the sample size is large, no need of bootstrapping.
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Normalization Table and Interval Hull 

Normalization table

 list the value range of each criterion and its associated score

 provided by DMs.

 Interval Hull Linear Mapping Method

The interval hull for criterion j is the smallest interval that contains 95% 
confidence intervals of all M alternatives on criterion j.

The two end points of the interval hull are mapped to the least and the 
most preferable values in the utility function, i.e., 0 and 1.

The utility or mapping function is then assumed to be linear between 
the two end points.

 See Tervonen et al. (2005)
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An Illustrated Example: Aircraft Stringer Selection
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Aircraft Stringer Selection: Weight of Decision Criteria
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Decision Factor Weight from DM1 Weight from DM2

Cost 5 5

Cycle time per airplane 1 2

Labor hours per airplane 2 2

Rework rate 3 4

TRL 4 3
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Normalization Table for Stringer Study
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Comparison of Algorithms: Total Weighted Scores
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Comparison of Algorithms: Rank Acceptability Index
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BDAT
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Analysis Results: Probability Score
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Analysis Results: 1-Stage Interval Hull
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Analysis Results: 2-Stage Interval Hull
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Conclusion and Discussion

Decision criteria: objective vs subjective

Bayesian sampling approach

Five MCDA algorithms:

 1-stage sampling + normalization table

 2-stage sampling + normalization table

 1-stage sampling + interval hull linear score

 2-stage sampling + interval hull linear score

 probability score (related to the pairwise winning index)

Extensive simulation is needed to compare the performance 
of the MCDA algorithms.

 It may be worth the development of some ensemble MCDA 
algorithm.
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Questions?
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