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FORBWORD 1

In 1954 the Army Mathematics Advisory Panel (AMAP) was established
by the Office of Ordnance Research to provide advice on the mathematical
needs of the Army to the Chief, Research and Development, Office, Deputy
Chief of Staff for Plans and Research, Department of the Army. In carry-
ing out its duties the AMAP made an extensive survey of the mathematical
activities and requirements of more than 30 Army research, development
and testing facilities. One of the most frequently mentioned needs
expressed by the scientists and engineers at these establishments was
greater knowledge and use of the modern statistical theory of the design
and analysis of experiments made in the course of their work.

On the basis of this expression of interest the AMAP considered the
possibility of organizing an Army-wide conference on the design of experi-
ments., Upon making further inquiries it was found that a number of research
workers at various facilities expressed an interest in contributing papers
to such a conference, Others had unsolved or partially solved problems
which they wished to present for discussion.

The AMAP decided to organize a three-day conference on the design of
experiments with three kinds of sessions. The first group of sessions
would consist of invited papers by well-known authorities on the philosophy
and general principles of the design of experiments. The second group
would consist of technical papers contributed by research workers from
various Army research, development and testing facilities. The third group
would be clinical sessions consisting of presentations and discussions of
partially solved and unsolved problems which had arisen in these establish-
ments. The program of the 3-day conference is included in the first part
of these Proceedings.

The conference was held on October 19 - 21, 1955 at the Diamond
Ordnance Fuze Laboratories and the National Bureau of Standards in
Washington, D. C. It was attended by over 230 registrants and partici-
pants representing some 50 organizations. Speakers and other participants
in the conference came from the Bell Telephone Laboratories, Johns Hopkins
University, Princeton University, Virginia Polytechnic Institute, Bureau
of Ships, National Bureau of Standards, and 18 Army facilities.

The present volume of the Proceedings contains 28 papers and an
appendix which contains 2 classified papers, all of which were presented
at the conference. The papers are being made available in this form as a
contribution toward a wider use of modern statistical principles of the
design of experiments in the research, development and testing work of the
Army.
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THE PHILOSOPHY UNDERLYING THE DESIGN OF EXPERIMLNTS

William G, Cochran
Professor of Biostatistics
The Johns Hopkins University

Introduction. - In ordinary speech, the word "experiment" has a broad
meaning. It denotes trying out anything new. In our conferences here we
shall be using the word in a narrower sense., The essence of an experiment
is that we deliberately introduce one or more changes into some process,
and take measurements in order to find out the effects of these changes.
The changes whose effects are being compared are often called the experi-
mental treatments or more simply the treatments,

The ability to do experiments is one of the most powerful weapons
that man has for making advances in his understanding of the world. When
conflicting claims or conflicting theories can be put to a crucial test,
the workers in a branch of knowledge cannot long remain in error. In
fields like economics, sociology and history, on the other hand, where ,
experiments are rarely if ever feasible, it is difficult to get at the
true causes behind the events that are observed. Having read that all
the economic experts forecast a prolonged rise in the stock market, you may
take your meager savings from under the bed and purchase a few good-looking
stocks. When the market promptly falls, you may become slightly mad at the
experts. Instead, you should be sympathetic and understanding: these men
cannot do experiments , and it is hard for them to unravel the complex
forces behind the market.

The origin of an experiment usually lies in some information that we
would like to have, or in some questions to which we want answers. After
carefully phrasing the questions, we select a set of treatments such that
comparisons of the effects produced by these treatments will answer the
questions, We must then consider the environmental conditions in which
these treatments should be applied, and the most suitable kinds of measure-
ment to take. At the end, if the experiment is successful, we find that the
results do enable us to answer the questions,

Failures in experimentation. There is much to be learned by consider-
ing the causes of failures in experimentation - that is, experiments which
do not produce the desired information. Although such failures can be
classified in various ways, the following rough grouping will serve my
purpose,

1. We may have asked the wrong questions in the beginning. This is
perhaps of more frequent occurrence in fundamental research, where the
ability to ask the significant questions distinguishes the outstanding from
the second-rate scientist. In both fundamental and applied research one can
find experiments on questions that have already been answered, since the
increasing volume of research makes it harder to keep up with what has been
done. And in applied research there are examples where the questions asked
were the unimportant rather than the important ones that would have to be
faced in putting the results into practice. Before starting to plan an
experiment, it is always advisable to ask: "Is this the most informative
question to try to answer right now?"
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2. We may have asked the right questions, but the treatments selected
are incapable of oroviding answers to some of the questions. This should
not happen in simple experiments with only two or three treatments, but the
danger is present in a complex experiment designed to throw light on a number

of different questions. It is.a hazard particularly associated with experiments
that are planned by committees, especially if they contain several strong-minded
persons who don't agree with one another. The principal safeguard is to sit down,
after the treatments have been selected, and verify for each question the treat-

ment comparisons that will be made in order to answer the questions.

3. In applied research, the conditions under which the experiment is
conducted are often strikingly different from those in which results. will
be applied. Treatment effects that are found in the experiment may not hold
up under the conditions of application. There is no entirely safe way out
of this difficulty, because much experimentation has to be done with small-
scale equipment in a specialized environment, in order to keep down costs
and to obtain precise results., In many types of work, the practice is to
use the small-scale experiment primarily for screening. Promising candi-
dates from this screening are tested again under conditions that more closely
approximate those that will prevail in applications,

I mention this difficulty because it is always well to realize how the
conditions of experimentation differ from those of application. Even in
pilot experiments it may be possible to include some comparison that help
to bridge this gap. Suppose that three different models of some piece of
equipment are used in practice and that the properties of these models have
already been worked out, so that there is no need to experiment further in
comparing them. It may still be advisable to include all three models in
experiments designed to test other factors, rather than take the simpler
path of confining the experiments to one model., In this way we obtain some
check as to whether the other factors perform the same way on every model.
Similarly, we may sometimes reject a refinement in experimental technique
that otherwise seems attractive, on the grounds that the refinement makes
the conditions of the experiment too remote from those of application.

L. We may obtain erroneous results for the effects of the treatments.
It has happened several times in medical research that a dramatic cure is
found in a first experiment, and perhaps confirmed in a second, causing
much excitement in the press. But later and more careful experiments
repeatedly fail to find any effect, and after a time medical science
reluctantly concludes that the cure doesn't exist. Erroneous results of
this type usually happen because some unsuspected bias has crept into the
results. Such biases are one of the most frequent causes of failures in
experimentation.

5. Finally, the results may be so indecisive as to be useless. This
havpens when all that we can conclude at the end of the experiment is that
the difference in effect between treatment 1 and treatment 2 lies somewhere
between a large positive value and a large negative value. In other words,
we haven't learned which treatment is superior, nor can we even assume that
the two are approximately equal in their effects. Those of you who are new
to the design and analysis of experiments may protest that surely we can get
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more definite information than this out of an experiment. Unfortunately,
even with well-conducted experiments, vague conclusions of this kind are
often all that can be drawn,

This type of failure is perhaps less serious than the preceding types.
It arises because the experiment was not precise enough for its purpose,
and it can be remedied by repeating the experiment sufficiently often with
the same treatments. This, however, is no consolation if decisions have
to be taken before there is time for more experimentation.

In this catalogue of failures in experimentation I have not, of course,
mentioned all types of failures. I have been told of an agronomist who laid
out an experiment in the semi-arid backlands of Australia, and then as
harvest approached could not remember where he had put it. There are even
cases where the professor forgot that he had started an experiment until
long after the time when the results should have been recorded.

In the remainder of my remarks, I shall concentrate on.failures that
arise from biased results and from indecisive results. These are the types
of failure in which statistical ideas appear to have been able to help most.

Variability and experimental errors. One of the most pervasive
features of experimentation is the presence of variability in the results,
The easiest way to find out how much variability you face in your own
results is to apply the same treatment several times and see how well the
results agree in these several repetitions. A repetition does not mean
just repeating the final readings that are made, but running through from
the beginning the whole process of applying the treatment and taking the
measurements. In some lines of work, these repetitions agree within one
or two percent. In this event you may count yourself lucky, in that the
experimental errors are small. Often, however, the variation in results
from one application of the same treatment to another is much larger:
sometimes it is enormous. In certain experiments in immunology, for
example, the amount of protective serum that produces a given color-
imetric response is measured. When a treatment is applied a second time,
about all that we can be sure of is that the dose of serum producing the
same response will lie somewhere between one quarter and four times the
dose that was needed at the first trial.

What causes these variations? They can enter at any stage in the
conduct of the experiment. They may be due to lack of uniformity in the
raw material to which treatments are applied. In experiments in which
the raw material is living, as with animal or human subjects, this is one
of the most important sources of variability. Uncontrolled changes in
the environment or in the equipment or machinery used, variability in the
human operators and errors in the measuring devices are all contributory
causes.

What do experimental errors do to us? If we are not careful, we may
finish the experiment with results that are biased and misleading. If an
experiment with two treatments takes two days to carry through, one way of
doing it that often seems natural to the experimenter is to perform all the
work and take all the measurements on treatment 1 on the first day.
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Treatment 2 is handled on the second day. This prevents any danger of mixing
up the two treatments, but it is the surest way to invite bias. If the raw
material used is somewhat different on the two days, or the equipment is more
worn on the second day, or the observers are more careless, all the results
obtained for treatment 2 will be subject to a bias. Moreover, the standard
methods of statistical analysis give no warning of the presence of bias.
These techniques assume, in fact, that no bias is present - a point that is
not sufficiently emphasized in introductory courses in statistics.

Some tests were carried out during the last war of three preventatives
for sea sickness., Available for the tests were four small ships used for -
carrying troops. It was proposed to have the ships follow a course a short
distance behind one another and to give a specific pill to all the men on a
single ship., Administratively, this is the most convenient way to conduct
the test. The objection was raised that this procedure might result in a -
bias if one of the ships proved to be less subject to rolling and pitching
than the others. This was not thought likely, because the ships had been
built to the same specifications in the same shipyard. However, it was
finally agreed to carry out the administratively more difficult plan of
giving each pill to one-third of the men on each ship. When the trials
were completed it was found that there were adequate amounts of sea sick-
ness on two of the ships. But on the third ship hardly anyone as sick no
matter what pill he received, even though one of the pills contained
just sugar. Further investigation showed that this ship had given trouble
during its seaworthiness trials and that the shipyard had dumped in an extra
load of ballast which made it unusually stable.

Even if we are able to avoid biases, experimental errors may result in
the kind of indecisive conclusions to which I have already referred. In
several repetitions of a test we may find that sometimes treatment 1 wins
and sometimes treatment 2. Although treatment 1 wins often enough so that
we are convinced of its superiority, it may not be clear how closely we can
trust the estimate of the amount of superiority - which is often the important
quantity for the practical use of the results.

Naturally, experimental errors are important mainly in relation to the
size of difference that the treatments produce, or to the size that we are
interested in detecting and studying. The experimenter who faces experi- -
mental errors of the order of one or two percent and is dealing with treat-
ments that produce differences of the order of twenty or thirty percent has
no problem of this kind. But sooner or later, in most lines of work, there
comes a time when we have skimmed off the cream and are no longer working
with treatments that produce large differences. When the treatments are
producing differences that are of the same order of magnitude as the experi-
mental errors, we have to find some way of coping with these errors.

What can we do about experimental errors? A three-point program might
run as follows:

1. Try to find out the main causes of the experimental errors to which
you are subject. Do they lie in the raw material, in equipment
that gives erratic performance, in wear or fatigue, in the environ-
ment or in errors of the measuring devices? This task may sometimes
require an extensive investigation.
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2. Having discovered the principal contributors to experimental error,
. consider for each one what feasible steps, if any, can be taken to

reduce or remove its effects. There are many possibilities. I
shall discuss a few of them later.

3. After surveying all these proposed steps, select those that will
produce the needed amount of reduction in experimental errors most
economically and conveniently.

Improvements in technique. One class of methods for cutting down the

- effects of the principal contributors to experimental errors may be called
improvements in technigue., If the principal difficulty lies in the vari-
ability of the raw material, can we procure more uniform raw material?
At one time I was engaged in experiments on the nutrition of pigs in England.

. We found that our experimental errors were of a size that made precise result:
difficult to obtain. On the other hand, the rival establishment, Cambridge
University, which was doing the same kind of experimentation, had experi-
mental errors low enough so that they had satisfactory precision. A careful
comparison of methods revealed only two relevant differences between the two
places. We had better statisticians, but Cambridge had better pigs. In
Cambridge the pigs had been carefully bred so as to be uniform in their
weight gains, while our pigs appeared to have been purchased in a bargain
basement and showed a regrettably high degree of variability in their weight
gains. Since the only pigs that we could afford were bargain basement pigs,
and since an offer to trade a statistician for 20 pigs would probably have

. been refused by Cambridge, we abandoned this line of experimentation until

better resources could be obtained.

Under the same heading come the purchase of better equipment and
measuring devices, the standardization of the environment through temper-
ature and humidity controls and so on. Naturally, these facilities cost
money and may delay a program of experimentation.

There are three methods of dealing with experimental errors that have
been extensively worked upon by the statisticians. These are local control
(sometimes called grouping or balancing) ; randomization; and replication.

Local control. Local control may be illustrated by an experiment with
only two treatments, each of which we intend to apply six times in order
to get some replication of the results. The general principle is to divide
the experiment into six separate little experiments. In each of these we
take all precautions that are feasible to ensure that the comparison of
- treatment 1 and treatment 2 will be an accurate one.

To illustrate, an experiment was conducted in order to find out
whether a dose of x-rays might enable a rat to withstand better the
effects of a poison gas. There was some reason to believe that this
would be so. The experiment contained two groups of rats, one receiving
a preliminary dose of x-rays, the other no preliminary treatment. To
receive the poison gas the rat was placed under a bell jar into which a
steady stream of gas was fed. The time taken for the rat to die was

. measured.,
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What are the principal sources of error variation in this experiment?
One is, of course, the rat. Rats vary in their toughness in remaining alive
under doses of the gas. Hence it is important that the two groups contain
equally resistant rats. The resistance of a rat presumably varies with its
sex, its age, its weight and with other factors. The flow of poison gas
into the bell jar might be a second source of variability, since this flow
could not be kept quite uniform from one test to another.

In order to apply local control, therefore, the experimenters selected
for a single trial two rats that were of the same sex and came from the same
litter. This made their genetic backgrounds somewhat similar, which might
affect their ability to resist, and also ensured that they were of the same
age. The two rats in any one trial were both put into the bell jar together,
so that variations in the amount of flow of the gas from one occasion to the
other did not affect the accuracy of the comparison in any single trial.

This is a good example of the use of local control to make sure that a
number of potential sources of experimental error affect each of the treat-

ments equally.

Although the experimenters had evened out the variables that I have
mentioned, they were not able to control weight. The two rats in a pair
differed more or less in weight. The experimenters decided always to give
the x-rays to the lighter rat of the two. They argued that if x-rays
showed a beneficial effect when given to the supposedly weaker rat of the
pair, this would make the final results still more convincing in favor of
X-rays.

Notice the logical confusion in this decision. A series of steps
designed to make the comparison fair and precise is followed by a step that
is designed to make the comparison unfair. The experimenters soon learned
the error of their ways. In each of the first 3 trials, the smaller rat,
the one receiving the x-rays, died first. What conclusion could they draw?
It was time to stop and think.

There are several ways in which the experimenters could have dealt
with the problem presented by variation in weights. What they did was to
toss a coin at each subsequent trial to decide whether the lighter or
heavier rat should receive the x-rays. This is the method of randomization.
It doesn't attempt a complete equilization of the disturbing variable, but
merely ensures that the trial shall be a fair game with respect to this
variable. Randomization is not the best way of handling major sources of
experimental errors, because a careful balancing will take care of them more
aedequately. It is very useful, however, for dealing with sources of vari-
ation that remain after we have exhausted the resources of balancing. We
hope these sources are minor, but if we are wrong, randomization gives each
treatment the same chance of benefitting from them.

Another method that they could have used was to make the experiment
up in pairs of trials, giving the x-rays to the lighter rat in the first
trial and to the heavier rat in the second trial. This method, based on
2 x 2 latin squares, gives a better balancing out of the weight effect than
randomization. Alternatively they could have recorded the weights and then
at the end adjusted the results so as to equalize weights by an objective
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statistical technique known as analysis of covariance.

A friend of mine, after making several attempts to read a book on
experimental designs written by Miss Cox and myself, remarked that the
subject seemed to be a very complicated one. It is true that the subject
abounds with strange names for particular types of designs such as latin
squares and graeco-latin squares, and recently with more formidable
creatures like partially balanced incomplete blocks, doubly balanced
incomplete blocks and so on. Although these designs are unavoidably
somewhat complex in detail, their purpose is simple. They are all devices
for enabling the experimenter to balance out the effects of the ma jor dis-
turbing variables in a great variety of different situations. It is worth-
while to have many ways for applying the notion of local control, because
local control often costs practically nothing to apply, involving merely
careful advance thinking about the way in which the experiment should be
done.,

Replication. Finally, increased precision can always be gained by
repeating the experiment enough times, making sure that in each repli-
cation the test is independent of the previous replications so that the
experimental errors have a chance to average out. In this way good experi-
ments can be done with crude equipment and variable material if we replicate
enough times. Of course, replication is not the answer to all our problems
because it too costs money and materials.

In this commection there are methods available by which one can make
rough estimates, before starting an experiment, of the number of replications
needed to detect treatment differences of a given size. More frequent use of
these advance estimates would avoid much wastage in experimental work. Dur-
ing the war I had to recommend courses of action on the basis of a summary
of the results of the experiments that had been conducted on some scientific
question. In a number of these situations the experimental data were practi-
cally worthless. Variability was so high and replications so few that the -
results were too erratic to be relied upon. The point to be emphasized,
however, is that in many of these cases it could have been predicted in
advance that experiments of the size and type that were done would be
almost certain to give indecisive results.

Statistical analysis. By careful technique, local control plus
randomization, and use of enough replications we can hope to reduce the
effects of experimental errors on the average results for the different
treatments to a tolerable amount. In writing our conclusions we must,
however, take proper account of the experimental errors that do remain
in the estimated treatment effects. The calculations by which this is
done may seem mystifying to the beginner, since they derive from the theory
of probability. In the standard methods of analysis, each experiment
furnishes its own estimate of the magnitude of the experimental errors,
making the appropriate allowance for any local control that was employed
and for the number of times that the experiment was replicated. The calcu-
lations do not allow for biases that have crept into the comparisons, and
there seems no way in which this can be done. Constant vigilance against
bias should therefore be the watchword of the experimenter.
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Surmary

This paper discusses some general principles that should govern con-~
trolled experimentation. By way of introduction, some of the main reasons
why experiments may fail to provide useful information are outlined, as
follows.

1. The wrong questions were asked in planning the experiment.

2. The experimental treatments that were selected were incapable of
furnishing answers to some of the questions.

3. The conditions under which the experiment was conducted were too
remote from those in which the results were to be applied.

L. The results obtained were biased.

5. Although unbiased, the results were so erratic and indecisive as
to be useless.

Although the points above are of equal importance, the remainder of
the paper concentrates on the last two, on which the statistical view-
point has the most to contribute.

Since biased and imprecise results arise from uncontrolled variability
that affects the results of the experiment, the experimenter should make
it his business to find out how large his experimental errors are and what
sources of variation are the principal contributors to them. Various
methods for reducing the effects of experimental errors and avoiding bias
are discussed. These include improvements in technique, local control,
randomization and replication. In any given situation, the experimenter
is advised to utilize the method that seems to promise the greatest
returns,
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At the very outset I think it appropriate to remark that the phrase
"research and development" has been in use much longer than the words "design
of experiment." Research and developwent get along without any formal design
of experiments for a long time. Even today the majority of operations that
are grouped under the heading of researdh and development are conducted with-
out specific recognition of recent advances in the theory of experimental
design. We can set 1925 as the earliest date experimental problems were
viewed in a systematic general manner in contrast with the consideration of
each research as an individual and isolated problem for the experimenter,

It seems to me that the Conference, in this first of several sessions,
is concerned with the nature and function of design of experiments, just as
you might first explain to a visitor from another planet the nature and pur-
pose of automobiles, leaving to a later time the matter of explaining how to
drive one. It seems important to spend a little time on the relationship of
experimental design to the kind of learning process that we mean by research
and development because even the textbooks on experimental design are almost
completely devoted to the "how to drive" aspect of the subject. Naturally
enough, these texts assume that we've bought the idea of experimental design
and go on from there,.

It is necessary, I think, to consider for a little this whole problem
of learning. Certainly the first formal learning, undertaken in the element~
ary and secondary schcols, deals with material that, in theory, is to be
learned in toto. No choice is involved. At least if the student takes
algebra the subject matter is set forth without any opportunity for selection
by the student. Of course I don't mean the student learns all that is pre=-
sented - he may learn just enough to get by but even then selection hardly
enters the picture. Note, too, that the material is ccnsidered as authori-
tative, without doubt or uncertainty in any of the facts or evaluation.

Even in the undergraduate collece years these authoritative and non-
selective characteristics predominate. True, the student chooses a field of
study, selects electives, but apart from this there is very little selective
element in what is learned. Well, sometimes there is a kind of selection pro-
cess that comes into play. Fraternities collect examinations from previous
years and these may be a guide to the selection of a rather small fraction of
the material in the course which will be enough to pass the next examination.
But I cannot see that training in this kind of selection is going to be helpful
in acquiring the kind of skill in selection required in research and develop=~
ment.

What I have been leadirg uvp to is the statement that people engaged in
research and development are people whc have achieved the ability, in one way
or another, to select with good discrimination what they will try to learn
with tneir available facilities and resources. I want to try to show that
design of experiments is a discipline that serves to accelerate the acquisition
of good discriminatory skill in what we learn and how we learn.

It is worth dwelling a little longer on this learning procedure. Some~
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times the college senior is given a modest problem. Either that or he
finishes and gets a job and is confronted with the problem of looking up
something. He goes to handbooks and reference works, mcenographs, or the
literatvre or an abstract journal. If he is lucky what he wants to know

is there somewhere, along with an immense amount of unwanted material.

There is selection here certainly, but rather easy kind because the searcher
knows precisely what he is looking for. Even this kind of selection is not
extensively taught in undergraduate work.

Sometimes rearch reveals that apparently the desired information just
doesn't exist. There is a hole in the fabric of learning and somebody, if
its important enough to him, will try to weave in the missing material. I
suppose this process comes under the heading of research, but it seems to
me a fairly elementary level of investigation.

I would 1like to illustrate this type of problem with an example from
my own experience. The question had to do with the vapor pressure of
sulfur - in particular, the varor pressure at temperatures such as occur
outside on hot days. It was important because sulfur, widely used as an
agricultural dust, might give damaging concentrations of sulfur vapor on
hot days. Now lots of measurements on the vapor pressure had been made =-
all of them above 100°C. It seemed, at first, a cimple matter of extend-
ing the vapor pressure curve down to lower temperatures. We knew exactly
what we wanted but nevertheless it turned out to be a challenging research
problem. It was soon clear that existing procedures for determining the
vapor pressure of sulfur would not cope with the extremely small amounts
of sulfur given of at 30°C. The amounts of sulfur, if I recall correctly,
were rather less than that of gold in sea water. In order to carry convie-
tion a new method, when developed, ought to extend to temperatures already
in the record, so that the new piece of the curve eould be added with
confidence to the established curve. It may seem unnecessary to comment
on this reascnable requirement to give confidence in the new data. But it
is, as shown by its general acceptance, something which is inherent in good
experimental design in research.

I'1l mention two other examples because they bring aspects of design
that are not given much attention in textbooks on the subject. The first
concerns a visit by a pair of young men who were testing a small airtight
metal container for an electronic item vital in some military hardware.
The weighed containers, without the electronic component, but containing
some phosphorus pentoxide, were to be cycled from heat and steam to cold
and vacuum for several months. The visitors were concerned with getting
an estimate of the number of containers they should test. The idea uas
that leaks wovld be revealed by gains in weight for the comtainers. I
remarked that even if 1,000,000 containers showed no gain in weight a real
sceptic might demand proof that leaks would give detectable weight
increases. It would be so easy to spike this critic's guns by putting in
a few conmtainers known to have microscopic holes and collect data to show
that these containers did in fact gain weight. Otherwise there might be
another six months of cycling needed to cope with the sceptic. Well, I
maintain that this, too, is design of experiments because we must be pre-
pared to defend the interpretaticn given the data.

.
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The other example was even more simple - so simple that the young man
told his chief that there was no need to see a statistician. There were
several varieties of an electrical gadget and a search was under way to find
one that should not lose more than some specified percent of its performance
when exposed continuously for a month to a rather high temperature. By "pure
accident" I was in the vicinity shcrtly after the experiment started. Period-
ically the gadgets were taken out zad trought to a standard room temperature
for performance measurements. The lad srowed me the first three or four pointe
for each variety lying smoothly along various curves. "You see" he said ™o
statistics is needed here." "Quite right." I said, "But can you tell me if
the fall off in performance is due to the added hours at high temperature or
to these periodic temperature shocks when you take them out for measurement?
In use," I said, "They are continuously at the high temperature, isn't that
so?" Once the question was stated the lad was perfectly capable of modifying
his procedure to protect himself against the question raised. Here again 1
include this aspect of an investigation under the heading of good experimental
design.

I think it is clear by now that what I call design of experiments is
inextricably interwoven with the research study itself. It is a very limited
concept of experimental design that accepts without question an experimenter's
program and just shuffles the work schedule into a Latin square or some other
standard statistical design.

The relationship between the statistician and the investigator is indeed
a very nice (I mean sensitive) balance. The exverimenter has, without
question, the full power to decision of what it is he wants to find out. On
the other hand the statistician has responsibility to test by skillful ques<
tioning whether the experimenter's program will in fact meet the experimenter's
needs.

The statisticel consuvltant often starts with seemingly irrelevant ques-
tions about what it is that is being measured and how the measurements are
made. Somehow the statistician must acquire an understanding of what is
goine on. Eventually, however casually introduced, questions like these are
put to the experimenter: "What is the purpose of getting these data?" or
"How did you come to undertake this work?" These are softer versions of the
question the statistician is quite tense about - i.e., Why are you trying to
learn these particular things? What will you do with the information?

I know these questicns sound very much as though the statistician is
impinging on territory not his. But the fact is that the statistician is
has seen the results of a lot of experiments and most particularly where data
were brought to him together with questions that the data wouldn't answer.
Go back to the examples I mention:d. Taking the results, as first planned, toc
a statistician will not answer the questions raised about these projects. The
answers have to be built into the project. In the modern era of complicated
experimentation it is well to see a statistician first. The finest materials
and workmanship may be put into a house, but calling in an architect after the
house is built is not the way to use the special skills of an architect,

We are, at this stage, considering the larger aspects of research and
development. Consider a proving ground with various types of terrain for
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testing vehicles. Cuppose a number oi competitive vehicles are put through
their paces over a selected course, Clearly the make up of the course has
been determined by the experimenter. There may be muddy, sandy, hilly and
other corts of terrain. Should the course have equal stretches of the var-
ious kinds of terrain? If the vehicles are at all selective in their
ability to withstand the different kinds of rough going the make up of
the course may largely determine the ranking of the vehicles. It is no
answer to say that a vehicle, to be acceptable, must not fail regardless

of the course. This may bring up matters such as speed and cost as Pro= -
hibitive limitations. Well, what should the course be? We try to guess
what the actual demands on the vehicle may be. We try to discover what

are the strong and weak features of the various vehicles.

Perhaps the easiest way to emphasize the magnitude of the problem is
to imagine that two independent test organizations are each given a supply
of test vehicles and resources to construct whatever proving facilities
they deem desirable. If the two organizations differ markedly in their
findings the danger attendant on accepting the verdict of one orgnaization,
if only one had made tests, should te clear to all. In a broad sense,
design of experiments has the task of helping to insure that independantly
conducted tests will concur in their conclusicns.

Perhaps the more familiar aspect of design of experiments is its ine
volvement in the small details of the research program. It is this aspect
that I usually elect to talk about. Time will permit only a small excursion
in this realm of experimental design.

I have a favorite example involving a realistic test of the merits of
leather and a synthetic as a material for soling shoes. Une way to conduct
the test is to prepare a pair of shoes with leather soles and present them
to one man and prepare a second pair with synthetic soles and give these
to another man. Obviously if a difference in wear is found after a month
this may be a result of a difference in the walking habits of tr~ two men
rather than a difference between the materials. But if many pairs of each
kind are available and many men are included in the test then the walking
habits would tend tc average out to about the same. A difference, if
found, couvld fairly be ascribed to the materials. But how much easier it
would be to achieve this equality in expesure to wear by making pairs, one
paire, one shoe soled with leather, the other shoe soled with synthetice.
There is a marked tendency of one foot to go along with the other. This
simple paired comparison can greatly reduce the number of tests required.

Suppose there are several test materials but only two shoes to the
pair. Then again it is the role of the statistician to indicate various
combinaticns of materials that could be used for the various pairs of shoes
and also to insure that there is adequate repetition to prowide a basis
for judging any observed differences. As a statistician I am inevitably
committed to the idea of a reasonable amcunt of repetition. Yet when one
is personally involved one may be. less insistent. A recent clot in a vein
of my right leg set up an elegant paired comparison with the control left
leg. I am, however, most unwilling to corsider a repetiticn of this
experiment.
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I have another favorite problem, the gun problem, that I use to illuse
trate the way design of experiments is tied up in the detailed conduct of a
research and development project. It is easy to spend an hour on this example
But I'll try to get my main point across in a paragraph or two. The gun
problem concerns a test on five different ammunitions for 16 inch guns. Ther
are just four rounds available of each ammunition - i.e.y 20 rounds altogethe:
I further postulate thot there is considerable gun barrel wear - far too much
to be neglected in the firing of 20 rounds. Now one way to schedule the
firing sequence is tc “ire the four rounds of one ammunition, then the four
rounds of another anc sc¢ on like this:

Firl“i" Order 123.0.0000..00.0..020
Arrunition AAAABBBBCCCCDDDIEEEE

The objection to this firing sequence, of course, is that ammunition A
is favored by being tested on the gun when new and E gets rated on the gun
after considerable wear on the barrel. A false rating of the ammunitions may
result partly because the check rounds of any ammunition are fired in succese

sion and will show pretty good agreement.

If this is not a good sequence in which to fire the rounds what would
be a good one? I expect you to be surprised, at least I was, when I report
that there are 305,540,235,000 different distinguishable sequences in which
these 20 rounds may be fired. It would take a long time to examine all these,

The contribution that design of experiments has to make is very consid-
able, This immense number of sequences can be classified into about ten -
important classes - each class having particular properties from the view-
point of experimental design. The problem of choosing a firing sequence is
now immensely simplifieds One can select the class of design with the desired
characteristics and then pick any sequence that is a member of that class.
Design of experiments brings organization and direction into the selection of
the firing sequence.

I think some time should also be given to the present limitations of
design of experiments. Consider the advanced research problem posed by the
development of a new material with certain desired characteristics and pro-
perties. To be a bit more specific consider this material is in the general
area of plastics. The experimenter is confronted with a considerable choice
of raw materials, their proportions, and the conditions for their interaction.
Every experimenter is cavght between the two extremes of expending his appro-
priation in an intensive search in a small area or in a superficial search
over a broad range. Statisticians have made 1ittle more than a beginning on
this difficult problem.

Perhaps an analogy will throw some light on the nature of this problem.
Consider an oil painting several feet in each dimensicn hanging in a dark
room. The experimenter has at his disposal a limited number of small spot=
lights. Each spotlight illuminates a small area, say two inches in diamenter.
Furthermore, once a spotlight is aimed at a point within the frame of the
picture it cannot be moved. These spotlights are the experiments. The two
dimensional canvas is a simplified versicn of the usual research and develop-
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ment problem. The task of the leader of this project is to direct his avail-
able spotlights so as to form the best idea he can of the hidden picture.

Now various schools of thought exist about this problem. Ore school
advocates running a traverse of lights horizortally across the ricture at
some arbitrary height. Then, picking the most provocative spot in this
traverse, to expend the remaining lights on a vertical string through this
point. The most interesting part of the picture may easily be missed using
this approach.

Another school proceeds on a more flexible basis. A couple of shots
are taken at random (i.e., on hunches!) and an attempt made to follow up
anything that looks interesting. I menticn that these data are difficult
to examine statistically.

Statisiticians are just beginning to think about this problem. At
first they proposed a rigid set of coordinates to be followed without regard
to the evidence obtained as each shot was taken. Now it seems more profitable
to try and design a thin systematic coverage using some of the spotlights,
then, after appraisal of these, tc concentrate the remaining lights in the
most promising area. There is, I think, a real appeal in a preliminary
systematic. coverage, which mirsht, in the analogy I've chosen, indicate the
presence of an attractive maiden in the picture. All will agree that con-
siderable care should be taken to locate strategically the remainging spot=-
1ight50

I look back on these remarks and seek for the major idea that I've been
trying to establish. It is, I think, just this: Design of experiments is
part and parcel of research and development. It has always been so. Senior
experimenters have always come to use in their planning the same basic con-
cepts that are the fundamental concepts in design of experiments. The
growth of design of experiments as a separate discipline means that we are
trying to get down and extend the hard bought evverience of senior investi-
gators. More than that, we want to make this experience more easily available
to our junior investigators. Statisticians and experimenters will need to
work in close cooperation to develop new techniques. The overriding consid-
eration, as demonstrated by this Conference, is tc make every research and
development program more effective, and to get results that will stand up
whatever the future holds in the way of tests with all the chips down..
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Synopsis#*
I

ADMINISTRATIVE ADVANTAGES OF RANDOMIZATION

1. Avoids Personal Responsibility for Selections and Allocations Employed.
2. Is Widely Accepted as Fair, Just, and Objective.

3. Can Eliminate All Possibility of Personal Bias, Conscious, Subconscious
or Unconscious,

a, Bias from Conscious Acts

Choice of "controls" such as to insure success of "treatment"

Leaning over backwards so far to avoid favoritism that serious bias
in opposite direction results '

The fallacy and pitfalls of selecting the "poorest" for "treatment,"
leaving the "better" for controls: Card trick.

b. Bias from Subconscious or Unconsecious Acts
"Blindfolding" a necessary adjunct to randomization.
4. Can be a Useful Strategy in Coping with Both Men and Nature.
IT
FUNDAMENTAL ROLE IN EXPERIMENTAL SCIENCE

1. Provides an Opportunity for Effects of Individual Idiosyncracies and
Uncontrolled Factors to Balance Out.

Random Positioning of a Scale, to Minimize Effects of Ready Errors
and Imperfections of the Scale.

Reduces Systematic Error by Transferring Some Constant Errors into
Random Errors Which Tend to Balance Out as Replications.

* Present plans call for publication in full of this paper in the
Proceedings of the Second Conference on the Design of Experiments in
Army Research, Development and Testing.
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3.

Design of Experiments

Is Essential for Validity of Measures of Precision and Methods of
Statistical Inference Based on the Mathematical Theory of Probability.

Serves to Separate Constant (or Systematic) Errors from Components
of Imprecision by Requiring Consideration of Exactly What Would
Constitute a "Repetition" of the Experiment.

Should Always Be Done Formally, and the Resulting Allocations
Strictly Adhered To.

An Exception: When Resulting Pattern Points up to the Fact that a
Better Design is Required.
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One Dimensional Fxperimental Designs

Oftentimes an experimenter is interested in exploring the relation-
ship between some response y as a continuous functicn of some single
quantitative varieble x , the variable x being under the control of
the experimenter. Such studies, reguiring the control of but one single
varisble, glve rise to what are termed 'one dimensional' experimental
designs.

Initially nothing mey be known about the nature of the relationship;
the variable y being simply an unknown function of x°, i.e.,

y = f£(x) . (1)

Ap a first ctep in exploring this associrtion between y and x it is
frequently apsumed that the response y is a simpie straight line
function of x . The mathemetical model expressing this linear relation-
ship can be written as

Yy = By + Bx (2)

"where B_ 1is the intercept of the fitted line on the y axis, and B

is the siope of the line. The choice of this lineer model may be based
on the knowledge of analogous experimental studies, or may simply be

the knowledge thut quite compl!icated functions cen be illustrated by
struight lines over limited rznges. Estimates of the coefficients Bo and
B can be quickly obtained using least scuasres. The actual least squares
formulas for estimating these coefficients are given in many texts
(1,2,3) and are cuite easy to use.

After the straight line model hac been fitted to the data it may be
apparent that it inadecuately represents the relationship between y
and x . A statistical measure of thic lack of fit of the derived
equation is poscible provided a valid estimate of the natural veriability
of the response y is available. Also, it frequently heppens that the
experimenter knows beforehand that a strdéght line is inadequate, and he
may from the very start wish to fit a quedratic curve to the data, i.e.
fit the second order m:thematical model

Yy = B+ Byx + Bllx2 (3)

The least scuares estimetes of the coefficients in this model is
straightforward, but can become very cumbersome numericelly. The calcu-
letions are particulerly ditficult if the response y has been recorded
at some haphazaed array of settings of the controiled varisble x . To
reduce this computational load it is usually requested that the response
be recorded et equelly spaced intervale of the controlled veriable. This
simpliest of experimental designs then permits the réady estimation of
the coefficients in the second order model by using the tables of the
Orthogonal Polynomials {4,5). In fact, fitting a cubic or ouartic model
is similerly very simple provided the suggestion of observing y at.
equal’y spaced intervels of x is followed. Since only one varisble is
controlled, x , this simple arrav of settings for x is called a one
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* This paper was originally published‘in the Proceedings of the
All-Day Conference on Quality Control at Rutgers University,
September 1955. Permission to reproduce it here is greatly

appreciated by the editors.

#% Since Dr. M. E. Terry based his talk on this paper by
Dr. J. S. Hunter, he has requested that it be printed in

place of his own address.
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dimensional experimental design. The principle resson for using this
design is the resultant ease of calculetions, oftentimes a very considerl
able item.

Two Dimensional Experimental Designs

Freguently an experimenter may be interested in studying some
response variable as a function of two independent controlled variablea,
i.e,, -

y = flx), xp) (4)

A8 in the one dimensional cese, the first step in exploring this function
may be to fit the first order model

Yy = By + Bjx) + Bx (5)
This mathematical expression is the equation of a plane.

If the response y 1s recorded at a haphazard array of settings of

xy and , the estimates of the coefficlents in the model can become
quite awkward. However, if the experimenten will pre-select the settings
of x, and , that 1s, use an experimental design, not only will the

calcuintiona be greatly reduced, but the experimenter's confidence can be
made uniform over all the estimuted coefficients.

The most popular experimental design for fitting tnis planar model
is the two level factoriel design. This experimental design recuires
thet each controlled variable be fixed throughout the experimental pro-
gram at a high level and st a low level, end thiat all possible combina-
tions of high and low levels of the variebles be run. For example, sup-
pose &n experimenter were planning to study the relationship between the
expected yleld of a chemical process as a function of time snd tempera-
ture. A two level factoriel design would take the form:

Controlled Experimental Response Predicted
Variable Levels Design Levels Response
Time Temp. x y s

1hr  240° - 3 43 42
5 240 1 -1 53 54
1 280 -1 1 59 60
5 280 1 1 73 72

The mathemaiical model is most conveniently fitted to the experimental
design levels rather than the actual levels of time and temperature. The
coding mechanism associeting the design variables x; and xp with time
and tempereture are

1 = Time in hours - 3 , x, = Temp ° - 260
2 20

The estimates of the coefficlents in the plansr model are:

.b°=43153+§2ﬂ3 , b1 = - ~59+4 ’ b2 = =43-53459+7

4 4 4
The fitted equation is then

N
y= 57 + 6x3 + 9x,
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The method for computing these coefficients is quickly recognized. The
four predicted values of the responses are recorded in the table. The
regression analysis table (or analysis of variance table if you insist)
is

df
Total Corrected Sum of Scuares 472 3
A Effect 144 1
B__Effect 324 1
Residual 4 1

4
As a check we note that | Z( 'y: -7, )2 = Residual Sum of Squares
s

If the settings of the design variables are plctted out on graph
-paper they will form the vertices of a square. Another experimental
design, called a first order experimental design, that will also quickly .
provide estimates of the coefficients in the model is formed from the
vertices of an equilateral triangle.

Eetimating a Path of Steepest Ascent

Frequently the question is asked, "What combinatior of levels of une
controlled variables will give the highest response?" In attempting vo
ansver this question several alternative experimental approaches are
possible. The experimenter may randomly select different settings of the
controlled variables, try them in his laboratory or pilot plant, and with
luck gravitate to the maximum point. Or he may run a sequence of experi-
ments over a grid covering the entire region of interest and thus liter-
ally map the response. Both these approaches can quickly require a great
many experimental runs and are usually avoided.

A favorite attack is the method of one factor at a time. This
method requires that the experimenter hold all the controlled variables
save one at some constant level, and then vary the remaining single
varisble until a maximum response is observed. Then holding this
veriable at its optimum value, a second variable ia varied, and so on.
The method is 1llustrated . in Figures 1 and 2.

' Suppoee a response y (% of theoritical yield) is a function of
time (measured along the x; axis), and temperature (measured along the
X, axis). Suppose further that the response, when viewed geometrically,
has the appearance.of a mound with a single maximum point. This response
is 1llustrated by means of the contour diagram in Figure 1.

Figure 1

Contours of Equal
Response for
% of Theoriticel Yield

Illustration of Method
! 3 4 5 of One Factor &t a Time

A
TIME (hours)'

19




20

Tesign of Experiments

Using the method of one factor at a time, the experimenter might hold
hold the temperature constant at 220° and vary the time in one hour
increments. The resultant experimental trials are s:own by the horizon-
tal line of heevy dots in Figure 1. Deciding thet three hours was the
best time, he would then hold the time constant at this value and vary
the tempereture in, say, increments of 20°. This gives the series of
experiments illustrated by the vertical line of dots. Thus the procedure
leads the experimenter to the point of maximum response.

However, imagine that instead of & mound, the respons:e were only
slightly more complicated and had tne appeersnce of a rising ridge as
shown in Figure 2.

S0 80 T0O &0

0
200 ‘Figure 2

Contours of e:usl
Response for y #
% of Theoritical Yield

280

o4
26 Illustration of dethod

of One Factor at a Time
240 1

220 1

TEMPERATURE ( °C )

2 3 4
TIME (hours)

™~

The identical procedure illustrated by the dots in Figure 2 leaves the
experimenter with the conviction that the setting of three hours &nd 220
is optimum for steps higher or lower in time or temperature from this
point will -produce a decrease in the response. Obviously higher yields
are posgible. In this instaznce the experimenter is stuck on & ridge and
can only discover the higher yields by varying time and tempersture
simultaneously.

A method which guarantees that the experimenter will tend towards
the maximum point regardless of the form of the response surface (save
that it is continuous) is the method of steepest ascents (6,7,3). This .
technique makes use of the first order mathematicel model and either the
two level factorial design or the first order experimental design. The
basic concept behind the idea of predicting & path of steepest ascent

simply that within a small region a plane will do a good job approxi-
mating a curved surface. This is enalogous to the old argument that
straight lines do a good job of approximeting curved lines over small
distsnces. The plan is then.to predict the best fitting pleane in some
small sub-space of the experimental region. Then noting the tilt of the
fitted plane, a path of steepest ascent can be predicted. Experiments
are then performed along this path untili a decline in response is noted.
Additional observetions taken in and around this point can confirm
vhether a maximum has been reached, vhether a new path of steepest
ascent should be predicted, or whether the response surface should be
mapped in this important region.
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For example, imagine thzt a two level fectcrial desipn hed been run
as illustrated by the small circles in Figure 3.

300

<
TIME (hours)

The following table of results would be observed:

Controlled Experimental Response
Variable Levels Design Levels

Time Temp. xq x, ) y

0.5 hr 210° -1 -1 51 %
1.0 210 l -1 i 57

0.5 220 -1 1 55

1.0 220 1 1 61

Fitting the first order model given in equation (5) one .obtains for the
best fitting plane in this region

=56 4 3 + 2,

The path of steepest ascent is now determined by the coefficients of X
and. X, « In this example therefore, we are advised that for every
three units X, 1s changed, X, 8hould be simultaneously changed two
units. The changes requested afe porportional to the size and signs of
the coefficients. The units that are consldered here are the units of
the design varisbles, not the levels of the controlled variables. Thus,
starting from the center of the design array, the estimated path of
8teepest ascent 1s plotted as shown. Experiments along thls path would
lead to the creat of the ridge where a second series of experiments
would direct the experimenter up the ridge. Should the response be. a
simple mound as in Figure 1, the very first predicted path should lead
the experimenter very close to the maximum point.

Surface Fitting Designs

Although locating the maximum point of & response variable can be
valuable, experimenters are often asked to describe a response quite
generally over an entire region. This requirement is ideally met if the
experimenter can-actually conctruct the contour lines describing the

—~ 2801 Figure. 3

s’ Contours of Equal

~ 260 4 Response for y =

E % of Theoriticel Yield

E 2404 Illustration of Fath

E of Steepest Ascent
2201
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form of the response surface. On other occasions the experimenter may
‘be asked to find a region which is optimum, not with respect to a single
response, but with respect to two or more responses considered simul-
taneously. One interesting means for finding points or regions theat are
optimum with respect to several responses is to superimpose the contour
diagrams of the responses. For example, imagine the response indicated
by the contours in Figure 1 as indicating the yield of product A, and
the response illustrated in Figure 2 as tne yield of the simultaneously
produced product B, By superimposing these two contour -diagrams, as
shown in Figure 4, one can determine the settings of time and tempera-
ture which will simultaneously give, say, a yleld of 90 for A and a
yield of 80: for B.

Jood % 80 T0 60 So

Figure 4

—==e=. Contours for
Product A

— Contouré for
Product B

TIME (hours)

If a response surface is planar then the contour lines become
parallel straight lines. Methods of fitting first order models have
already been discussed. However, if the surface is thought to be
curved, or if the controlled variables interact in affecting the re-
sponse, then a planar representation is no longer adequate., To estimate
a non-planar surface, a second order mathematical model can often be’
profitably used. The second order model in two dimensions is:

v =B 4 2 2
[T = By 47 Byxp + Bxy 4 Byx)” 4-Bpxy” + Boxyx,  (6)

This is a very versatile mathematicel model. Imagine that the
coefficients in the model are known (or have been estimated). Next,
set y equal to some constant, say y=80. The resultant equation will
be the equation of a circle, an ellipse, an hyperbola, a parabola, or
even a straight line. The actual geometric shape depends, of course, on
the signs and mngnitudes of the various coefficients. Furthermore,
everyvwhere on the line, regardless of its particular formf y .would
equal eighty. :

Thus, this mathematical model can be used to estimete the contour
lines of. a response surface (3,7). For example, imagine the 'unknown'
response surface given in Figure 1l: a simple mound. Imegine further
that the response has been recorded at enough settings of time "and

temperuture, x; and ‘X, , 80 a8 to permit the estim:tion of all the
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coefficients in the second order model given ln equation (6). Let us
also assume thut the error is recording the response y 1is small. Then,
by setting ?::90, 80, 70, etc. the fitted equetlon would undoubtedly
generate three perfectly concentrig ellipses, the ellipse for = 90
beinz innermost, the ellipse for ¥y = 70 being outermost. These
ellipses become in fact the predicted contour lines. Viewing such a
set of contours, the form and nature of the response surfece should

be iamediately apparent to the experimenter.

Rotatable Designs

Estimeting the six coefficients in tae second order model given in
equation (6) con become very awkward if care is not taken beforehand in
selecting the levels of the controlled variubles. One experimental
design (not a rotatable design) that can be used to reduce this labor
of computstion is the three level frctoriacl design. This design re-
quires that each of the controlled variables be held at a high ( -1 ),
middle ( 0 ), and low ( -1 ) level, and thet all combinations of levels
and y«riables be run. In genercl, the number of experiments required is
N=3", where k equals the number of controlled variables. Thus, the
co-ordinates of a two dimensional, three factor factorial design are:

Experimental
Design Levels
o *x
Run # 1 -1 o
2 0 -1
3 1 ~1
4 -1 0
5 O 0
6 1 0
7 -1 1 Plot of the Three Level
8 0 1 Factorial Design
9 1 1

However, although this array of points will greutly simplify the
calculations required for estimeting the coefficients in tne model, 1t
provides an unfortuncte balance in the variances of the estimates of the
linear, crossproduct, and quadratic coefficients. As a matter of fact,
the variances of the estimated coefficlents will literally change as
one moves about in the space of x; and -3 even though one should
move in a perfect circle about the center of the design.

A cless of experimental designs called 'Rotrtable Designs' (8,9)
has recently been develpoed which not only possess the quality of easy
calculations, but also provide that the variances of the estimazted
coefficients remain constant as one moves in a circle abbout the center
of the design. This can be shown to be a very desirable property for
any experimental design. Furthermore, the configurstion of points in
the space of xy and x, are easily remembered, for they form the
vertices of the regular ?1gures, storting with the pentngon. Thus the
simpliest second order rotateble design is illustrated on the next page.
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. Design Co-~ordinates
o
° x) X,
- PY P 0.000 0.000
X 1.000 0.000
[ ] 0.309 0.951
°® -0.809 0.588
-0.809 -0.533 -

0.309 -0,951
The Pentagonal Design

A required additlonal point is one (or more) at the center of the design

array. Replication of this single point will not-only provide e valid

estinate of the experimerdtal error, but is also valuable in building up : -
the predictive power of the resultent fitted model in the interior of

the design.

The hexagon, septagon, octagon, stc., all with one or more center
points, all provide second order rotastable designs. The choice of one
rotatable design over another is usually determined by the number of
trials the experimenter wishes to run, snd by the number of levels he
mugt maintain for each variable. For instance, a hexagon design re-
quires that Xy be controlled at five different levels, but x, only
at three different levels, i.e., .

[

|~ o [
*h
b o ® @
un
>
>
s F ® ®

1 1 1 [
Levels of x)

The Hexagonal Design

Experimental Designs in Three or more Dimensions

Situations in which some response may be the function of three or
more variables are not at all uncommon, i.e.,

¥y = f(x;, Xor X35 ey xk) (7)

The first order model in three dimensions is a simple extension of
equations (2) and (5), i.e.,.

Y= B, + lel + 8212 + 33:(3 (8) -

and the general first order model in k dimensions becomes

b
y =B, + ) Byx ©)
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These mathemztlical models can be used to estim~te a 'planar' response
surface, or to predict a path of steepest sscent, regerdless of tne num-
ber of dimensions (the number of controlled variables) involved.

As is tne case of two dimensions, the two level fzctori=l design
mey be used to estimate the coefficients of & first order model., However
since tne number of experimental points, N = 2%, quickly becomes large
a8 k lIncreases, fractional factorial designs are used. These designs
provide that a % replicate, or even a } or still smaller fractlon, of the
total number of reouired points be run. The fraction permitted depends,
or course, on the number of dimensions. For example, in tnree dimen-
sions the design points for e full two level factorial design, and a
1 replicate (4 fraction) of a two level factorial are as follows:

.

SR qon N
-1 -1 -1 . -1 -1 -1
1 -1 ~1 1 1l -1
-1 1 -1 1 -1 1
1 1 -1 -1 1 1l
-1 -1 1l
1 -1 1 4 Replicate of a
-1 1 1 Three Dimensional
1 1 1 Two Level Factorial
Three dimensional also a

Two Level Factorial.
Three Dimensional
1st Order Design.

If these points are plotted in space those of the full fectorisl design
vwill form the vertices of a cube, while those of the } replicate will
form the vertices of a tetrahedron.

The first order design in three dimensions is identical to tae 3
replicete of the two level three dimensional factorial, i.e., its
co~odinates are the vertices of a tetrahedron.

Tvo level factorial, and first order designs, can be constructed
regardless of the number of dimensions involved (10). They become in
higher dimensionality thne vertices of a hyper-cube (or a perticular sub-
set of & hyper-cube if a fractional factorial is used), and the vertices
of a hyper-tetrahedron respectively. On those occasions when the number
of dimensions i& une of the arithmetic serles 3, 7, 11, ... a first
order design will be found to coincife identically with some fraction
of 8 two levsl factorial. For dimensions of a number other than these
the vertices of a tetrahedron cannot everywhere take on the values of
plus or minus unity. For example, the vertices of a tetrahedron in
four dimensions, i.e., the first order experimental design in four
dimensions are

xl 22 13 ZA
-1.581 -0.913 -0.645 -0.500
1.531 -0.913 -0.645 -0.500

o 1.826 -0.645 -0.500
0 0 1.935 -0.500
0 o] 0 2.000
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It 15 of course possible to extend the second order mathenatical
model to higher dimensions, i.e., to concider a curved response &s a
function of three or more controlled varisbles. In these instances
the experimenter will predict contour surfaces instead of contour lines,
and although the interpretation, end visuelization, of second order
responses in three or more dimensions is not easy, it has been success-
fully used in several instances (6,7,11,12). The second order model in
three dimensions 1s

y = B, + Bx. + B,x, + B,x. + B %%+ B x24 B, x2
(- 171 272 373 1171 2272 3373 (10)
+ Bllexz + 313x1x3 + 82312x3 .

Several three disensional experimental designs are available for
estinating the coefficients in this model. The three level Yactorial
will recuire N = 3° = 27 points, usually too large a number. Three
rotntable designs exist: the icosahedron design which is formed by the
12 points at the vertices of an icosahedron plus one or more points at
the center, the dodecahedron design witn 20 points plus one or more at
the center, and finally the cube plus octahedron design -- better
known as the 'central composite design! (7) -- formed from the 8 points

of a cube, the 6 points of the octahedron, and one or more points at
the center of the array. This latter design is illustrated below.

®

Three Dimensional Central Composite Design

To form a rotatable design from the central composite design, the
radius arm of the octahedron must equal 1.68. The co-ordinates of the
vertices of the cube all equal plus or minus one. Rotatable designs,
in the form of the central composite design, are availeble in-all
dimensions.

Conclusion

It has only been possible to paint with a very broad brush the
concepts of steepest ascent and surface fitting, and to briefly des-
cribe the experimental designs associated witn these methods. For a
more detailed description of steepest ascent and surface fitting one
should read reference (7). Another excellent description, coupled with
careful explanations of the mmmerical details appearse in (3). The portion
of this book describing these topics is written by Dr. G. E. B. Box, the
originator of these methods.
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Most of the participants of this conference are concerned with pro-
viding assistance in the continuing problem of increasing the Army's
effectiveness. Often this assistance is in the form of constructive
base for decision for the improvement of the Army's tactics, doctrine,
organization, or materiel.

The sources of data to support such reports and recommendations are
many and varied. "Good" or reliable data, in general, is difficult to
obtain. Historical data such as combat records from World War II, and
from the Korean conflict, even if judged reliable as study sources in
the past, are now increasingly remote bases for extrapolation as time
goes on.

SOURCES OF DATA

COMBAT RECORDS
ENGINEERING TESTS
USER TESTS
MAP EXERCISES
MANEUVERS

Fig. No. 1

The most significant sources of military operational data to
supplement combat records are: engineering tests, user tests, (as
at the CONARC boards and schools), information derived from map and
field exercises, and maneuver records and observations.

Engineering data concerning a weapon, such as its maximum rate
of fire, its ballistic dispersion and its reliability under set
environmental conditions, is usually readily available, and is in
general, quite accurate. It often suffers, however, from being too
restricted in its application. Data acquired from the other sources
is often judged less usable due to real or assumed inaccuracies in the
basic measurements, or due to limited scope, and insufficient number
of observations, or the pressure of too many uncontrolled variables.,
Perhaps the largest problem in engineering test data, however, is
the lack of generalization of the specific data into the desired
particular military operational context.

Weapon system development is continuous and new tactics are
required to utilize (and to combat) such development. There is an
urgent need for decisive data for developing appropriate new tactics.

A requirement exists, therefore, for methods by which we can develop
such decisive data---data that deals with the interaction of men and
machines. Since the final criterion for the Army is combat performance,
some sort of combat-like evaluation is mandatory. The Operational
Experiment offers such an evaluative method. It is intended to employ
troops, weapons, and material, in the closest approximation to the
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tactical situations of actual combat.

The Operational Experiment is a field evaluation technique, designed
to test critical aspects of an operation within the framework of the
operation itself. When used in conjunction with an Operational Game,
(another operational simulation method), the combination forms a new and
powerful research tool. This combination can be utilized to develop
required data; to evaluate present tactics, doctrine and organigzation,
as well as interactions or combinations; but even more important, the
Experiment-Game combination should become an integral element in the
development of innovations of those same basic areas of effort. (The

“specific innovations or tactical inventions are still, primarily the
function of the military. :

The Operational Experiment as a field evaluation technique possesses
most of the same strengths and weaknesses of any other field experiment——
it deals with the real world, actual terrain, typical military situations,
and military personnel; it suffers from uncontrolled variables due to the
same features, plus restraints imposed upon the interaction zone, such as
loss of life or destruction of weapons and equipment. These restraints,
while presently necessary, lower much of the motivation of the personnel
involved, as well as rendering "good" experimental data unlikely.

The Operational Experiment emphasizes the reduction of these undesired
restraints, and places the accent on "realism"., In addition to "realism",
the accumulation of data becomes more automatic.

The Operational Game is the mathematical and probabilistic model of
an operation. It is the quantitative formulation of what occurs during
a military operation; where the Experiment provides the values of the
parameters. The Game, in turn, is of extreme value in determining the
selection of variables, their probable range, any precision requirements
and some of the other specific considerations that have received the
attention of the designer. The game, either map type for the quicker,
lower accuracy, efforts, or the computer type for the more involved models,
can be performed many times to obtain a distribution of outcomes. Sensi-
tivity of the outcome distribution to the parameters is inherent in the
solution of the model. This further reduces the scale of effort for a
selected level of experiment.

Let's take a look at how the Operational Experiment--Operational
Game combination functions. Before much more is said, the comment should
be made that Operational Experiment or the Operational Experiment/bper—
ational Gaming technique is not proposed as an ultimate device. The
combination does promise, however, to add many more quantitive factors
to what has hitherto been largely an area of qualitative judgments.

The size of action adaptable to this technique varies from a single
interaction (placed in proper context) up through company size operations,
with the expectation that battalion combat team problems will be handled
in the near future as the methods are more fully developed and implemented.
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DEPT OF
ARMY

ORDNANCE

, ‘, DEVELOPMENT

 [REQUIREMENTS | HARDWARE

- COMBAT

TACTICS

MANEUVERS |G

FIELD TESTS I
Fig. ‘2'--Dveve'lopmem Cycle for Ordnance Units

Figure 2 shows in an elementary way the military development
cycle for equipment and, to some extent, doctrine, The Department of
the Army has the overall responsibility and defines the mission, and
assigns it to Continental Army Command (CONARC)., For convenience
(at this point) we shall break into the development loop. CONARC
determines the general requirements and specifications of the equip-
ment in order to attain the desired mission. The equipment is :
engineered by the ordnance development groups, prototyped, tested,

Jeodified, retested, and when completed the prototype and/or pilot

units are delivered to the cognizant board for initial user tests.

The Board tests, recommends changes, and when its tests indicate
satisfactory performance, the equipment is turned over to the pertinent
school for further user tests and maneuvers of wider scope. The School
cooperates in developing the tactics, and a good portion of the doc-
trine for Army use of the equipment. The box marked CDG represents
the military Combat Development Groups which assist the schools in the
missions under CONARC, and who, as part of their duties, assist the
schools in the planning of experiments and operational tests. This
School-Combat Development Group effort is closest in its intended
purpose to the Operational Experiment concept. .
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The next step in this development cycle comes when :the School has
readied the equipment and the associated School-developed tactics for
field tests which involve larger combinations of Army units. Such tests
usually involve the equipment in maneuvers where the greatest degree of
realism in employment is intended.

The box in the center marked "combat" is a reminder that in time of
war when actual combat testing exists, the information thereby acquired is
of use in all portlbns of the cycle. It must be remembered, however, that
the utilization of ‘even such valid information is severely limited by the
practical difficvlties that restrict the acquisition, accuracy, and perti-
nacy of any data in the midst of actual battle.

S:’mce ‘the important consideration is how' the Army p_erforms in combat,
the type of data most desired is the kind that combat operations alone
develop. Next most desirable, for a number of reasons, is the conduct of
planned interactions that are as close to combat as possible or necessary
for the purposes of acquiring significant information. Thigs is the intent
of the Operatlonal Experiment. o

The experiment is designed to develop the desired information; to
‘use military forces, and equipment, in a tactical situation, with extensive
measurenents. The amount of control of the operation is to be minimized,
in fact, the conduct of the operation tc be as unrestrained as possible
with the hope that - "free" ex;oenments are in the near future.

Figure 3 shows t.he way that smulated combat, or Cperational Experi-
ments feed evaluations of equipment, tactics, doctrine, or organization,
into the development cycle. 'The greater accuracy over presently used
methods is due not so much because to its scope, but primarily to the
increased accent on realism, and its 6bjective of eventually obtdining
basic measures for truer evaluations. _ The derived information will affect
the development cycle at ‘all the points shown on the chart. It should
permit a speed-up of the development rate and a corresponding decrease
of lost time, with the net result that the weapon and its accompanying
tactics will be in organizational being in much shorter time than the
present short range step-—'by—step, mode of development. /
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DEPT OF
ARMY

N\ ORDNANCE

DEVELOPMENT [
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EQUIREMENTS| \HARDWA/?E
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CONARC | COMBAT
TACTICS - , ooL
MANEUVERS -d FIELD TESTS

Fig. 3—Proposed Déve[opment Cycle

To accomplish the previously defined aims of the Operational
Experiment we require:

a) Realism heightening devices.

b) Data acquisition methods and devices.
¢) Data handling and storage.

d) Data reduction.

Realism heightening dev1ces have two important qualitles- They
should duplicate the operational decisions of the real weapon; and thay
should include as many of the weapons operational characteristics,
sound, flash, etc., as consistent with safety requirements,
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Data acquisition devices to indicate position, provide interaction
information, and record other physical data are being considered. In some
cases, the simulators will simultaneously record some of this desired data.

Another possibility for data acquisitions and handling may be found
in the adaptation to this measuring use of the many recent automation
devices that already exist with coded output or which can be eqnipped with
coding devices.

The concept of coded output measuring instruments now appears to be
firmly established and, even if only a few devices are as yet usable
from our point of view, our needs will surely be met as the instrumentation
effort proceeds. An important point is that thegezpériment designer should
be acquaiﬁted'with the needs and potentialities Oflthis approach.

Another 1mportant element of data acquisition is the determination of
appropriate measures to be obtained from an experiment. 4 good number of
these are as yet unknown; somé will not be measurable directly; even the
presently/possible_measures need to be carefully evaluated and their inter-
relationship and required accuracy must be established.

Codifying measures such as “intelligenéé" will require considerable
attention.

Once coded, the handling and storage problem is well within the
capabilities of modern systems. The reduction of these huge amounts of
data can similarly‘be handled by automapic computers.

A1l the preceding points up the strong requirement for a cooperative
effort between the analyst, the instrumentation, and the data reduction
groups, to evolve systems suitable to productive Operational Experiments,

The Operations Research Office has a developed interest in increasing
the realism of maneuvers, It is pushing the substitution of operational
similation devices for certain aspects of the umpiring of maneuvers.

These devices can also be readily incorporated into Operational Experi-
ments as cah a number of more conventional tralning aids which are often
suitable as decision assisting units. .

Simulators are necessary and desirable substitutes where the real
effect is too dangerous to human life. The compromises made with the
effect they are simulating need to be evaluated within the context of
the experiment they are being used in. These compromises are in terms
of the functioning of the simulator in relation to the functioning of the
real thing.

A simulator now being developed by ORO to establish a good measure
of realism to the interaction of tank vs. tank engagements in both
maneuvers and experiments is known as the Aimed-gun-fire simulation
device. It will instantaneously handle the entire sequence of decisions
‘required of an umpire in a gun duel between tanks, as well as larger
tank vs. tank engagements. For example, where presently Tank A informs
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him that he has fired at Tank B, an umpire must decide can Tank A sce
Tank B; is Tank A's gun aimed and ranged properly; would Tank A
probably hit Tank B. As a basis for his decision the umpire depends
upon his knowledge of hit probability tables for the ammunition simu-
lated, the range in question, and the wulnerability of the target
tenk.

Since his information is in the ferm of probabilities a further
requirement upon the umpire involves a subjective interpretation of
the tables in order to make the most "realistic" decision.

In the meantime, or perhaps at the same time, Tank B indicates
that he has "fired" at Tank A. The umpire, or umpires, must reach the
additional decision as to which fired first. It is easily seen that
considereble time is consumed if results are to be "accurate" or if
snap decisions are given by the umpire, large errors can accumulate
in regard to actual interaction results. The umpires decisions then
become primarily a function of his personal experience and opinions.
They tend to appear arbitrary, if not actually so, which causes the
participating troops to lose the motivation or more direct effects.
The information obtained from the interactions then becomes of little
use,

Fig. 4—Aimed-Gun-Fire Simulator Device
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Fig. 4 shows a possible form of the Aim:d-gun-fire simulation device.
It will decide instantaneously the whole series of interactions noted
ebove. Because these decisions are instantaneous, simulated combat of
this new type cen progress realistically. At the same time the simulated
weapon requires the same attention from the operators in leading and
training, for example, and thereby injects that further portion of the
realism requirement.

In this interaction simulation shown, the tanks have a narrow beam
light detector mounted on, and aligned with, the gun barrel. The nearest
tank is "sighted" and aimed by means of the light source mounted above
the turret of the target tank. Since the visual angle of the simulator
device is very small, the gunner of the near tank is.required to aim his
weapon at least as accurately as he would for an actuel firing. The radio
antenna above the light source transmits the "hit" information to the
target tank, where the appropriate signal operates a stopping mechanism
and sets off a "flash-and-bang" unit, thereby simulating the effect of a

"hit."

Another simulator conceived at ORO, but which is being brought to
fruition by the Combat Operations Research Group of CONARC for their
field experiments, is an Anti-tank Mine simmlator. Like the Aimed-gun-
fire device the decision aspects and effects of the simulator are as
rapid as the Anti-tank Mine itself.

These are two operational simulators; the first still early in its
development stage, the second nearly complete, which will enormously
improve the significance of the results of an experiment which involves
tanks, other aimed-gun-fire weapons (such as anti-tank guns) and Anti-
tank Mines. Other weapons and weapon effects will subsequently be
simulated for use in the Operational Experiments. As a not inconsider-
eble bonus, they will continue to raise the motivation and training
benefits to the using personnel as well.
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Fig. 5—Evaluation Method for Innovations

Operational Experiments or the Operational Experiment-Operational
Game combination can potentially develop a firm basis for the evaluation
of present weapons, tactics, doctrine, and organization, however their
most unique and valuable role may well prove to be their use for the
evaluation of innovations in those same areas of Army interest, (Fig. 5).
For example, if a new weapon is indicated from basic tactical or engineer-
ing considerations, the new characteristics can be simmlated by an
operational device. Operational Experiments could verify the desirability
and refine the initial specifications of the new weapon, while still in
the concept stage. Then while the weapon is being developed and prior
to its actual availability, further simlation in other experiments could
develop or modify appropriate tactics and doctrine. By the time that the

weapon is issued to the troops, tactics and doctrine will be in existence

in far more tested form than ever possible before.
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Fig. 6—Operational Experiment Structure

It is of interest to collect the several described parts of the
Operational Experiment together.
experiment consists of the military units plus the terrain, weather and
similar other preselected elements of the experiment. The analysts
function is to design the experiment, specify the levels, and as well
as assisting in performing the necessary controls of the equipment.
He determines the measures and evaluates the information derived by the
data acquisition devices and techniques.,

(Ses Fig. 6). The input of the

Finally the anelyst group reduces the data into two forms of output; .
in military terms so that the military units can use the results to
appraise the effectiveness of the operation and thereby guide them in
the development of the operation; and in analysts terms for use both in
the accompanying operational game and for other analysts studies. The
diagram also shows the feedback arrangement of the Operational Game or

games,
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OPERATIONAL

GAME

OPERATIONAL
EXPERIMENT

OPERATIONAL
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Fig. 7—Operational Experiment/Operational Game Interaction Levels
Interaction Levels

This is again shown in the last illustration (Fig. 7) where the
Operational Experiment can profit from & lower level, the same level and
from higher level, games. The operational game, in turn, is dependent
on experimental information obtained from various levels of experiments,
The diagram also helps to point out that there is a practical limit to
the size of effective unrestrained experiments and that from this stage
on, the mathematical game, founded on well verified data from the lower
level games and experiments can handle investigations of larger military,
and possibly non-military interactions.
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TO CONCLUDE

An Operational Experiment is conducted to analyze the interactions
of men and machines in order to form & sounder basis for decision. The
amount of control, the design of experiment, the amount of data collected,
and the number of tests run, is dependent merely on the scope and degree
of interest and the possible or desired accuracy.

Recommendations for improvements of tactics, organization and
materiel can be substantially strengthened, should be more readily accept-
able to the cognizant Army group, and should inecrease the gquality and tempo
of the improvement cycle.
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CPERATICNAL GAMING AND THE TESIGN OF EXPERIVENTS L7
. V. Egward Cushen
Operations Research Cffice

Summary. In recent years the traditionsl military war game has been
developed into a research tcol capable of examining a large number of impor-
tant features of a complex system in the context of their interacting effects.
The thesis of this paper is that there is a two-fold_potential“connection:
between operational gaming and the design of experiments, in the conventional
sense of the word, which must be developed to permit useful inferences to be
drawn from operational gaming. Reciprocally, the operational game can be
expected to indicate the required format of an experimental design for maxi-
mum resultant information,.

The Importance of the Context. Let us return to the title of the con-
ference: "ine Lesign of Experiments in Army Research, Dévelopment, and
Testing." Imagine, for a minute, that the ambitious task of preparing the
Army R&D program is incumbent upon the reader. Within the budgetary limits
of an RkD program, and with a view to the later budgetary restrictions on the
procurement of the iteme developed, it ie necessary to invent, improve, modify,
and combine the materiel of war in such a way that, when used by the men
availatle, there is maximum expectation of success in a pctential armed con-
fliect.

The hardware vhich must be the subject of research, development, and
testing, must therefore be ordered in a priority fashion, in such a way that
those items which more importantly affect the expectation of success, receive
propertionately greater attention. Although marginal improvements to a weap-
ons system, such as accuracy of aimed fire, are desirable, it is necessary to
be assured that such marginal improvements are really worth the investment in
time and resources. Each prorosed item of recearch and development must
therefore bte tested in the crucible of potential value; and the cruicible is
characterized by the notion of a calculated risk.

Some means must therefore be used to isolate "important" developments
from the "lese important." For purposes of this paper, it will be assumed
that the choice must be made between inventories of equipment as the sole
critericn, although this ie clearly an approximation. Other variables bear-
ing on the selection are the strategies and tactics of the two sides, the lo-
cale of the combat action, and the morale of the nations involved. "Importe
ance" will be measured against the yardstick of the national objectives: in
addition to winning a war, it includes the overtones of "deterring" the incie
dence of war, the reconstruction after the war, the cultural traditions of
the combatants, etc. :

1t ie necessary to observe, in this comnection, that the generation of g
scalar theory of value toc serve as this yardstick is a matter of pressing
need. One example of this kind of value calculus is that under development
by N. M, Smith of the Operations Research Office,l

Assuming that an index of value can be employed to determine which of
several choices of weapons inventories is best, there is an additional degree
of freedom which is needed before the selection can be made. This degree of
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freedom is dictated becavse of the ability of the potential enemy toc exercise
a similar option. Thus, my selection of weapons mix M; may be best only if
the opponent selects weapcns mix Ni; it may fall far short of being adequate
if the enemy selects N,. The conventional means of illustrating this compe-
tition of strategies is through the use of a "strategy matrix". In the case
at hand, the matrix is really one of competing weapcns mixes, since the
strategic values tc te achieved are reflected in the evaluation yardstick, and
the strategies and tactics of using the weapcns mixes are assumed to be dicta~
ted by the selection of a given weapons mix.

Following the procedure of the mathematical theory of games, the weapons
mix matrix can be constructed, as in Figure 1. The Blue team may elect to de-
velop an inventory of weapons, M) My, etc.; the Red team may develop Nj, Np,
etc, o

Red Inventory

Nl _ Ng /\/\/ Nj
b Yy V11 V1o V13
% g
3 M Va1 Va2 V23
5
v
3 $
m
¥y Vi1 Vio Vi3
Figure 1 The Weapons Mix Matrix

Once this matrix has been completed, the mathematical means for the se-
lection of an "optimum strategy" is available. The values, V37, V9o, etc.,
have been proposed as scalar indices of expected success from the point of
view of one of the sides. Lest we lésce sight of the generation of the V's,
recall that they are the values of the end products of (in this case) the po-
tential war. The items for which the values have been summed are men, tanks,
guns, economic capacity, etc.

It is at this point of the argument that the operational game becomes
useful. The determination of the results of conflict between the various
weapons mixee on each side depends upon an ability to calculate the effects
of all the variables which significantly affect the course of the war. The
proposition repeated here is that the war game is the most suitable vehicle
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for determining this "expected re lt"j‘ of 2 war opposing one Blue weapons
system and one Red weapons system.“ Jlhe war game, in the sense of its use
in this paper, is the mcans for filling the bexes in the strategy matrix.

The war game parallels in intent several well-developed mathematical
methods, but diverges significantly in method. Among the mathematical tech-
niques which have been applied to the problem of calculating the expected re-
sult of an engagement, perhaps the Lanchester equations are the most widely
celebrated. These equations generally follow the assumption that the number
of kills against one side ie proportional to the number of enemy and the en-

emy rate of kill:

= eyl
dt

The equations have been generalized to include the effects of different kinds
of weapons againet different kinds of targets. The k's have been permitted
to become variables, thue representing kill potential =& a function of re-
maining enemy and friendly troops. Indeed, comceptually; it is possible to
imagine a large number of simultaneous differentizl equations which define
the protlem. But the sclution of such sets of equations has proved to be be-
yond the limits of present computing capacity. And for .a complete set of
ecuations, it becomes a nearly impossible task to reach agreement on "rea-
listic" coefficiente fer the various terms cf the egquations.

A second approach has been widely celebrated in the literature of opera-
tions research, and this deals with what has been called "suboptimization."
The intent of this approach is the isolation of those parts of a problem
which are relatively unaffected or uniformly affected by the remainder of the
protlem, and reaching an “optimm® solution to each cf the subproblems. The
solution of the large probtlem is then reduced to the synthesis of the solu-
tions to the various sub-problems. The difficulty with the suboptimization
approach when applied to the selection of preferred weapons inventories is
that it is by no meane clear that the large problem can ke dissected in the
way necessary ic make suboptimization valid. Try to divide the protlem as
one may, there are elther very sensitive or complicated interactions between
the various conceptual divisicns. The quest for certainty is therefore
thwarted.

What is needed is a method of analysic which examines combat as a whole.
For want of a more inspired and elegant scientific approach, the war game may
prove to be the heuristic vehicle for such an analysis.

A war game in a recearch context--an "operational game," as Ellis John-
son has named it, is essentially a very simple thing. It is a simmlation of

the various portions of combat, or of economics, or of business strategy, or

of some cther conflict situation. The components of a war game are, like a
parlor game, three in number: +the board, the pieces, and the rules.

For a war game, the board may be the traditional map. It may be a sche-
matic diagram of the flow of operations in a system,” or it may be a conceptu-
alized terrain modél.” The pieces are those items which are moved about on
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the boarde They may be models of individual tanks, or blocks representing
armies, or counters representing supplies. The rules of the game are the con-
ventions according to which the pieces may be moved from ohe place to another,
casualties may be inflicted, information given to the opposing side, etc. The
war game is, then, simply a scale model of combat.

It is open~ended, in that pieces may be added as desired, the board may
be expanded, and the rules of the game changed as needed. It is this open=
ended characteristic which permits the assertion that a war game may similate
the entire combat operation in all its important features. Because of the
potential comprehensiveness of the game, and because.of its nature as a model,
it is possible to make the proposition that the play of a game can be associ-
ated with the actual history of a real combat situation.

The difficulties with a war game are immediately apparent from the above
deseription. As an approximation to the real system, its resultz must be in-
terpreted with due regard for the degree of approximation involved. In gen=
eral, it would be expected that, as the rules of play are expressed in more
and more realistic terms, the results of the play wouvld more nearly represent
the true expectation. Furthermore, the interactions between variables must
be expressed directly. The advantage with the game approach is that it is
generzlly easier to express the interactiors in terms of the pieces of the
game than in the terms required by the other methods of analysis. Finally,
the development of a compreliensive game is still in the category of a fairly
long or intermediate range project, and the capital investment in time is
fairly gignificant.

The overriding advantage to the approach is that war gaming may be the
methodological "breakthrough"™ required to ffacilitate the kind of analysis
posed as the problem of the paper.

The remainder of the sketch of the path of analysis is straightforwarde.
The game is played repeatedly, each time introducing a different set of ini-
tizl conditicns--different pieces, different board, differént rules. In the
comparison of weapons inventories, the game is sl mply repeated for each of
the proposed weapons systems. The resultant values can then be compared on a
relative basis--weapons mix M; is better than weapons mix My, etc.

The value of a given development in a weapon should then be capable of
direct measurement. The game is played with and without the given improve-
ment. The value of the weapon in the system is therefore indexed by the difw
ference.in the values of the plays.

The Design g_i_‘. Experiments. It has been observed that the degree of real-
ism in & game may well determine its potential usefulness. In this regard,
experience with war games has shown that a number of significant gaps wxist in
ovr knowledge of the interaétion effects between the weapons being simmlated.
To the end of improving the game structure, therefore, a2 recurring feedback
from experiments is necessary. The date required to s upport a scientific
gaming enterprise appears to be a naturel and direct consequence of an appro-
priately designed field experiment. othis proposal requires some reorientation
in experimental design as customarily employed, although the change may well

be small.
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The reciprocal relation between gaming and the design of experiments is
also impcrtant. It has been noted that the development of a sufficiently com-
prehensive game can be made by the annexation of furt: er peices or rules. The
end procduct of this annexation process is a game with a large number of wvari-
ableso A complete solution to the game, therefore, requires an extremely
larze number of playse. This requirement is multipliéd by a large factor when
the play of chance is permitted to be a feature of the ruleso, It therefore
appears that the development of the gaming technique has provided another
fruitful field of application for the experimental design technique, in that
the isolation of the variance due to the independent variables is of prime
concern, and the repetition of the game (now the experiment) is restricted by
reasons of the economics of time for game solutions.

Finally, the gameé can be used as a "test run" of a proposed field experi-
ment. The effect of this application of war gaming should be to indicate the
nature and frequency of the observations to be made in the actual experiment,
the variables whose quantities are to be recorded, and some guidance as to
the unnecessary portions of the experiment.

The conclusion is therefore inescapable. 'War Gaming®" and "Design of Ex-
periments" fcrm a sort of reciprocal system, each half enriching and giving
guidance to the other.
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Some Design Techniques Used for Increasing Cell Size 53
With Special Emphasis in the Missile Fisld.

Paul C. Cox
White Sands Proving Ground

1,0 Irtrcduction:

The designs which are to be diécussed are some which have been
considered in the guided missile or rocket fields. More particularly,
they have been considered in the field of evaluating complete missiles.

There are three conditions which play a critical role when de=-
signing test plans for guided missiles and rockets: (1) Missiles are
usually very expensive, and this means that it is economically
impractical to have anything but a small semple; (2) it is usually
necessary to study the effects of a number of envirommental treatments
and several levels for each treatment; (3) frequently the dependent
variable to be analyzed is expressed as a variance or an attribute.

The three designs to be considered will illustrate the possibility
of "stealing" data from certain cells in order that the remaining
cells may be built up to include at least five or six items each.

The purpose of this build up is to have enough items in each cell that
a variance may be computed or the ratio of successes determined for
every cell, Furthermore, an effort will be made to indicate the cost
of such rearrangements and some of the necessary precautions to take
when using these techniques.

0 The Replica Iatin Square

The first plan to be discussed is the replicated or repeated
Latin Square. It is the usual purpose of a latin Square to test only
one type of treatments, and then to remove the variation both
horizontally and vertically., Our purpose is slightly different. We
are trying to measure the effects of these types of treatments in a
way that will conserve on the number of cells and at the same time
permit the estimation of all possible treatment combinations. Those
rows and columns, whose variation we only wanted to remove now re-
present treatment types which we now want to evaluate. This plan will
take a latin Square and repeat the same design N times in order that
& variance or ratio of success may be computed from N observations
for each cell.

Consider the example given by table one below. This design
permits three types of treatments, three levels for each treatment,
and 6 rounds assigned to each cell. For a conventional factorial design,
this would require 3x3x3x6 = 162 rounds. It is hoped the replicated
Latin Square will give the desired information with only 3x3x6 = 54 rounds,
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8lant Range (Launcher ¢ Target) Altitude
_ Totals
Target R o 3
Altitude . —
=2 yds, 13 yds, -3 yds.
3 0 -9
2 2 -6
& 3 -3 T, 5 Ty 12 (1)
=4 -2 0
-5 -7 15
15 -1 «12 -
13 5 -1
N - =3 -3 -3
O I R LR "2 15 (1)
-5 -7 19
3 -1 -9
0 -7 1
-5 -2 3
b |1, 72 T, 2 n (-2)
-2 3 0
-3 -3 8
) 8 1 =5
faiRtaiemee o 3. 17 20
| remp Tnm w22 T, = 15 Tz
Table 1, 'f omponsnt, of miss distance (1 ) or slant ranges
éfi}’Asagi M3,) Propellent Temp. (T, T., 2 T4) and Target Altitudes
(1)

The p component is measured parallel to the trajectory.
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2e) Apslysis of Variance of Variences:

Probably the infermation of primary concern when dealirg with such
data is the effect of the various levels of treatments upon missile
dispersion: Therefore, an analysis of variance of the variances will
be performed. Table 2 lists the natural logarithms of the variances
which were obtained from the corresronding groups of six in table 1.

8 R, =3 Totals

'Ll T; 2.309 | T, 3.8330 | Ty 4.5675 10,7101
Ay Ty 45757 | T, 2.8449 | T, 5.0845 12,5051
Ay Tp 3.0634 | T3 3.7542 | Ty 3.4843 10.3019
Totals 9.9487 10.4321 13.1363 33.5171
Totals for Temp. - Ty: 8.6388; To: 11.9809; T3: 12,8974

Isble 2. Natural Log of the varianceg for the p component of
misg distapce: 3 levels of glapt range, Pressure Altitude, and
Propellent Temperature,

The analysis of variance of variances is given by table three.

Sources of Var. | &/f | S.s. M.S. F.
Between Alt, 2 +9168 4579
Between S. R. 2 | 1.9674 «9837 2,46
Between Temp. 2 | 3.349 1.6747 4.18*
Th. Error oo ok
Computed Error 2 3373 1687
Total 8 | 6.5678

Table 3. Analyeis of Variance for data of Table 2. (* Indicates
significance at the 5% level),
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The thecretical error which is equal to 2/N =1 ( N is the number
of items in each cell) was used in thifl?nalysis, and this is re-
commended when the cell size is small. However, if there is a
significant difference between the computed and theoretical errors one
should carefully reexamine the assumptions of the analysis of variance,

From the analysis in table 3 it appears that an increase in
propellent temperature will cause an increase in missile despersion,

and the effect is significant. 4n increase in slant range appears to .
have the same effect, and this is significant at the 10% but nct at
the 5% level.,

One mey wish to estimate the variamce for some combination of

treatments, and this can be done for the 108 treatment combinations s
for which no data was obtained as well as from the 54 treatment
combinationa for which data was collected. Using the formula y & =
m+aj+ byt ooy, where m = Y.../N<; ainlijN-m; by » Y } - m}
ok -2yk/N -m; and N is the no. of levels for each typ® of {tfeatment,
let us estimate the variance corresponding to (SR, 43, and Ty)e This
is a point, incidentally, for which data was never collected. One
obtains the value 3.72 = 24 = .29 » .8, = 2,35 for the estimate of
the natural log of the variance. The estimated variance would then be
10.5 (ers.)2 for this combination of treatments.

222 Apalysis of the Bagic Data,

It would be possible to analyze the basic data of table onme at
this time, although it should be kept in mind that the analysis in
table 3 indicates thet ore important assumption, namely homogeneity of
variances, does not hold, If it is desired to proceed with the analysis,
regardless, the method is demonstrated by table 4. It is clear from
the analysis that nothing is significant,

Sources of Varjation 8.S.. M.S,
Between S. R, 9.148 4.074 .
Between Altitude 6.259 3.129 .

T2.482 36.249
Between Blocks (2) 40.370 8,074
Err or 2616 0334 62 . 294

Totals. 53 2744..593 -
Table 4. Apalveis of the data of Table ore,

Between Temp.

g\hNNN‘&

(1) Many prefer to use the computed errcr at all times, but it is clear
that there are not sufficient degrees of freedom for the computed error to
be feasible when the Latin Square is less than 4 x 4.

(2) It will be assumed the first items in each cell were fired first in
a random order, followed by all second items, third items, etc. These
groups will be considered the six blocks.
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. Anal of Variance of Attribute

The Replicated latin Square might prove very useful for an
Analysis of Variance when the only value measured is simply success
or failure. This will be demonstrated by table 5§ in which a sample
of 108 electronic assemblies were given certain combinations of
Vibration (Vy), Shock (S;) and Temperature Conditioning (T3). Three
levels of each environment were considered, making 27 possible com-

. binations. Nine combinations were used, and 12 assemblies were
assigned to each combination. The values in table 5 are the number
of successes out of the 12 tested in each cell., The quantity in
‘paretheses is the arc sine of the square root of the ratio of successes
to 12, 1t is this arc sine which is analyzed by methods which are

- very nearly conventional.
Temperature Total
g Shock
Shock ‘ T T T
s Vv 6 v 9 v. 11
1 3 (45.000) | "2(60.000) | 1 (73.333) |
— . S v, 10 v 4 v 7
. 2 1 (65.917)| 3 (35.250) | 2 (49.235) | **
‘ 5 9 2
) V2 (40.233)| V1 (60,000) | V3 (24.150) | 16
Total Temp. 21 22 20 63
Total Vibration Vi=30 Vy, = 21 V3= 12

Iable 5, Ihe Number of Succesges from 12 Units in Each Cell,
Ihe Value in Parentheges ig the Arc Sine of the gsquare root of the
Ratio of the Number of Succeggeg to 12,

The analysis of the data of table 5 is given by table 6., From this
andlysis it appears that the extent of vibration has a highly significant
effect upon the unit, the effect of shock is significant, but the effect

- of temperature is clearly not significant. From this data it would be
- quite simple to go ahead and make estimates of the ratio of successes
expected for all 27 possible combinations of (T, S, and V). It is un=
fortunate that there is so much difference between the computed and
theoretical Error. This may lead one to question whether the basic
assumptions are actually valid. '
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Sources of Variation a/f S.S. M.S. F.»
Between Temp. 2 | 10,50 5625

Between Shock 2 | 485.13 242,57 3.55"
Betmeen Vibration 2 | 1500.11 750.06 | 10.97"
Theoretical Error oo 68.4 = 821/N
Computed Error | 2 6.72 3436

Total 8 2002,46

Table 6, Analysis of the Data of Tabls 5,
(* Denotes Significance at the 5% Level)

D ssi o

The Replicated latin Square appears to do the desired job with a
considerable saving of test items. It should be made perfectly clear,
however, that this saving in test items is brought about at a definite
cost, for examples (1) It must be assumed there is no interaction for
the analysis to be valid., There not only is no way to test for
interaction; it definitely must not exist. (2) To estimate the effects
of 2/3 of the treatments extrapolation (under the assumption no inter=
actions exist) is necessary, and extrapolation is always dangerous;
(3) There is one school of thought which believes that it is not
legitimate to test the effects of rows and columns in a Latin Square
because copplete randomization caflye accomplished for only one
of the three types of treatments. While this comment is not to be
taken lightly, it does suggest a luxury which the guided missile field
cannot afford,

Finally, it frequently occurs that we must resort to the latin
Square for economy when attributes or variances are not a matter of
concern, For example, suppose it is necessary to test 3 types of
treatments each at 4 levels, and 16 test units are all that could
possibly be procured. The Latin Square might well be the appropriate
solution to the problem.

(1)
See Ostle, Bernard, Statistics in Research, P 322, 1954, Iowa
State College Press, Ames, Iowa. : )
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: 340 The Cross or Butterfly Desicn.

The second design, the cross design, is valuable for the same reason
as the replicated latin square, i.e. to increase cell size and at the
same time keep the same number of comparisons without increasing the
overall sample size. One reason why this particular design is valuable
is because rounds are sometimes fired according to this pattern to obtain
data for constructing firing tables, and it is desirable to take all

¢ data available, regardless of why it was obtained, and secure as much
engimeering information as possible, It is therefore valuable to know
how to analyze data when in this form. 4ctually, it is not difficult
to analyze any 2 way design(if the assumption is made that no inter=
actions exi :i. The techniques is demonstrated on Pages 79 = 87 of ~
Kempthorne 1) and the cross design 1s but one example covered by this
general class,

3e1 The Degign and Technique of inalysis,

| The design is given by table 7, the formulas for estimating the
¥ parameters and the formulas needed for the Analysis of Variamce follow,
} : and the Analysis of Variance is given by table 8.

. ) ' xl’n xl L X J
X1, n T2t
x
m,1 xm,z *** Xg,n-l *m,n *m,n+ 1 *** Tpn,s| Xne..
m + 1,n Ipeee
s :
Y Xr,n Xpeo
xolo xozo x.n—l. x.n. x.nél. x.S' Leso

Iable 7, _The Cross Degign

(1)
See Kempthorne, Oscar, Desien and Analysis of Experimen S,
1952, John Wiley & Sons, New York, :
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B ate f the Parameters.
. i= 1,2,0001'
Using the model: x5 = uwtay + by + €54 4 & 1,2,.008
k replications
the estimates are:

W@ -8l mmmlx,)
:1-—kL(x1 o--%x .n.)

*

L]
® L ®
[ ] [ ] -

Spel = = E(ggyer = - X

Do)

:m [ -%— (xm"’.i l;ix.n. - xo-o)

:m... 1-—%’(%;]‘.’00-‘%_10110)

Lr &, - Ex,)
%1--%-(1‘1'--Lxm..)
bp-y = (e 1)“"}"’%..)
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3:12 Formulag for the analysis of Variance.

T =££2X21jk

A A A A A
RO = ulX ..o+alx1..+ '..+arxroo+blx'l.+ YY) "'bsx
- 'iliixi..z PELL - 2 ) (L) - 2080 (Kl
+ X.?. + Z(Xm‘.) (x°n‘2}
Ry = kiixif“ ﬂil x, 2

v

R, = -f{s,x.j? - =l x.n.?

Where R_ is the reduction

in sum of squares due to fitting
(u,a, and b); R, is the reduction due to fitting (u and a);

Ry is the reductlor due to fitting (u and b).

Sources of Var, a/f S.S.
Between Rows rel Ro"Ra
Between Columns g-1 Ro‘Rb
Error (k=1) (n+s-1) TR,

Table 8, Analysig of Variance for the Cross Desgign

61
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3 o2 Example 5

In table 9 we have an examrle in which the cross design is
used. There are three & treatments (Rows), 4 B treatments
(Columns), 5 replications, and the intersection occurs at
(12,3). That is to say: (r=3, m=2, k=5, s=4, and n=3).

B

By

By

B,

Totals

9
10
12

11

X ..=55

>
N
O 0300~

o) ) ord eV

11
12
14
13
16

19
15

16

X .=24

X3, 71

xolio =39 xozo ‘56

x.30’198 X.

4

. =80 x..0=373

Zable 9. _An Example Ugling the Crogs Design.

3e21 Substituting in the formulas of sections 3.11 will give the
following estimates.

oA
us= 12[005

A .
a) = = 2,20

oA,
a, = 0

A
a

3

=+ 2,20

F N
bl B - 4.25

S

bz-u

«85

o

A

Using these estimates and the formula ¥ij
assuming no interactions exist it is possible
value for any of the 12 possible combinations of 44 and By which are
given in table 9 whether or not the combination has data &ssigned to it,.
For example the estimate forf;,B;)1s 12,05 = 2.20 + 3.95 = 13.80.

= u+ aj + by and
to estimate en expected
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3422 The data for the analysis of variance is given below and the
results of the amalysis are given by table 10, ( T = 4951; Ry = 4873;

R, = 4825; Ry = 4695).

Sources of Var, a/f S.S. M.S. F.
Between A's 2 51 25.5 | 7.8
Between B's 3 178 59.3 | 18.2"
Error 24 78 3.25

dable 10, Analypis of Variance of the data from table 9,
*indicates significance)

323 The Analysis of Variance of Variance.
The natural log of the variancus, computed from the cells in table
9 is given by table 11, A

B B2 B3 B
Al 09163 ) ‘ xloo = 09163
4, - ¢3567 <7885 1.3083 | 1.6094 | X,.. =3.3495
A 1.6677 X3.0 =1.6677
xglo = ‘03567 .7885 3.8923 1.&94 xooo =5 09335

Zable 11, Natural log of the variance for data in table 9,

Estimates of t.hg Parameters.

2. = 08265 A :i\’l = "101941
a= -,3811 ‘PZ = - ,0489
ax .0108 by = 470
33- <3703 ’ b4 = 71720

Data for the analysis of Variance.
T= 8,6716 R, = 8,3891
R, = 8.6715 Ry =6.4257
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The an.aiysis of Variance is given by table 12.

Sources of Var. d/f s. s. M. S,
Between A's 2 02825 014-12
Between B's ' 3 2.2458 L7148 .
Error bl 50 = 2/(5-1)
Iable 12, Analvsig of Variance of the data in table 11, -

(no significant comparisons).,

3.2, An analysis of Variance of Attributes couldbe conducted, using
this design, without any difficulty.

3+3 Discugsion, _

The cross design, like the latin Square is useful only if there
is good evidence that no interaction effects exist. It is much more
versatile than the latin Square because the point of intersection can
be chosen anywhere and the design can be extended to any mumber of
dimensions. Intuitively, the Latin Square appears to make a more
equitable distribution of rounds to the various treatment combinations
than the cross design does.,

Some one might ask, why use the cross design given by table 9
when a simple 2 x3 factérial will require no more cells. The answer
is that the 2 x 3 factorial will msually be preferred, but the 3 x 4
cross may be more desirable when there exists satisfactory evidence
that there are no interactions and when it is really necessary to
test 4 levels of one type of treatment and 3 levels of another tyre.

Finally, it is interesting that a 3 x 4 cross with 2 replications
requires the same mmber of rourds as a 3 x 4 factorial with one
replication. To analyze the data from either design it is necessary
to assume no interaction, and in some instances it might be preferable
to use the cross design in order that there will be two rerlications.
Incidentally, the cross design cannot be used with only one replication -
because such a plan would allow for no error term.
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. 0 TheXDasin

The final design to be considered also omits a few cells in
order that the number of elements in the remaining cells may be
ircreased. Table 13 rresents thé X design in its simplest form
and gives an exarple with five replicaticns. Demand for this or
some similar design has arisen beceuse engineers are frequently
interested in knowing how well a test item proforms et the extreme
limits of the design specifications and alse whether performance

y in the center is consistent with performancé at the extremes.
. By Bz By Sum
’ 3 6
8| @) § 13y | xgee a7
1) Y411/ 4 ‘ (113)13 jee = 5
5 9 ‘
7 12
5
11
| A, (X55) Z Lne = 77
@ :
4 8
4 g 2
10
3 . 13 Yoo = 44
5 17
1.10 = 61 X.zo- 37 Xoao‘ 111 xooo = 209

ble X ts gimp) 1
. | élie%ﬁhzammumm&maQOa e

&eld Solutio e Normal Equati

To solve the normal equations it is necessary in this cese to
place three westrictions instead of the usual two. Assuming the
model X, ; = u + a; + by + e, and placing the restrictions that
Qay+ ax+ 285 v 2b) + b, * 2b; =m0 anda, = b the following
so}utions areBObtained. 2 3 2 2
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= -5-]:.}{ (Xoo.) L 803()

Py g3

P - -
2 = b2 10K {51200 Looal = =28

®)

1™ Zblx'{ {201{1.. = OX... + 5X2..:( = .03

1 . .
33 = ZB-IZ 20X3.. - QX ., *+ 5X2...} = +1,27

P
:)1 - Agx '{-ZOX.IO - Qo0 + 5X2..} 2 =2,33
b3 - Eﬁ {-ZOX.B. - 9x'oo + ﬂzoo} = "2.67

From these solutions it is possible to obtain an expected value for any
of the nine combinations of treatments for table 13, For examjle, if
one should extrapolate for the point (47yB,) the expected value would
be XIz = 8036 - 093 - 028 = 70140

he2 Apalysis Omitting the X22 Term,

The analysis presents certain problems. If the mormal equations
are used e.'ﬁ?g with the technique described on pages 77-8l of '
Kempthorne it will become evident lmmedietely that the sum of
squares for the main effects is exactly the same as if the X,, terms
had never been used. Consequently, the analysis will begin §§ onitting
the X5, cell and analyzing the data as if the design were a simple
2 x 2 factorial., This analysis is given by table 14.

>

Somces Of Var. d/f soSo M'S. F
Between Als 1 2.2 2442 2.8*
Between Bls 1 125 125 14.5
Interaction 1 3.2 3.2

Error 16 13844 8.65
Total 19 290,8

Table An Apelysis of Variance of the Dats of Table 13,
Omitting items in cell xp5)

(1)
: Kempthorne, Oscar, Design and Apalysis of Experiments, 1952,
John Wiley & Sons, Mew York.
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4e3 Anzlysie Ipcludine the }{22 Term,

The pext step in the anelysis is to determine the influgnce of
the Xpp Term. The first thing will be to find{Z X< - (£ ¥)}%/N }
for the X5p term. This is fourd to be 21.2 with 4 degrees of freedoem.
This canbe added directly to the sum of equares for error in table

1} giving a new error term with 20 degrees cf freedom and 159.6 for
the sum of squares.

It is now necessary to set up some hypothesis to test the effect
of X,, in terms of the other cells. It would be re?iynable to test.
the hypothesis that 4 Xy = X33 + X33 + Xj3 + X33. The sum of
squares for such a comparison could be obtained from the formulas
S0k ZX)+ZX, +Z X3 +ZXqy » 42X -}2 = 5,76 with one degree
o?‘K eedon. The'ginal analysis of vari§% e is given by table 15,

Sources of Var. a/t 5.5, M.S. | F.

Between 4's 1 262 R o2 3.0
’ *

Between B's 1 125.C 125.0 | 15.4

Interaction 1 3.2 3.2

(ex raxyg#2xgpeaxs; | 2 5.8 5.8

Error 19 153.8 8.1

Zable 15, Complete Analysis of the data of table 13,
(* Indicates significance at the 53 level)

The analysis of variances of variances or an analygsis of variance
of attributes could follow a similar pattern and would present no
difficulty. 4 Thearetical error would have to be used because no
degrees of freedom would remain for a computed error unless the Mean
Square for interaction were to be used for the error term.

(1)
An alternative set of hypothesis to test would be that the effect
along the principal and minor diagonals are both linear.
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520 Conclusions:

Three designs have been discussed which heve the purpose of
eliminating certain cells to increase the size of the remaining cells.
It is recognized that there is no substitute for an adequate samyle
size, but it is also reccgnized that frequently a job must be done and
it 1s either impossible or at least econcmially impractical to obtain
as large & semple as desired. It is then necessary to modify the
analysis in such a way that as much as possible of the desired infor-
mation can be obtaired, although it is admitted that a design requiring
& smaller sample size will either sacrifice some information or will
require additional assumptions.

The first design is a well known design which has been replicated.
This idea could easily be extended to other well known degigns. For
example, if an analysis of Variance of Variances is desired it nmight
be reasonable to use a Graeco - Latin Square and repeat it N times.
Also, it might be desirable to use a fractional replication design,
repeat it several times and then run an analysis of Variance on the
fractional replication of variamnces, .

The second design is simply a design with two types of treatments
and N replications. This is not a wall known rectangular design, but
nevertheless, the analysis is not difficult nor would it be difficult
for most other odd shaped designs which have two types of treatments.

The third design required a special step to compere the effect
of the X,, term, but this was not difficult to determine as would be
true of most designs which are some variation of the X design.

The speaker is very appreciative of the many constructive comments
made at the close of the presentation. In particular he would like to
acknowledge the comments by Dr, John Tukey who, among other things,
.gave a very forceful argument in favor of using the computed error
rather than the theoretical error. Dr. Tukey also made suggestions
which led to a satisfactory solution of the #XM" design. The speaker
would also like to acknowledge the comments by Dr. Boyd Harshbarger
who made many useful suggestions both before and after the presentation.
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L. M. Court
Diamond Ordnance Fuze Laboratories

It is approximately one hundred and fifty years since Gauss availed
himself of his newly invented method of least squares to compute the orbit
of Ceres from what would have hitherto been considered an inadequate number
of observations, thus rediscovering the new asteroid that had been followed
in the skies for a few weeks and then lost sight of. That may have been
the first application of what now would be termed mathematical statistics.
Since then physicists and astronomers in large numbers have employed other
ideas of Gauss in the realm of probability - - to wit, the normal law, on
which the method of least squares itself rests - - to calculate means of
sets of observation and attach probable errors to them.

Roughly a century after Gauss, Karl Pearson and R. A. Fisher, turning
away from the physical sciences to problems in genetics and agriculture, ,
were busy expanding the methods armory of what now could justly be called
mathematical statistics. Fisher particularly devoted himself to the theory
of small samples, a powerful tool that we who work in industrial statistics
frequently resort too. But it was left to Shewhart to conceive the idea of
applying statistics to an industrial process on a wholesale basis, not just
computing a few means and probable errors, and to get a continuous authentic
picture of what was taking place. Shewhart's approach, concentrating
originally on product quality, if only because of the completeness of the
statistical record it gives rise to, endows the engineer with an enormous
control over the industrial process he is supervising. Because it pinpoints
the trouble almost as fast as it arises, the causes are often located in a
matter of hours where previously they might have taken days or weeks to
uncover,

The statistics predominating in industrial applications is not just
the straight forward kind introduced by Gauss, although that too is used,
but the more sophisticated sort that has been elaborated since, parti-
cularly the theory of small samples. With respect to the species of
statisties it relies on, I think that a technological laboratory, even
when engaged in research, resembles an industrial plant more than a pure
physics research laboratory. I think this applies with particular
emphasis to the organizations represented at this Conference. For example,
I shall take up this morning three applications of statistics to problems
that arose in the Diamond Ordnance Fuze Laboratories, and in none of these
was the pure, unvarnished normal law used. As a matter of fact, we fell
back on gistribution-free methods in the second application and such things
as the’X," and t distributions in the third; in the first, the normal law
is used, not so much in its own right, but to show that another distri-
bution approximates closely to it.

A1l three of our applications have one thing in common -- they deal
with the quality of electrical items, either hand made in the Laboratory
or produced by mass methods in a plant. It is true they do not deal with
it in the usual quality control sense. Now a production process is
characterized by a great many variables besides quality, viz., time, cost,
profit yielded by the process, etc., and a change in the quality variable
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is almost always bound to affect the values of one or more of these other vari-
ables., Let us consider a situation of this sort. Suppose that one or more of
the components that go to make up a product are meeting finer tolerances than
are needed to maintain the product's over-all quality or reliability as
specified by the designing engineer. There is then immediately a "waste"
of quality. Ultimately this can be translated into a waste of money or cost.
Generally there are many ways to eliminate this waste, the best one depending
on the nature of the manufacturing process. Suppose, for simplicity, that
there is only one component of this kind, and that it is available in the
market in a number of grades, several of which are inferior to the grade
being used. If one of these inferior grades will still keep the product's
over-all quality within the limits specified by the design engineer and can
be bought at a reduced price, the solution to our waste problem is to switch
to this inferior grade; actually, to switch to the cheapest inferior grade
fer which this is true,

Suppose, on the other hand, that only one grade of this component
is to be had in the market; and that its tolerances are below the one's
used by the manufacturer. In all probability, then, he has been upgrading
the quality of the purchased component by testing and selection. OSince we
have assumed that the tolerances of the component as it goes into the
product are higher than they need be, the component is being upgraded too
maich, In the extreme case, no upgrading at all is required to maintain
the product's over-all quality. In this case, the waste is eliminated by
abolishing the upgrading. The reduction in the component's quality is then
immediately translated into a time saving. A manufacturing process can
differ from either of the two situations described so that a relaxation of
tolerances is converted immediately into a change in the value of some
production variable other than cost or time.

In both of the situations described the proper course of action is
transparently clear. Often things are not so simple - - it is not self-
evident that the tolerances used are too fine. Then some analysis is
required, usually of a mathematical nature, to establish this fact. The
problem taken up in our first application is of this sort.

I. Altering an Amplifier's Assembly Procedure. In many of our fuzes an
amplifier is present as part of the circuit. The one that was the subject
of our present experiment multiplies the incoming signal by a factor of
141,000, more or less. 1 say "more or less" because obviously electrical
components vary in their performance, and so long as the final amplifi-
cation is within three decibels of this figure, the amplifier will serve
the purpose for which it was designed. The task of amplification is
divided unevenly between the amplifier's transformer and its tubes: the
three tubes, this being the number in the amplifier circuit, provide a
gain of 10,850, the transformers a mere 13. Since the three tubes are
nominally alike, the gain attributable to each is the cube root of

10,850 or 22.1.

Prior to this analysis the practice was to test each tube separately
and thus make sure that its gain was very close to 22.1. Afterwards it
was possible to take them at random from a stockpile and insert them
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without additional examination into the amplifier's circuit. Thus three
steps in the assembly procedure are eliminated, i.e., there is a consider-~
able time saving. The purport of our analysis is that the upgrading of
the tubes by Laboratory personnel was unnecessary, and that, as supplied
by the manufacturer, their tolerances were already sufficiently good to
build a serviceable amplifier.

Let us see how the analysis proceeded. These tubes were pentodes
so that the gain depended on their transconductance, G . The manu-
facturer assured us that the G_'s of his pentodes weremnormally dis-
tributed with a mean'/LG of BTOOO mhos and a standard deviation o, of
300 mhos. ' : G

The other factor on which the gain of a tube .depends is the load
. In our case the load was always constant -~ 4,420 ohms, i.e., it
could be regarded either as a non-random quantity or a variate with a
one-valued distribution. The gain y is given by y = R GM = 41,20 Gm,
with the result that y is a normally distributed variate with a
mean p_ = 22.1 (the figure mentioned earlier) and a standard deviation
oy = ,§3, both calculable from the distribution for Gm,

An elementary theorem on probability states that the sum of any
finite number of normally distributed random variates is itself normally
distributed. The gain due to the three tubes, however, is the product
of the individual gains, thus precluding us from applying this theoren.
If we insist on using this theorem to deduce that the total gain is
essentially normally distributed, we must somehow convert this product
into a sum. The obvious way out is to take the logarithms of the gains,
i.e., to measure gain in decibels instead of natural numbers, as the
engineers do. If z is the gain of a tube in decibels, then by definition
z =20 1og10 Y

If the total gain in decibels is to be normally distributed, the
individual gains in decibels must be too, and the trouble is that we
are ignorant of the form of z's distribution. The fact is that z cannot
be normally distributed since y is, and the relationship between the two
variates is a logarithmic one. I.e., in the strict theoretical sense.
But in the present instance, z's departure from normality is slight
enough to be neglected, as a little calculation will show.

Let us develop z = 20 1og10 ¥ as a Taylor series, taking as the
value y_ about which the develOpment is centered the mean Uy = 22.1
of the gndependent argument variate, This is a natural choice since
in the case of most reasonably well-behaved distributions the arithmetic
mean is the core or central value, this being even truer of a normal dis-
tribution. Thru the second degree term in y - )ly the expansion is given
by:

BN
[

22,1 2 (22.1

7 = 26.88 + 0.393 (y-22.1) - 0.009 (y-22.1)2 +

20 log 22,1 + 20 _ (loge) (y-22.1) ~- 20 (loge), (y-22.1)° +
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Since y is normally distributed, an interval of 20 = 2.66 about j
on both sides, will include 95 percent of all y values.” For this y
overwhelming portion of the y - population, the error introduced is small
if the quadratic and higher degree terms in the expansion for z are dropped.
In fact, the ratio of the quadratic to the linear term in *) is_9 (y - 22.1).
It is a maximum numerically for the interval in question when 393
y is taken at either extreme end of the interval, i.e. wheny - 22.1 = 2.66.
ITts value then is only .061. The relative error in truncating the expansion
at the linear term is even less since the series in question is an alternating

one, .
-

To within the indicated degree of approximation, z is a linear function
of y. To within this degree, its distribution is normal with B, = 26.85
and o = 0.523. Since it is o_, or rather a miltiple of it, thaf will
finalfy convince us that the dfstribution of the total gain is not so widely »
dispersed as to produce an unreliable amplifier if the tubes are taken at
random, we can make things safer for ourselves by overestimating this
quantity. This can be done by replacing the 22.1 in the denominator (there
only) of equation (¥) by the lower limit of the 20_ interval, or better yet
the 30_ interval, about P" We then know that o Vlg .638 with a very high
degree’of probability. y z =

The total gain in decibels due to tubes, T, is equal to z, * 2, + z3,
where each z has the approximately normal distribution Just
developed., T's distribution is therefore approximately normal with =
80.64 and o, € 1.11. The amplifier's total gain g is given by g = T’lT
+ t where t'is the transformer gain. t, we mentioned, was constant; in
decibels t = 20 log o 13 = 22.28, g's distribution is therefore approxi-
mately normal with , = 102,92 decibels and og € 1.11 decibels.

Like a living organism, every instrument has a margin of error within
which its function mist be considered normal or satisfactory. The amplifier
in question easily meets the requirements of the fuze eircuit, of which it
is part, even if its amplification strays from the nominal value of 103
decibels by as much as 3 decibels. Since in a normal distribution an
interval of 2-1/2 times the standard deviation contains 99 percent of the
population, and the analysis has shown that 2-1/2 o :5 2,75 decibels,
where the g ~ distribution was derived on the assumﬁtion that the tubes .
are taken at random, it is plain that picking them in this fashion will
hardly affect the amplifier's performance.

Credit should be given to Mrs., M. Hamill, formerly of these Labor-
atories, for this practical piece of analysis. It was the speaker who -
observed that this was an example of a situation in which tolerances
imposed on a component were too fine, and that they could easily be
relaxed with a concomitant time saving.

II. A Power Supply Development Program. We deal here with a program that
ran for five years, whose objective was to develop a packaged power supply
unit that would function under the most diverse weather conditions, from
the arctic to the equator. To place the program in the right perspective,

it should be mentioned that the principal business of our Laboratory is .
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the design of fuzes for missiles, the majority of these devices being
electronic. An electronic fuze must have a power supply, and customarily
it is fed from a source in the missile. There is an advantage in giving
the fuze a power supply of its own, making it independent of the missile.
One of the contrivances recently proposed for this role is a battery.
Since the battery must always be on tap, ready to power the fuze at a
moment's notice, it is often referred to as a reserve power supply.

An ordinary battery, such as an automobile'’s, is totally unsuited
for this purpose. For one thing, it is too bulky. For another, it cannot
withstand indefinite storage, the battery drawing a minimal current even
when not in active operation. Besides these objectives, there is another,
even more important, which is the main subject of our present discussion.
For technical reasons that have no bearing on the statistical aspects,
our reserve battery must have a minimum life of 300 seconds once its
terminals are connected.

The program was initiated in 1951, gaining momentum in 1953. A
private firm, that had had considerable experience with electrochemistry
and batteries, was made responsible for the experimentation, the Labor-
atory exercising supervision thru certain of its personnel. Enough
progress had been made by early 1954 to warrant setting up a serious
testing program that would decide whether the objectives of the develop-
ment program were being attained. This was done largely on the initiative
of the Laboratory's supervisory personnel. .

Repeated samples were taken from the populations of battery lives
throughout 1954 and the early months of 1955, (Batteries of several
different voltages were being developed, and there were as many basic
populations as voltage types.) The p's or means were fairly stable,
-for the most part above the minimum allowable life of 300 seconds. The
standard deviations (o's), however, were large and, what is worse, quite
variable, altho they did tend to diminish somewhat as the program con-
tinued. I was never provided with the actual figures, but it was clear
from the various accounts that the data was statistically unhomogeneous.
In the language of quality control, the development program had failed to
attain a state of statistical control.

Because the developing firm felt that the obstacles responsible for
these inconclusive results were gradually being ironed out, a decision to
gather fresh data and reassess the program's progress was made in the
second quarter of 1955. This was the data which the speaker analyzed.
Since the earlier material was statistically unhomogeneous, it was felt
that any assumption concerning the forms of the populations, viz. that
they were normal or had some other distribution, was unwarranted. I
decided to fall back on distribution-free methods that avoid any reference
to this form in testing whether the program was nearing its objective.

It was necessary, of course, to state the objective in a precise form
before subjecting it to a test. As it finally emerged in a conference
with the supervisory Laboratory personnel, it was that with a high con-
fidence coefficient (95 percent), all but a minor fraction (1 percent)
of any particular battery population had a life of 300 seconds or over.
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Table I (below) gives the figures by classes for an illustrative sample
from one of the battery populations (Population III). The raw material on
which the table is based was unavailable to the speaker, the data reaching
him only in this highly processed form. Fortunately the distribution-free
technique adopted did not require him to refer back to the raw data.

TABLE I

ILLUSTRATIVE SAMPLE FROM BATTERY POPULATION III

LIFE-SECONDS NO. IN CLASS
0 - 100 , .0
101 - 200 ‘ 0
201 - 300 2
301 - 400 3
401 - 500 14
501 - 600 15
601 - 700 13
701 - 800 L
801 - 900 0

TOTAL 51 =n

The distribution-free methods we are about to employ rest on a
binomial distribution that for its specification does not require an
actual knowledge of the underlying distribution but only of the parti-
cular percentile point in this last distribution which is being tested.
It is for this reason that assumptions about the form of the underlying
distribution can be dispensed with.

A study of Table I reveals that, although a good deal of the inform-
ation contained in the original sample has been lost because of the process-
ing into classes, the earliest item to have a life of 300 seconds or more is
the third. (The item count is from the bottom, beginning with the item that
had the least life.) If any percentile point of the original underlying
population falls above this third item, we can be sure that the correspond-
ing fraction (1 minus the percentile point in question) of this population
has a life of over 300 seconds. The probability that this will happen does
not require a knowledge of this actual population for its computation but
can be deduced from the binomial distribution previously referred to. The
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thing to do, therefore, is to calculate the probability that the 1 percentile
point exceeds the third item, using the binomial distribution, and if this
turns out to be 0.95 or more, we can be sure that the development program

is fulfilling its objective. More generally, we can carry out this kind of
computation for the 3rd, 5th, etc. percentile points. In statistical language
we are computing the confidence coefficients to be attached to confidence
intervals for the p-th percentile point, p = 1, 3, 5, etc., the left endpoint
of these intervals being the third observed item and the right end point + oo,
Table II is the result of such computations.

TABLE II

CALCULATION OF CONFIDENCE COEFFICIENTS FOR
POPULATION III FOR VARIOUS PERCENTILE POINTS

'Notation: xi

4

P( )

r-th item, counting from the least in the sample

p-th percentile point

Probability (confidence coefficient) of enclosed

statement
r-1
Basic Formula: P(x <A ) =1~ ch (p)k (1 - p)n-k
r p =0 k
2 51 K 51k
P(x3<x o) =1- E Com (. o1)™(. 99) = 014
k=20

P(x3<7t003)°.... P
P(x3<xoo5),,,.,.°.,o.,,.......,=.a72‘
P(J£3<X°o7).o....,...°,o.....=~7Ol
P(xjek 200 e e e e e e e e e e .. = ,89

P(x3<‘h012)°.,°..,..o...,..,.. = .953

Basically Table II is a list of statements, relating various percentile
points to the third sample item, together with their probabilities of
occurrence. Glancing through it, we see that the earliest statement to which
a confidence coefficient of 95 percent can be attached is the one referring
to the 12 percentile point., To our original objective, i.e. the statement
involving the 1 percentile point, a tiny confidence coefficient, namely
1.4 percent, is attached. If the development program is to be Jjudged by
our confidence in its ability to preponderately turn out batteries with
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adequate life spans (over 300 seconds), the inevitable conclusion, based on
the samples behind the Tables, is that it has fallen short of the mark.
Even if we agree to drop back to the 5 percentile point, i.e. demand that
no more than 95 percent of the thermal batteries have life spans of over
300 seconds, a confidence coefficient of only A7 percent can be attached

to our statement. :

III. A Statistical Study of Thirty Type-5840 Tubes for Transconductance.
Type-5840 is a heater type pentode which is to be found in many of the
circuits developed by the Guided Missile Fuze Laboratory. It occurs, as

has already been mentioned, in several of our amplifiers. Since the amplifi-
cation which a pentode produces depends upon the transconductance G_, rather
than the amplification factor pm, the former quantity is obviously of prime
importance. The Gm of this particular tube has been assigned a nominal

value of 5000 micromhos, its upper and lower acceptance limits being 5800

and 4200 micromhos.

The pentodes are produced for the Laboratory in batches or lots by the
manufacturer. Lot JBN was manufactured early in November 1952 (Nov. 3 thru
7), but due to the burning-in process and other manufacturing procedures
was not ready for delivery until some months later. Something like 3800
tubes were produced in this lot, and most, if not all, of these were included
in an order of 5000 tubes of the type in question delivered in August 1953.

As the Laboratory's Reliability Program got underway, it became
advisable to round out our picture of the tube by a visit to the manufacturer's
headquarters for discussions with some of his key men. A visit of this kind
was made on September 15, 1953. The speaker was a member of the visiting

group.

Because of certain discrepancies, it was decided at these meetings to
select a fixed sample of 30 tubes from Lot JBN and have our Tube Laboratory
and the manufacturer independently check their transconductances. In this
way the two apparatuses used to make these measurements (the Tube Laboratory's
and the manufacturer's vacuum tube bridges) could be correlated. The practice
is fairly general with the manufacturer whenever he is supplying premium
tubes to a vendee who wishes to check on their electrical characteristics.

A member of our Tube Laboratory made the selection, and this is how the sample
of 30 tubes referred to in the talk's title arose.

Reasoning correctly, our associate in the Tube Laboratory decided that
the idea was to provide something very constant for the apparatuses to
measure so that discrepancies in the apparatuses rather than in the things
they were operating on would show up. Since tubes with low G_, are much
more likely to deteriorate with time or in passage, he culled"tBem from the
correlation sample. To balance this element of arbitrariness, he also
excluded tubes with high G 's. If the difference between the two measuring
apparatuses is (theoreticale) constant, i.e. does not vary with the G
of the tube being determined, excluding extremes from the sample will not
affect the accuracy of the correlation, on the contrary, for the reason
already alluded to, should improve it. Unfortunately, what is good for one
purpose may vitiate another. To arrive at definite statistical conclusions,
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it is essential in most cases to have a random sample, or if the randomness

has been tampered with, to know exactly what this tampering is and allow for
it. The non-randomness of the correlation sample means that we cannot draw

the inferences indicated by the second of the two statistical tests in this

talk, at least that we must draw them with tongue in cheek.

It was suggested that the population of the Gm’s for the correlation
sample tubes be tested for normality. The measurements on the tubes were
made in our Laboratory and are recorded for reference in Table I, (page 80 ).
A population of this sort, consisting of a finite number (30) of items,
cannot strictly speaking be called normal or Gaussian; the question,
properly interpreted, is whether the empirical population it represents
is normal. The arithmetic mean and standard deviation were computed for
the data in Table I, and with them in hand, this data was broken up into
five classes, so chosen that the theoretical frequency of every class was
5 or more. In carrying out the test for normality a reasonable number of
classes is desirable, the theoretical frequency in each class being no
less than,5, and with an empirical frequency of 30, this was rather hard
to do. X, was then computed for these c%asses and frequencies and
compared with the theoretical value afx,, taken from tables, for the
95 percent level at 2 degrees of freedom. Since the computed value (3.84)
was less than the theoretical value (5.99), it was concluded at the 5 per-
cent level that the correlation-sample population was not significantly
different from normal. (The computations, etc. are given in Table II
(page 81). As in all such tests, the conclusion, when the null hypothesis
is not rejected, is weak; we do not so much accept the hypothesis that the
population is normal as reject the hypothesis that it is not normal.

When the visit to the manufacturer's headquarters was made, we
received a list of G_ measurements on 18 tubes, made at the time the JBN
lot was produced or %hortly thereafter. (See Table 1II, page 82). The
arithmetic mean of the manufacturer's sample was 5278 whereas that of the
correlation-sample (30 tubes) was 4991. It occurred to the speaker that
this difference could be used to test whether the two samples represent
the same population, as superficially one would assume, or whether,
despite the fact that the tubes bear the same lot designation, in reality
they come from different populations. This could come about if the
original population (it consisted of 3800 tubes, the approximate number
in the JBN lot) were split into two subpopulations, the two samples coming
from distinct subpopulations. It is not necessary for the split to be
"clean", e.g. the two subpopulations could overlap and have elements in
common. Nor is it necessary for there to be a formal splitting; the same
situation can arise as a result of a number of other practices such as
taking a sample that is non-random with respect to the original population.
(A non-random sample with regard to a given population can be random with
regard to one of its subpopulations.) Another possibility is that the
population changed, for better or worse, with time, so that the population-
the Component and Test section was measuring in September 1953 was not the
same as that measured by the manufacturer in November 1952. In that case
the difference between the means of the two samples is one rough index of
this change.
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The two populations can be referred to as the earlier and later popu-
lations, What we can do is test to see whether their means are significantly
different. The null hypothesis then is that the means are the same; what we
do is either reject it or much less forcefully, we might say "passively",
accept it. It is assumed, of course, that the two populations are normal
or Gaussian. If they had the same variance (they can still differ in their
means), but this common variance is unknown, the test that would apply is
the familiar Student's t-test. A simplifying but somewhat unnatural assump-
tion of this kind will not be made here; the variances of the earlier and
later populations will not only be treated as unknown but as, in general,
different. Then the t-test does not strictly apply, but a modification of
it, in which the number of degrees of freedom is computed by a rather compli-
cated formula and need not be integral, can be used as an approximation.

The data for the manufacturer's (earlier) sample is given in Table III; -
it is seen that the mean X of the different G 's = 5278 M -mhos and the
(estimated) standard deviafion s, = 2115 U -mBos. The data for the
Laboratory's sample of 30 has already been given in Table I; the mean
there was X = /991 M-mhos and the standard deviation s, = 326,7Mu-mhos.
The number %f degrees of freedom for the approximate t—%est that applies
when it is not assumed that the unknown variances of the two populations
are equal, is computed in Table IV. The conclusion there is that the
hypothesis that the two populations have the same mean must be rejected
on the basis of the observed samples at a significance level of ,05
(equal to 1 - .95).

There is of course the possibility of a systematic error, e.g.
that there was a systematic difference between the Laboratory's and the
supplier's measuring apparatuses, and that this accounts for the wide
difference (281/4-ohm3 between the sample means., This would still mean
that the populations from which the samples were drawn were different,
not the real populations but the populations of measurements. We might
assume that a systematic difference, if it exists, does not exceed 3 per-
cent of the nominal G_ value (a reasonable fraction unless the apparatuses
were altogether out of kilter), and see whether if even allowing for such
an error, the populations were distinct. The constant error can be attri-
buted to one or the other of the two samples or divided arbitratily
between them, but the final conclusion will remain the same. The esti- -
mated standard deviation of either sample (s, or s,) remains unaltered,
since if each measurement in the manufacturer's safiple is (algebrai-
cally) increased by a certain amount, the mean of the sample will be
increased by this amount, and the difference between the corrected
measurement and corrected mean will be the same as before (before the
corrections_were made). It is only the difference between the ssmple
means X, - X that is changed, and this we may assume is reduced by 3 per-
cent of the nominal value, 50004, -ohms, e.g. reduced by lSQ/t-ohms, in
order to favor the hypothesis that the populations are not different, in
other words, make it more difficult to prove that they are different.
The t statistic as calculated using the altered X, - is reduced to
1.66, The number of degrees of freedom f remains“the Same (46.09) as
in the caleculation making no allowance for systematic errors since it
depends only on the estimated standard deviations (s1 and 52) and the
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numbers in the sample. The observed t (= 1.66) and t 5(&6009) (=1.68)
are about the same; so that at the .05 = 1-,95 level 6? significance, we
mst reject the hypothesis that the two populations are the same after
allowing for a systematic error of up to 3 percent. The computations
are indicated at the bottom of Table IV, (Page 83).

The populations from which the manufacturer's sample of 18 and the
Laboratory's sample of 30 were drawn are, therefore, not identical. A
number of explanations is possible. Those that come most readily to
mind and that have already been mentioned will now be enumerated for
convenience:

a) The Laboratory's sample is non-random or non-representative,

b) The manufacturer's sample is non-random or non-representative

c) There was a systematic difference between the Laboratory's
and the manufacturer's measuring apparatuses,

d) The passage of time altered the original tube population so
that the Laboratory's and the manufacturer's samples were
drawn, without prejudice to the question of randomness,
from non-identical populations.

If a) and c¢) could be excluded (we know however that the Laboratory's
sample was definitely not random), the trouble would be in either b) or
d). At this stage it is only fair to assume that b) is false, i.e. that
the manufacturer's was a random sample of the earlier populations. The
spirit in which the discussions were carried on at the manufacturer's
headquarters leads us to repose a great deal of confidence in the Company's
integrity; if the sample was in any way unrepresentative, it was so by
accident, not by intention. If a), ¢), and b) could all be excluded,
then the responsibility would rest with d). Thus we are brought back
again to the fundamental problem of the fuze, that of reliability in
time: Even assuming that the fuze is perfect in design and workmanship
at the moment it leaves the manufactory, how will it and its components
stand up during.the interval it is shipped, stored, and tested?
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TABLE I

THE CORRELATION SAMPLE:
30 TUBES SELECTED FROM LOT JBN AND MEASURED FOR Gm

BY THE LABOTATORY'S COMPONENT AND TEST SECTION IN SEPTEMBER 1953

Tube No., Gm in ,u—mhos Tube No, Gm in A ~mhos
1 4720 16 L740
2 5440 17 5540 .
3 5090 18 5430
4 4510 19 5040
5 5120 20 4300
6 4,860 21 4,850
7 5160 22 - 5110
8 5350 23 5230
9 4710 24 4810
10 5150 25 ‘ 5600
11 14,860 26 5210
12 5100 27 4250
13 5140 28 4900
14 4,760 29 5000 .
15 4960 30 4790
N, (number in sample) = 30 )

21 (sample mean) = 4991 _p-mhos

81 (sample standard deviation) = 326.7u -mhos
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TABLE II

COMPUTATION OF X2 FOR THE DATA IN THE CORRELATION SAMPLE;

COMPARISON AT THE 95% LEVEL TO ESTABLISH ITS ESSENTIAL NORMALITY

Class Interval ux _3 Theoretical Observed (F P )2
G measured in ! Frequency Frequency i~ i
M -mhos sl ' Fi fi Fi

- 00 =~ 4700 - .89 5.5 3 1.1,

L;?OO - l}9w - 028 602 9 1026

14900 - 5100 + 033 792 5 067

5100 - 5300 + .95 ‘ 5.9 8 o715

5300 - + o oo 5.1 5 .02

3.84 = x’ cs

2
(,° for correla-

. 2 _
From published tables ] 095(2) = 5,99 tion sample)

Since 7,2(:5 < '[,2095(2) » the empirical population represented by the cor-

relation sample is not at the 1,00 - .95 = .05 level significantly non-
normal.

LEGEND:

sample mean

Nl

14}
]

sample standard deviation

upper limit of the i-th class interval

=]
]

1l = lower lnmt of the i-th class interval

F.= theoretical ‘frequency of the i-th class interval

i
Y%, - lx
=30 G —=2— ) where G = normal probability of indicated
s interval (Gaussian probability)

H
"

observed frequency of the i-th class interval
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TABLE III

THE MANUFACTURER'S SAMPLE:
18 TUBES TAKEN FROM LOT JBN AND MEASURED FOR G
BY THE MANUFACTURER IN NOVEMBER 1952

Tube No. Gm in /,_-mhos Tube No, Gm in /(-mhos
1 1950 10 5430
2 4,960 11 4810
3 5270 12 5610 )
L 5570 13 5170
5 5480 14 5320
3 5620 15 5230
7 5200 16 4920
8 5300 17 5310
9 5290 18 5530

<

N, (number in sample) = 18

-X-z (sample mean) = 5278/1-mhos

s, (sample standard deviation) = 241. 5p ~mhos
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TABLE IV,

83

COMPARISON OF THE MEANS OF THE TWO SAMPLES USING AN APPROXIMATE +-TEST
(STANDARD DEVIATIONS OF THE TWO POPULATIONS
ASSUMED TO BE UNKNOWN AND UNEQUAL)

(x, - il) - (}42 )

'b = 2 2 }(l )
s s
. Ao
/ % 1
N
= (by null hypothesis) L -4
s s
2 1
— —
N N
= (from Tables I, III) 5278 ~ 4991 = 3,48
(241.5)°, (326.7)°
18 30
2 2
52 si
W
f (degrees of freedom) = . =2
2 2
2 51
L . ¢
N2+1 N1 +1
= h6a09

From published tables t 95(z+6.09) = 1.68
Since t»t 95(46‘,09) , the means of the earlier and 1
significantly different at a level of 1.00 - ,95 = ,

t
e

t (allowing for a 3 percent systematic error =

1l

(5278 - 4991) - (150) _ 3 ¢
C(21.5)2 |, (326.7)2
/5

30

theoretical mean of lst populatior

theoretical mean of 2nd populatior

ater populations are
05.
1590(—ohms)

Since t_ = (approximately) t 95(A6.O9)9 the means of the earlier and later

populations are significantly different at a level o

allowing for systematic errors of up to 3 percent.

f .05 even after
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NEX TECHNIQUES IN MACHINE ANALYSIS OF SURVEILLANCE DATA%* 85

Miles R. Hardenburgh and David Howes
Chemical Corps

The Chemical Corps is responsible for the storage of materiel all over
the world in quantities valued at many millions of dollars. One of the facets
of this responsibility is maintaining continued assurance that the stored
materiel is at all times serviceable and ready for immediate issue. Service-
ability requirements of Chemical Corps materiel and military supplies in
general, are very exacting in that this materiel, when issued, must function
within very precise quality limits. ' The program of maintaining a continuous
knowledge of the quality of stored materiel is surveillance.

The Chemical Corps Engineering Agency is responsible for establishing
all technical criteria used in the Corps! program of surveillance. Chemical
Corps Materiel Command is responsible for the implementation of these criteria
and the actual conduct of the inspections and tests that are required, In
establishing surveillance criteria, the Agency considers four distinct elements;
the basis, the interval, the technical requirements, and the serviceability
level. The first of these elements - the basis - is a grouping of homogeneous
material from which samples are taken that will be indicative of the quality
of the material represented. The basis may be the original manufacturer's lot
or a combination of manufacturer's lots, depending upon the characteristics
of the material under consideration. The second element, the interval of
surveillance inspection, specifies the frequency with which inspections are
conducted on any given items. Intervals are usually anmual but may be shortenec
or lengthened, depending upen knowledge of the storage characteristics and rates
of deterioration of the material under study. The third element, technical
requirements, consists of check points for visual inspection, classification
of these check points with respect to quality requirements, functioning
capabilities and, wherever necessary, tests to determine compliance with these
functioning capabilities. The fourth element, the serviceability level,
defines the minimum quality required to insure that the unit of issue will
perform within the limits prescribed by the relevant military characteristics,
Once established, these criteria are consolidated into a surveillance
inspection procedure and published as a military regulation. These regulations
are distributed to all commanders charged with storage responsibility and
constitute a mandatory phase of the storage mission,

Surveillance, as now applied in the Chemical Corps, is relatively new,
having been developed to its present capabilities since the end of World War
II. Prior to World War II, only a token program of surveillance was conducted,
Essentially, this program consisted of the separate storage of surveillance
samples selected from a production lot at the time of production. This method
proved ineffective, in that the preselected surveillance samples soon lost
identity with the material which they supposedly represented. During World
War II, there was no surveillance; nor was there any need. When materials
were manufactured, they were issued immediately. Subsequent to World War iI,
large stores of materiel were returned from overseas installations to domestic
depots. Some qf this materiel had been subjected to severe storage conditions

¥This paper was prepared within the Chemical Corps, Engineering Agency. It
was not coordinated with other Activities of the Corps. Therefore, the ideas
expressed reflect the opinions of the authors but not necessarily those of
the Chemical Corps.
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and showed the effects of marked deterioration. On the other hand, mmch of
this materiel was relatively new and was of a quality that could be stored
for later reissue. Because the domestic depots were becoming filled with
stores of heterogeneous materiel, it was evident that some system must be
devised whereby a quality assessment of this materiel could be conducted.
As a result of this need, the first surveillance standards of the form that
we employ today were devised.

In the Agency, it has always been appreciated that the primary function
of a surveillance program is to maintain assurance that depot-stored materiel
is serviceable. The Agency has further recognized that the data gained through -
these recurring surveillance inspections could be invaluable to research and
development activities if properly collected, evaluated, and applied. Sur-
veillance procedures require that an inspector, during the conduct of a
surveillance inspection, prepare a comprehensive report indicating all observed .
attribute and variable defects. These reports are submitted to Chemical Corps
Materiel Command and to the Engineering Agency. When the Engineering Agency
was first organized, these reports were being submitted at the rate of approxi-
mately 1,500 a month. It was known that the data contained in these reports
could be applied to many engineering problems, however, by sheer bulk alone,
only a very minor fraction of the true value of these data was utilized.
(See Plate 1 at the end of this paper).

Different methods were employed in an effort to reduce these data to a
usable form. The first method consisted of an extraction of information from
reports and a compilation on summary sheets. After a few months experience
it soon became evident that the amount of work required to make these extrac-—
tions and compilations was over and above the Agency's man-power capability.
Next, a study was conducted to determine the feasibility of handling these
data by microfilming. A saving of storage space was the only advantage gained
by this method. Actually, it was more difficult to make data analysis from
the microfilmed reports than it was to use the reports themselves. The next
attempt to solve this problem and arrange the data in 2 usable mamner consisted
of an attempt to transfer the data to a McBee Key Punch card system. This
system is similar to that used on Army personnel service records. The studies
that were conducted indicated that essentially, all of the attribute data
could be coded and used from these cards. However, no means was apparent
wherein variable data could be used. Even though unsuccessful, this study
did lead to the conclusion that all of these data could be reduced to an IBK
card deck from which any type of statistical study could be conducted without
losing any of the value of the raw data. The three unsuccessful attempts of
data analysis, as described, covered a period of approximately 2 years.

When the idea was conceived that IBM methods could be employed, the major
obstacle that stood in the way was lack of a suitable code. Fortunately, at
that time, the Chemical Corps Engineering Agency had on its staff men with both
statistical training and IBM experience. These men initiated work toward the
development of a suitable code. This work continued for approximately 1 year,
at the end of which time a code had been developed that was con§idered adequste.

To test the code that had been developed, one item, the MJA2 smoke pot
was selected and all the data from approximately 1,000 surveillance reports




Design of Experiments 87

was transferred to an IBM card deck. All conceivable types of statistiecal
analysis were made from this deck. These analyses provided the information
that was needed to make coding modifications consistent with Corps needs,

This work was completed approximately 1 year ago. Since that time, the entire
backlog of Chemical Corps surveillance reports has been transferred to an IBM
card deck, and this work is kept current through the daily transference of
incoming surveillance reports to this deck. At this writing, the deck consists
of approximately 150,000 cards and is growing at a rate of approximately 3,000
cards a month. The deck will be maintained at a usable size by retiring cards
when they reach an age of 7 years.

At the present time, the card deck is being used for statistical studies
for the Agency and other activities of the Corps. Further, a monthly report,
Monthly Compilation of Field Surveillance Data, is compiled which contains
the surveillance data collected during the preceding month. These monthly
reports are distributed on a recurring basis to all major Chemical Corps
headquarters, and upon request, the Chemical Corps Engineering Agency will
perform any special study of existing data that may be required. It is anti-
cipated that through use, many new applications of this monthly report will
become apparent. The report is now finding application in procurement
planning, supply management, research and development, and item engineering.

This monthly report is printed by IBM equipment and is of the standard
IBM report form. The data from each surveillance report is contained in two
IBM cards and consequently, the monthly report contains two lines of printed
information for each surveillance report covered. The first line of infor-
mation gives the results of the visual inspection and includes the lot number
of the material inspected, the lot size of the material inspected, the storage
installation, the sample size, the date inspected, the date manufactured, and,
if applicable, the date renovated. In addition, all visually perceptible
defects are recorded, such as corresion, missing components, dents, and
abrasions. All packaging defects are similarly recorded and consist of such
information as deteriorated or inferior packing materials, broken boards, torn
barrier material, inadequate padding, and inadequate preservatives. The
second line of the monthly report for any given lot consists essentially of
the test data and it includes all defects that have occurred, such as duds,
fuze failures, and first fire failure. Also, in the second card, all variable
data are included, such as the burning time, fuze delay time, results of
chemical analysis, and moisture content. (See Plates 2 and 3)

In establishing the code, devising a method of coding variable data
proved to be the most difficult phase of the task. For our purposes, it was
determined that the best method of coding variables was the use of a frequency
distribution. The class intervals used in the frequency distribution were
determined by analysis of existing data obtained from tests of a representative
group of lots. The average values of the data were computed and the variability
observed. The average observed value was made the center of six classification
intervals, with the upper burning limit of the first and lower limit of the
sixth group being made to correspond with the upper and lower limits of vari-
ability in the lots studied. When data obtained from newly tested lots
infringe upon these limits, they are to some extent, atypical of the parent
population. The significance of the observed infringement may be determined
by common statistical test.
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In the succeeding paragraphs, several proposed applications of this
report are described. These applications should serve to effect a tremendous
economy within the Corps and also to eliminate many of the engineering
problems with which we are constantly confronted.

The Chemical Corps Engineering Agency is responsible for applications
engineering, or that phase of engineering that is the bridge between research
and development and regular production. To fulfill this responsibility, the
Chemical Corps Engineering Agency has assigned project engineers toﬁ;he overall
item responsibility for individual items. This report will afford the project
engineers a yard-stick of the effectiveness of the items for which they have
responsibility. This report will further indicate to them the advisability of
specification changes leading to better material at reduced cost. Through
the analysis of this report, the project engineers are afforded the opportunity
of detecting abnormal trends of deterioration before a major problem has -
arisen and, as a result, will be in position to take corrective action before

the fact, rather than after.

In research and development, emphasis is placed on the design of new and
better material; however, a significant part of the development is directed
toward either the modification of existing material or toward the addition
of an item to an existing family of items. Prior to the start of such
development work, analysis of the data contained in these reports will indicate
inherent weaknesses in design, raw materials, and fabrication of existing or
related items. Through the attainment of this knowledge, the development
engineer is then in a position to eliminate these weaknesses from either the
modified or the newly designed item., This type of survey is related to the
axiom about the chain and its weakest link. These studies afford an oppor-
tunity to eliminate the weak links.

In procurement planning, in order to maintain a predetermined stock -
level, one must be aware of turnovers resulting from issues, deterioration,
and surveillance tests. This report contains the latter two of these planning
essentials. This information, coupled with the anticipated issues, form a
basis for predicting the amount of material that must be manufactured or
procured during any given period of time.

In supply planning, this report offers two excellent opportunities toward .
effecting a tremendous economy. The first of these opportunities is that
through an analysis of the variable data contained in these reports, the degree
of deterioration that has occurred in any given lot of material can be deter-
mined., After unserviceable lots are segregated and disposed of, the service-
able material will remain in supply. However, in the serviceable material
there are degrees of serviceability. Using this report, one can select those
lots of serviceable material with a lesser degree of serviceability and issue
them prior to their deteriorating to a point wherein they would no longer
conform to military characteristics. This method of issue should prove to be
a very marked improvement over the existing system of first-in-first-out.

The second application in supply planning would be implementation of
Supply Bulletin 3-30-1. This supply bulletin contains instructions to com-
manders of posts, camps, and stations, for the determination of item service-
ability when normal stocks are small. Essentially, the plan recognizes the
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impossibility of selecting an adequate sample for destructive testing of a
small group of items in order to determine serviceability. An improved
procedure is that post, camp and station fragment lots be considered a part
of a parent lot held in a Chemical Corps depot. Surveillance inspections
would be conducted on the parent lot and the results of this surveillance
would indicate to the post, camp and station commander, without his being
required to actually perform surveillance tests, the serviceability of his
material. This method of conducting surveillance inspections on small
fragment lots is referred to as the parent-lot concept and is considered
appreciably more effective than any other method yet devised.

The Chemical Corps conducts a program of environmental surveillance
wherein a lot or lots of items are subjected to, and tested, under environ-
mental extremes in Alaska, Panama, and Arizona. The purpose of the environ-
mental surveillance program is to determine the operational suitability of thi
equipment under the stresses of extreme environmental conditions. The sound-
ness of the data generated from the environmental test program is dependent
upon the typicalness of the material being tested. This report affords a
method of ascertaining that the material tested is, or is not, typical.

The most significant advantage of this report, which affords a basis
for analyzing surveillance data through machine records, is that any type of
data analysis of compilation can be made in minutes, whereas were conventional
hand, or desk methods employed, the same analysis would take weeks. Further,
machines do not make mistakes.

In conclusion, the surveillance program employed in the Chemical Corps
is relatively new and, as likely with any new program, is suffering certain
growing pains. However, it is believed that the program has now progressed
to a point wherein it serves its primary mission adequately, and in addition,
it is effecting an influence toward improvement on other major programs of
the Corps.




o 5 o=

Desirn of Ixperiments

91

/ MATERIEL SERVICEABRLITY REPORT
C RIS )

.
foarem
GAIN, TNORIDLANY, TES, AU-O4 R
[# s4POT OA STOMAUL aCTIVITY

[ Midmet Chemtes) Depes ..} sm8 J———
e manveactunan s oate mabracrineo

Pine RwCf Arsemal

VvioT bt

s “SURved ianze orcee rver oF LOT o ot mumIEw
1, g,
- -t 4 Musesa
o Lasr seaviceas
" 0088

3. conOUC 1RO 10 ACCOADANCE W1 TH Bantide mmy dpociat mmaims teowel
| N3-07-18 (38 Peb. 19M)

PART |- JUNKARY OF VISUAL IN!’!C'IQ OATA

WV womuta OF LTS 1 woROEA OF TVPE S DEFEC. [13 NUMBKR OF Tyh€ 11 DRPECTI |13 wUMDEM OF YVOL W OE7EC.
sracren tves sy
L. . [J °

10 Rosh Grennds hody swelled mpreading ‘h o t1ly, aot sensidered dasfosts

at this inspestim, \

. 107 (R]00€s [_]P0€s #OT MELT VIBUAL WEPECTION

. 08201 CARE ANa/On MPaas | I 10 wet
RECOMMENDED

| e

Pl Muff Arsenal

[56. matune or Paiuazs 7

2 Bach fuse fallwe (brelna spring)’

. WANE OF TEST SUPERVISOR

/o/ 4. . Ruttsn

15, PARVIOUS SEAVICEABILITY
£l rsenviesaace

be. Lov [ eees [Joots mey meet 7257 AEOMARUENTS

5. cov ff Jo i nov seavicaame ) usamvicasese

eIy

(36 SARVICEABLITY REFORT NUBSEN

s 206-08

I PARY 1l . SPECTION POR PACKING, PACKAGING, RARKING, AND PR
. weTnco o0 sacame

. N——
M. SETH00 87 PACRAGIS

b sz Tuoo o PARIZavAYioR

fiAkia faee Lomre
prahi s

Surdheard Pilleve . .. . o ‘o

I3 e, wmed bouss esnlaining, 16 e, flarteard Soatafanars por bem.
funade par Liverborr) surb:fhee,

35. DEPET CARE AND 7
L CHIEP INIPECTOR'S REMARSS

Roasamented Code Lo

vir |

. 984 - "
e

MEPLACES Cul€ Fanu 477, | UK 00, BHICKH MAY BE UICH.

HUS Eo——" —— A | 000 O ~2aatts

3 ot e sypoia) ol dubesis tm onbemm | dnd @, Siud Saybein i Eamunets Sebow.

[F="" 0 netumt it Lot Bo. Bt JATI-I7 & Tectod for tntowmstien
Ty T.EA. Besewier T.X.0

TESY DATA SHEET, ITY OF e TEST DATA SHEET, 1Y OF VPR
|_m pa-507-29 imakdiniaid 1t Saakbichois
avEs 3. ITH FUIE BODEL
[ hsnt, caDIAr, T, 0L S A oI
Pine Blaft Acascal i —— BaSaSS. asl — PRYWT
13 ‘! avanine AF 3 T
“ 1w TR uAn- | pa-
ot :E"::' ruse Lov s % an——t, 0:‘—:‘\'1:“:;—‘-.. sawne ':‘EE":' rureLer m:d 'l?‘ (X4 g g g s § oruen eunuv:r::.‘_
130 H —330—| HENRE
o lmp " 0. . [ O3 0 = s - Y e . 0 EENNEENS -
30 ounall et IS4 120+ -3 el mand I -3 W
; 2> 247 0 23 > 4
s nr 2.0(5 n 30 %> 4
[ 29> 2.0[+7 2 282 7
o ; ;« walr } Puse fumstioned weak. 3 Fii :: z
: AREE 3 HI
? x4 L8> *» %5 %1
0 »Y L5|* b1 a3 4
n L T4 1b ¥ » 93 e
12 .34 LIp » 28> v
v |’ nx 18w ] 4 |5
» 07 1.7|2, res rEd I
1 »> 2017 A2 2172 |
¥ 34 i & -4 >
» nr 14(2 pel ns ¥
1 n> 1sv]
E ) 9 1.4]7
Adtidtens) Sabples fof 0
n nr 1.8]¥
P »> 19)»
] »> 2Alv
) »2 2.7
a3 ¥4 Lep
2% n* 13K
n »> 18y
SUSYOTAL
TOTAL
N ALLowasie |¢1 l

Jsienatineor vast sursmvecn
por pm- Iwecs nev mmay Ta3Y AEQUREMENTE

o/ 2. W .T..
SUPPLEMERTINg IEAVICHABILITY AEPOAT HUNEER BATE LOT mmRn
SudbefS.. IR bl

o T S e S S
986 earvanan it pamu ama. s o . e ud¥ SEURE

Lo E]nu- 10068 8OTY MERT TEST MEQUIREHENTS

[BISNATUAR OF TEST BUPEAVIIOR —

SUPALEMENTING SERVICEABILITY REPORT SUMSER

/al B, N
DATE LOT nuMBRA
SallnSs l

Ty ="
oA, b . es, oa usas,

i, 986




© 93

' AON3Y

Design of Experiments

31vag

AON3Y
34va

94W
Jiva

OJN
awva

| dSNI . 3ZIS |430ALD

“ VIVO 1S31 It JNOY¥O VG 1S3L I dNOYO _ $193430 1531 ISAON 107
| ALva mu.: WOl g 6 Y € 2, 1|9, 8 ¥, ¢ | 21| A1D 3dALALD 3dAL _ |
| : i
1 N .
‘ * “ | _ _un__: | ,}ﬁ K _

SNl ALD _K.C ALD a0 taant! aso | zans 3218
QTR si3280 2_355_.5 . S193430 VNSIA 107 43GWON 107




95

Design of Yxperiments

(T

sS17 93r o2

0w f

rar 291 s@

rsil 91 §2

h)l\m~ 14
0sg 991 gv
osg $91 Osv

o 9
srl 991 sv
6Pl 9591 sv

eyl
vl 991 o2
6v! - 991 02

VAl
rer 991 sv
PEl 591 Sv

S Tk
ISI s¢1 o8
ISIT s¢rI 98

P T
9€ « 2¢1 se@
-1 241 o0s
Pl

4

€l

I

E<¥ S ¢

=44

vy

oz

eec

g ve &

or

S

AT oD 4oy dod pray

Q&mat

St 1 HLI € ,aL
s b

A

i&k 005"

51 ¢ ol vI € ,oi&

€2 € VI €41 NL
w1 gt

Lt oo’

& I S Vi

09 9 4 4L 01 %h
\ﬂ\\.t \\\ W

T ost

€r e [ ol

G

45

=1
sI

el
=¢4

re
re

15>

[ XY 94
Iecr

ee”
X

sece
see€

S6€€

S6€€

rrre
rrre

S99 >

99¢ v

19¢

6s1

T 6st

dd

ad
ad .

gd
gd
ad

ad
ad

ad

ad

ad
gd



PUNCHED CARD COMPUTING OF ANALYSES OF VARIANCE* 97

Clifford J. Maloney
Fort Detrick, Frederick, Maryland

Introduction. The development of punched card machines for census
work first in 1890 by Dr. Herman Hollerithl and later by James Powers and
others® for use in the United States Census Bureau is well known. The
"Analytical_Engine" of Charles Babbage which traces back to 1820 was card
controlled.3 It is not so well known that a "Tabulating Device" developed
by Colonel Seaton was used in the 1870 census for which Colonel Seaton was
paid $i5,000 by thi United States Government for perpetual rights to the
use of the device.* This may or may not have been a bigger bargain than
the first census UNIVAC,

The first non-census statistical use of punched cards is not known but
there was an application to meteorological records in Austria (or at least
a projected one) in 1922 and again in the United States Department of
Agriculture following the 1920 census. In 1924 Bradford B. Smith devised
a method for obtaining correlation tables on a punched card tabulator and
sorter?, Computations were completed by hand by the "method of grouping" .
Shortly afterward punched card gquipment was applied to stat%stical compu~
tations by randt’ and Snedecor® at Iowa State and by Eckert”’ and Mendenhall
and Warren—~ at Columbia University. The method was expanded at the Institute
of Statisties on its formation at the University of North Carolina in 1944.
This work and most later work in thii country has employed the equipment
manufactured by the IBM Corporationl o

An exposition of the methods in use for cigputing analysis of variance
by punched card methods was reported by Monroe-<. Complete calculation of
analysis of variance by punched card methods, including the formation of
all tables, sums of squares, and corrections for the mean, has been done on
our Sperry Rand equipment at the U. S. Army Chemical Coigs Biological
Warfare Laboratories, Fort Detrick, Frederick, Maryland—~, since August 1950.

Sperry Rand punched card equipment employs a 90 column punched card
shown in Figure 1. This card is prepared from the original records on a
card punch shown in Figure 2. (See page 105). They are arranged in any
order desired on the sorter shown in Figure 3. In Figure 4 is shown a
combination collator-reproducer, which permits the use of punched card
tables of functions such as squares, square roots, logarithms, powers,
exponential, trigonometric functions, and others with one card pass, and
without the necessity of merging the decks or disturbing the completeness
of the detail deck or the completeness or order of the table deck. It is,
however, necessary to rearrange the detail deck twice. The UNIVAC 120
computer is shown in Figure 5. Figure 6 shows a tabulator with attached 14
summary punch. Details of the equipment may be obtained from Sperry Rand™~.
Figure 7 shows a locally developed system for input to the computing equip-
ment-?, A great deal of the data treated by us consists of bacterial
number counts. The input system is designed to count these data automatic-
ally and at the same time prepare cards with the resulting total counts for
later processing in the system. Finally, a special column by column caig
reader for controlling an electric typewriter developed by Fort Detrick
is shown in Figure 8. This device is used to produ¢e finished statistical
tables of the results calculated by the unit.

% Cleared for open release as paper number BWL 1661, 19 April 1956
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Computation Procedure. Statistical analyses take a variety of forms
which vary from application to application, each depending to a considerable
extent on the subject matter field. In the analysis of planned, controlled
experiments, the usual form is that of Analysis of Variance and Covariance.
Those not familiar with these techniques are referred to one of the textbook
expositions now available. However, it may be said that analysis of variance
consists of a great deal of rearranging and adding, and a certain amount of
squaring of the resulting sums, which in turn are then added together.
Finally, a "correction for the mean" must be applied to the resulting "sums
of squares". The calculation of the original sums of the data values is an
obvious application of the tabulator, and the results are summary punched
for subsequent repetition of the process as desired., Before acquisition of
the UNIVAC 120 the squares were obtained by a "table" operation on the multi-
control reproducing punch. Finally the "correction for-the mean" was
obtained by the use of the tabulator. -

Acquisition of the UNIVAC 120 computer has rendered obsolete the use
of most punched card tables of squares, logarithms, and so on, as well as
permiting calculation of analysis of covariance, simultaneous linear equations,
curve fitting, and other standard statistical calculations. Two applications
of our equipment have been made that so far as we know have not been done
elsewhere. One consists of the calculations necessary ti conduct a quality
control program on laboratory processing of test results 7. The other
involves machine galculation of bloassay results, using either the logit or
probit technique1 . Research is underway to devise methods of determining
observed F and t values by calculation on the UNIVAC 120, so that the choice
of appropriate error terms may be based on any selection of pooling rules.

As work comes to the section it will have already received the attention
of a professional statistician. In general, the data will have resulted
from a properly planned experiment. Even so, there will in some cases be
a considerable unavoidable loss of data. Procedures for dealing with such
cases have been worked out, but will not be discussed here., FEach set of
related data constitutes a job, which may include a number of analyses.,

In general in our practice, analysis is performed in logarithms of the
percentage of an original bacterial count which is still present and viable
after a certain process of a certain period of time in storage or adverse
treatment. The local expression "value summing" refers to the formation of -
the usual two, three, and n-way tables, preliminary to computing sums of
squares, The average experiment receiving analysis of variance contains
some 500-1000 readings. These are consolidated to 100-300 by the time the
analysis of variance stage is reached. Table I shows the times for the
various steps of the process for data received from one using group. In
any computing installation provision for insuring accuracy is of great
importance. In our practice all data are checked for correctness before
receipt in the computing section as indicated by the initials of the
experimenter on the data sheets. It is next scanned, punched twice, and
the two decks compared on the collator-reproducer or MCRP, The various
summing operations are checked by comparing with their common total. The
UNIVAC 120 automatically checks every calculation. Before running the
problem, the machine is checked out with a check deck. Finally, the
results of the calculation are examined for general reasonableness, by a




Design of Experiments 99

computer check program, and by hand. Even with all these precautions
absolute accuracy is not obtained, and some errors are detected only by
the professional statistician in his examination of the final tables,

Performance records indicate that each job involves about 8 separate
analyses of variance and takes one hour or slightly longer per analysis
of variance to compute. This includes a number of operations to insure
accuracy, converting all readings to logarithms, and carrying out a
factorial analysis of variance., Those familiar with such work on desk
calculators can compare their speed with that given here. It is our estimate
that the punched card unit is about four times as productive on an employee
basis and, as equipment cost is about as much as the salaries of the people
who operate it, about twice as economical on a dollar basis. In making these
estimates allowance is made for the fact that the personnel do not spend all o
their time operating the equipment, and also that the equipment is not always
periorming useful work, but may be undergoing repairs or be idle.

Computing Unit Capacity Estimation. Punched card computing installations
and still more, electronic computers are composed of relatively few high
capacity devices. Whether work is done on one machine at a high rate or on
two machines each working at half the rate of speed is of no consequence so
far as actual production is concerned. It does have an effect, however, -on
the amount of time spent in waiting if the several jobs are of variable
length and/br arrive in the computing section at erratic intervals.

The question of estimating the performance of facilities working under
random demand or conversely of estimating the extent of facilities required
to give service of a given standard under these conditions seems first to
have arisen in the telephone fielgé9, Rather complete study of the problem
has been made of this application®” and sporadic and limited application has
been made in other fields. Under the heading of "Queueing Theory" the
application has been extended to vehicular traffic at toll gates, checking
counters at chain stores, parging lot facilities, air traffic service,
ticket lines, and many others®™. Of course, all authors have realized other-
wise, but the applications cited suggest a limitation of the method to
situations in which demand consists of a very large number of very brief
requests. The application in our computing room involves relatively few
operations but of somewhat longer relative duration. It was with some diffi-
dence therefore that an investigation of the applicability of this theory in
investigating the capacity of our computing facilities was attempted,

Statement of the Problem. It will first be desirable to explain just
what the problem is. If computing work were tended to the section only when
all previous work had been completed and the total volume of work offered
were less than the total capacity of the system, then no work would be delayed
in the sense of having to wait to receive attention. However, if the work
comes in at random, even though the total volume is less than the capacity
of the unit, work will be delayed in many cases though at other times the
equipment stands idle. On the other hand even if work comes in at regular
intervals but takes a variable length of time for processing, the same
situation develops. At times the work is waiting, at others the system is
idle. Finally, if work comes in at random and requires random processing
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time, the situation is aggravated. The four cases are shown in Table II. .
Figures 9, 10, 11 and 12 show these four cases pictorially.

In the ideal case of random arrivals and random service times, formulas
were worked out some time ago giving the average delay to be expected
expressed in terms of the average time required for processing?0. Applying
these equations, the theoretical delay of one of our jobs because of comput-
ing room congestion was computed for varying conditions, Figure 13. Delay
is expressed in units of service time., Traffic density is referred to as
percent utilization of the equipment and is simply the ratio of hours of
actual use to potential hours of use., The curves were computed for 1, 2, .
and 3 channels, or like units of equipment, and the number of sources, or
persons submitting work requests, was assumed to be infinite. This
assumption is hardly realistie, but additional calculations indicated
that even when the number of sources was assumed to be 5 and the channels 1,
the results corresponded very well to the case with infinite sources and
1 channel. Examination of the figure reveals some startling conclusions.
If the work requirement is such that the system is kept busy only 50 per-
cent of the time, each job will nevertheless be delayed for a time equal
to that required for its processing if only one "channel" is available.
If the work load goes up to 66-2/3 percent the delay will actually be
twice as long as the time required for servicing despite the fact that
the system will be idle 1/3 of the time. For 80 percent utilization,
the delay is four times the service time, and for 90 percent utilization,
quite enormous. A great improvement is introduced when two channels are
used if delay is expressed in terms of service time. The further improve-
ment introduced by a third machine, while large, is not quite as large.
This same trend would continue for a greater number of channels. However,
if the additional units are purchased at the cost of slower individual
operation, the situation is reversed, Figure 14. Here, the time unit of
the y-axis is expressed in terms of the single high capacity chamnel. Case
B represents two channels but of one-half capacity, C represents three units,

now of 1/3 capacity.

Basis for Theoretical Delay Calculations. In order to calculate
theoretical delay curves a "mathematical model™ of the system is set up.
This consists in selecting certain assumptions as descriptive of the real
process. The first of these is that the distribution of job arrivals at a
particular machine is Poisson, i.e., distributed individually and collect-~
ively at random. Records were not available which would permit a study of
the distribution characteristics of arrivals but the assumption appears
reasonable. The second assumption was that the service times on a parti-
cular machine are exponentially distributed. This was examined, as .
discussed later. In the pictorial situation this situation is that of
Figure 12. It should be emphasized that these particular assumptions are

e et
chosen only for simplicity of calculation.

The machines routinely employed in most computing sequences are
(1) keypunch, (2) reproducing punch, (3) sorter, (4) UNIVAC 120 electronic
computer, and (5) tabulator. The order of listing is not necessarily the
order in which the equipment is used. Further, there may be some projects
which require the use of one or more of the machines at several stages in
the computing secuence, while some jobs may bypass one or more of the
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machines completely. Records of the service times for a thirty-day period
for all of the above machines except the sorters were examined and tested
to determine whether or not an exponential distribution could be used to
describe them. The chi-square test for goodness of fit was applied. The
available data indicated that the exponential could be used as a distri-
bution function for the tabulator, the reproducing punches, and the
computer, but not for the keypunches. The computer was chosen as the
machine of major interest inasmuch as it was an essential link in the
computing sequence of the jobs later referred to. The distribution of
computer service times is shown graphically in Figure 15, along with an
exponential curve fitted to this data.

Comparison of Observed and Theoretical Delay. To see how well the
actual and theoretical delays agreed, actual performance figures for the
output of the computing section for a period of one month were examined.

In making this study the jobs submitted by only one operating division

were used, as daily records on their progress were available, During this
period twenty-six jobs were completed, Each of these jobs contained an
average of 8.7 analyses of variance and required on the average 8.3 working
days for completion. Of these 8.3 days, approximately 3.3 were consumed by
the keypunch and verification operations. Since the keypunch service time
distribution was not exponential, it was felt that this phase of the process
should be amitted in attempting to compare actual delays with expected. Of
the remaining 5 days, approximately 1 day was consumed by an independent
review of the output of the unit for accuracy and compliance with instructions
at several stages in the computing process, leaving about 4 working days, or
32 hours, spent in the computing room. Unfortunately, during this period
it was not possible to ascertain how much of these 32 hours was actually
spent on the several machines because of additional processing with the same
cards for other purposes and our inability to separate easily the total

machine time into the analysis of variance effort (our concern here) and

the other semi-related computations. The estimates given earlier indicate,
however, that slightly in excess of one hour is required on the average for
the calculation of one analysis of variance, excluding keypunching. It
would appear, therefore, that approximately 9 to 12 hours on the average
were required in the actual processing of each job, i.e., 8.7 analyses at
one and a fraction hours per analysis.

Percent utilization for this period for the computer was 65 percent,
for the tabulator, 49 percent, and for the reproducing punch, 39 percent.
For the moment, however, let us assume that the percent utilization on all
of this equipment was 65 percent, This may be defended by considering the
heaviest loaded machine type as a "bottleneck" or "master rate." Referring
to the delay curves of Figure 13 and reading upward from the point of 65 per~
cent utilization to the curve for one channel (since there was but one of
each of the three machines in use at this time), a delay ratio of approxi-
mately two is obtained. This then says that for every unit of time spent
on a machine, approximately two units are spent in waiting for that machine
to become available, with the assumed overall traffic density of 65 percent.
This would compare favorably with the actual performance figures which
indicates that of the 32 hours spent in the computing room, roughly 9 to
12 were required for actual operation of equipment, with the remaining 20
to 23 hours presumably spent in waiting for one machine or the other to become
available,
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Study of our records has shown that despite the fact that our equipment

was only two-thirds loaded, work was spending twice as long in waiting as in
being processed. It was gratifying to discover that this is Jjust what the
simplest congestion theory indicates.

12,

13.

14.
150
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STATISTICS BRANCH PERFORMANCE
ROUTINE PROCESSING OF ASSESSMENT DIVISION DATA

TIME CONSUMED (WORKING-DAYS) 1955
FROM TO MAY | JUNE | JULY JAUGUST

I. DATA REGEIVED VOD.; PUNCHED 1.7 | 2.4 24 2.7
2. DATA PUNCHED PUNCHING VERIFIED 0.3 0.1 o.1 04
3. PUNCHING VERIFIED | CONTROLS PUNCHED 0.4 0.1 0.1 0.2
4. CONTROLS PUNCHED | % REC. COMPUTED 1.1 1.0 1.0 N
5. % REC. COMPUTED % REC. CHECKED 2.2 1.8 1.8 0.8
6. %REC. CHECKED DECKS - PREPARED 3.3 0.9 0.9 1.7
7. DECKS PREPARED ANALYSES COMPUTED 1.5 ! 0.8 0.8 1.3
8. NUMBER OF JOBS COMPLETED 21 18 25 26
9. AVERAGE NUMBER OF ANALYSES PER JOB 6.4 | 6.1 8.3 8.7
1. AVERAGE NUMBER WORKING DAYS REQUIRED 8.3
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SOME EXAMPLES OF THE USE OF HIGH SPEED 129
CCMPUTERS IN STATISTICS

J. M. Cameron
National Bureau of Standards

Introduction. Electronic computing machines have been available to
statisticians for routine analysis only for two or three years. Already

" there is developing a body of literature on the efficient utilization of

these machines for statistical calculations and a number of problems relating
to methods of computing have developed. This paper gives a short summary of
the types of problems for which high speed machines have been used and, by
means of some examples, shows the type of problems facing a statistician
wishing to use these machines. '

Types of problems programmed for computers, Considerable publicity has
been given to the use of computers in data processing particularly in census,
business inventory and accounting problems and other areas in the social
sciences. Such applications can be expected to produce prodigious saving
in time and corresponding increases in the amount of useful information as
output == information that might otherwise be economically impossible to
obtain.

I chose in this talk to consider ccmputers, not from the point of view
of a data processing system, but rather as a tool for the statistician in
solving his own problems -- as a sort of super desk calculator. The follow=-
ing is a brief summary of the types of protlems on which computers have been
used or on which their use would be expected to be fruitful:

1) Table making. It is almost economically mandatory to use high speed
coriputers for table making -~ examples of such use are legion.

2) Empirical sampling. The determination of properties of statistical
distribution and of the power function of statistical tests of hypotheses
can in some cases be done only by empirical sampling methods. For
examples (a) Teichroew (L) computed (on SWAC) the power curve for the
records tects for trend. (b) The operating characteristics curve for
mixed variable and attributes acceptance sampling plans can be worked out
on high speed computers to whatever accuracy one is willing to pay.for.
Previously one had to be content with rather widely separated upper and
lower bounds to the OC curve.

3) Simulation of complex phenomena., This approximation of a physical or
mathematical process by means of a stochastic model (called the Monte
Carlo method) is discussed in (3, 6, 13, 16, 17). The simulation of bomb
ings, of enrarements in which objects are fired at moving targets and of
complex problems in physics have been made on ccmputers. Computers are -
especially useful for such simulation because they can generate their own
random numbers internally and work fast enough so that sufficient repeti-
tions can be made to achieve the desired accuracy in the final answers..

i) Constructicn of experiment designs. (a) The Institute for Numerical
Analysis did some work on the creation of an orthogonal set of 10 x 10
Latin squares. (b) R. S. Gardner at the Naval Ordnance Test Station,
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Inyokern has developed a program for the construction of designs having
certain orescrited contrasts ecstimatle, Cther results are reported in

(5).
5) Analysis cf data

a) Analysis of variance. Nearly all installations have developed
general programs to handle the analysis of a wide variety of stand-
ard designs. It requires too much coding time to prepare, for all
types of designs, a separate program tailormade for each parti-
cular design. The calculating time on the machine is small in
ccmparison to data preparation time, so that the saving of a few
seccnds by having specialized programs is meaningless. The fact
that general purpose programs are in use in almost every major
installation is a clear indication of utility of high speed com-
puters for this work.

b) Least squares analysis. The fitting of polynomials, multiple
regression analysis, and similar situations involving linear esti-
mators can be handled by the usual matrix methods or by a general
linear program (2),

c) Non-linear systems. A numberof installations have been working on
programs for estimating the constants of functions such as y =
ag + a1ea2X + aqedX. John O. Tilly of NOTS Inyokern reported on
a general methog for curve fitting any arbitrary function (ACM
meeting, Philadelphia, September 1955). These programs involve
some differential correction and the accuracy and speed of con-
vergence depend on the correctness of initial values used to
approximate the unknown parameters.

d) Miscellaneous. Certain order statistic methods, ranking methods
and other non-parametric methods involving enumeration or ordering
have not received much attention.

Examples of problems in computinge.

1) Random numbers. First a word about random number generaticn which
the machine must do internally for efficient use of Monte Carlo or
empirical sampling methods. A convenient method of generation is
to create the sequence rp = rg Tn-1 mod aK where rg = 517 for binary
machines (or rg = 713 for decimal machines) where a = 2 (or 10)
and k is the number of digits the machine uses. Properties of
such sequences are discussed in (&, 9, 12). Both of these types
of sequences have been tested for randomness and no significant
deviation from randormess has yet been reported. Other methods of
generation involving only addition have been tried but .none have
as yet proven satisfactory (15).

2) Fitting polynomials. It is not always sufficient to program for
electronic computers the came methods that have proven best for
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desk calculators. A serious study has to be made of the effects
of rounding error. Consider the least squares fitting of a poly-
nomial y = é ajxl by different programs using 8 digits (with
floating deci point). As a specific example I have chosen x =
-10(1)10 and L sets of coeffieients, aj. Thus, we have 21 paired
values (x, y), without random error, and we wish to compare the
aj estimated from this data with the known aj with which we
started. Note that in the usual matrix inversion method we will
have an element T x10> 1010 so there will be inevitably a loss of
at least two significant digits in one element of the matrix.
(For a set of test matrices for use in checking the accuracy of
proposed matrix calculation see (11).)

An alternative method using an ortho-normalization procedure
is decribed in (2). The following Table gives a comparison of
matrix method and the ortho-normalization method.

Although' these examples do not permit any conclusive state-
ment to be made, they illustrate the need for some careful study
of the effect of round-off errors on the accuracy of results.

TABLES

Error in estimates of the coefficients of a polynominal as determined by
method of matrix inversion compared with estimates determined by ortho-
normalization process.

Error in Coefficients

(parts in 108)

Coef . to be
estimated Matrix Ortho-Normal
ap = 1.0 1 0
a3 = .1 280 1
ap = .01 163 1
a, = L,001 11, 1
aﬁ = ,0001 17 0
ag = .00001 921 L
avg. 2L9 1
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Error in Coefficients

(parts in 108)

Design of Experiments

Coef. to be
estimated Matrix Ortho-Normal
ag = 1.0 3616l 50
a; = 1.0 21168 U317
a, = 1.0 332 18
az = 1.0 7362 18
aj, = 1.0 36 0
as = 1,0 5 2
avg. 10844 739

Error in Coefficients

(parts in 108)

Coef. to be

estimated Matrix Ortho-Normal
ap = 100. 0 0
3.1 = lc 2]3 3
ap = .01 3226 375
a3 =  4000L 8610 15051
ah = 000001 29510 252
a5 = »00000001 7035516 105903

avg. 1179489 20479
Brror in Coefficients
(parts in 108)

Coef. to be

estimated Matrix Ortho-Normal
ag = .00001 630 2412 Lh53 9237
al = L0001 8275 5841 9112 358l
a3z = .00 2 6710 6 0620
az = L0l 302 5009
a) = .1 0 96
as =1,0 5 5

avg. 148L 7545 2262 1425
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3) Analysis of variance. H. O, Hartley (7) had developed a general
program for the analysis of variance applicable to all standard
designs. His method calls for three "operators" and what he calls
"rearrangement." His method also has the desirable feature that it
computes the individual deviations of the observations from their
expected values. This will be of special value as an aid in the
interpretation of complex experiments where the analysis of vari-
ance table is not very enlightening in arriving at an understanding
of the data.

For a standard factorial experiment an alternative method is
available. The techniques of Yates (2l) by which all the individua
degrees of freedom are computed is readily programmed. For example
for.a 20 factorial the method callf for forming at each of n steps

77" sums by pairs followed by 277+ differences between elements of
consecutive pairs, the data having been entered in a standard se=. ..
quence. The squares of the elements of the final column obtained,
appropriately divided, give the individual degrees of freedom in
the analysis of variance. This method appears to be optimal for
electronic computers for this particular example. The method is
easily generalized for factors at more than 2 levels so that the
necessary divisors for, and regrouping of, individual d.f. are
done by machine. However, the comparison with Hartley's method thi:
alternative has little to recommend it for general problems in
this class, but it does serve to point up the variety of approaches
that one has to choose from.

Remarks. The availability of high speed computers will make it
possible for the statistician to provide difficult analyses hereto-
fore not attempted because of the time and cost involved. One
would look for an increase in the effectiveness of statisticians
thus relieved of computational burden.
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AUTOMATIC COMPUTERE FOR ETATISTICAL APPLICATICNSH

M. E. Stevens and S. N. Alexander
National Bureau of Standards

1. INTRODUCTION. Continued progress in scientific research, development,
and testing is increasingly dependent upon the capacity to analyze large vol-
umes of experimental data accurately and rapidly. New concepts in the design
of experiments and new and improved methods for the analysis of data are al-
ready providing greater accuracy and relia®ility of results. In addition, new
computing tools are now available that offer the advantages of truly high-
speed processing. These new tools are the automatic digital computers, oper-
ating internally at electronic speeds, that have beem designed -and built in
the past ten years.

The idea of automatic computers for data processing is, of course, not
new. What is new is a technology that makes high-speed computing devices -
operationally effective. Three principal ingredients are blended in this new
technology. The first is the telegraphic communication of information, making
possible the transfer of information from one place to another by the trans-
mission of electrical energy. The second is the ability to transfer this
information from a sequence of electrical signals into a physical storage
medium by such means as magnetic recording or punching holes in paper tape,
and then to regenerate selectively the electrical signals whenever the infor-
mation is needede The third is the ability to process the information in
accordance with rules of arithmetic and elementary logic. These ingredients
were first successfully embodied in electromechanical devices just before
World War II, in relay devices during the war, and in electronic devices as
the war came to an end. It is, in fact, particularly appropriate to discuss
the characteristics of some modern computers at a conference sponsored by the
Office of Ordnance Research, because the Ordnance Department was responsible
for the very first electronic computer, ENIAC, which was designed and built
at the University of Pennsylvania under Army contract, and completed in 1946,

2, GENERAL CHARACTERISTICS OF DIGITAL COMPUTING SYSTEMS. In the digital
computer of today, the three technological ingredients are combined in a
machine system that is able to communicate, store, and process information
automatically, reliably, and at fantastic speeds. The system is a general=
rurpose tool in that the information that is received and processed may be
census statistics, pay roll records, test results, data for mathematical and
engineering calculations, reports of issues and receipts in accounting systems,
or any of a very wide variety of other types of data. As a system, it has
input-output devices that enatle communication to and from the outside worlds
internal storage (or "memory") where original data, operational instructions
and intermediate results are stored; an arithematic-logical unit where opera-
tions such as addition, multiplication, and logical comparison are performed
on designated data, and a control unit where a pre-planned sequence of oper-
alions is decoded and executed in proper order.

This logical organization gives the modern computer flexibility and auto-

# This work has been supported in part by the U. S. Army Chemical Corps,
Fort Detrick, Frederick, Maryland.
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maticity of operation not found in earlier types of computing tools. For
example, in a desk calculator, control of the sequence and kind of operations
desired is exercised by the human ope:ator who also enters the data to be
operated upon, one at a time, by depressing the proper keys; and who reads
the intermediate and final results from the values standing in the output
register of the machine. For the automatic computing system, a problem plan-
ner lays out the necessary sequence of operaticns to be performed on designated
data, and the sequence is translated into a machine language consisting of a
series of machine instructions which the control unit can decode and execute.
Both the data and the control information are entered via an input device
into internal storage. Then, under the supervision of the control unit, the
proper data are routed at the proper times to the arithmetic-logical init
where they are operated upon in accordance with the pre-planned sequence of
instructions, and, when all designated operations have been performed, the’
final results are made availsable via an output unit.

During this processing, the computer operates automatically in the sense
that it carries out a long and complicated series of varied operations on
various data without the need for human intervention once the data and ine
structions have been read in. It is able to make very elementary "Yes-No®
decisions and to follow different courses of action in accordance with these
decisions. Thus it is able to select alternate courses:of next action in
accordance with results obtained and to carry out the same operations repe-
titively for a specified number of variables, proceeding to the next step
when and only when the iterative cycle has in fact been completed.

The automatic computer carries out arithmetic and logical operations
with high speed and high reliability. Typically, a digital computing system
adds or compares two 10=digit numbers at rates ranging from 500 to 15,000
operations a second. Multiplication and division operations are usually about
10 times slower than addition and subtraction, but are still performed at
very high speed. A machine that is capable of 4,000 additions or LOO multie-
plications each second is able to turnm out ccmpleted computations in about
15 minutes that would take a man with a desk calculator one whole month to
carry out, working 8 hours a day, 5 days a week. A variety of checks can be
provided to assure the accuracy and reliability of results. It is not uncom-
mon for automatic computing systems to perform between 10,000,000 and :
100,000,000 arithmetic operations without a single error being detected.

The information that is received, stored and processed by the computing
system is expressed internally as a machine code or "language" that is com~
prised of patterns of electrical signals. The system is able to convert
information to and from the hole no-hole code patterns on punched cards or
punched paper tape, or the imrulses received from modified typewriter key-
boards, cr records made on magnetized wire or tape. Thus it can-accept data
from a variety of sources, recorded on a variety of media. The input and
output devices of the system carry out this conversion between the language
of the external world and the internal language, and in addition effect a
transformation in the time scale, so that information'entering the system
at rates compatible with the external world is delivered to the central
processing unit at the tremendously increased rates necessary for proper util-
iation of the high speed of internal operation.
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The internal storage devices used in automatic computing systems typi-
cally provide capacity for between 10,000 and 100,000 digits of information
at one time, which can ccnsist of any desired combination of coded machine
instructions, data to te processed, constants to be used in the computations,
and storage space for intermediate results. The system provides for auto-
matic, high-speed selection and retrieval of the information so stored.

These general characteristics of autcmatic self-sequencing in operation,
decision-making ability, high speed and reliability of operation, ability to
commnicate via electrical signals to and from a variety of media and over
distances, large-capacity storage, and high-speed retrieval of stored infor-
mation together give this impcrtant new tocl adaptability to a wide variety
of computing and data processing applications. For this reason, both the rate
at which computers have already been applied and the rate at which techno=
logical improvements for even more versatile systems have been developed are
phenonienal .

Today, over 250 fully automatic digital computing systems that are com-
mercially availatle are in operation in the United States, and 1,000 or more
additional systems are on order from the score of manufacturers who offer
production models. These installations are of equipment that ranges in
price from $50,000 to more than $2,000,000, with differences in versatility,
speed, and capacity directly related to the differences in purchase cost.

3. CHARACTERISTICS CF MEDIUNM~PRICED AUTOMATIC COMPUTERS. The first of
the fully automatic digital computers were large-scale installations whose
counterparts today cost a million dollars or more to purchase. Subsequently,
design efforts for the development of less expensive systems were directed
to computers that differ from the large~-scale computers primarily in slower
speed of operaticns, e.g., several hundred operations per second versus
several thousand, and in slower and less versatile imput-output devices,
e.g+, having effective data read-write rates of 500 decimal digits per second
as compared with 10,000-15,000 digits per second that can be achieved with
availahle magnetic tape inpute-output devices. The first of these less ex-
pensive computing systems to become avialable used magnetic drums for inter-
nal storage and were limited to keyboard and punched paper tape devices for
imput and output, but cost less than $100,000 to purchase. They were designed
primarily for thuse scientific applications where there is a small volume of
data to be entered, a large number of calculatidns to be performed on these
data, and a small output of final results.

More recent developments in magnetic drum computers have led to a vari-
ety of systems in the price range of $100,000 to $300,000 that are increas-
ingly versatile and provide for multiple input-output units capable of receivir
information from both punched cards and magnetic tapes Thus they are more
flexible and powerful tools for statistical applications where considerable
input of data is required.

The operating speed of an automatic computer is usually gowerned by the
access time to the instructicns and operands stored internallys. The internal
storage devices used in large, medium, and small systems vary considerably in
the access times, and this factor is closely related to the cost of the storage
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device. Ythe drum devices are used for internal storage provide large capacity
(10,000 to 500,000 digits at any one time) with reascnatly fast access (5 to
25 milliseconds for operands up to 10 decimal digits in length) at relatively

low coste.

The drum storage device is a rotating cylinder whose surface can be
magnetized. Information is recorded by means of electromagnetic heads in
parallel channels or tracks, with each channel carrying the recorded infor-
mation arranged in a character-by-character string. As the drum rotates at
high speed (typically, between 3,600 and 12,500 rpm) it passes one or more
of the read-write heads, usually one for each track. Access is direct to
the proper track, but sequential in terms of the information arranged on
the track, so that the device is a form of circulating storage. This means
that, on an averae, one-half a drum revolution will be completed before a
specific single operand can be located and read. However, in the more power-
ful of the drum computers, a few tracks are provided with more than one set
of heads, thereby reducing the average access time of about 10 milliseconds
to between one-fourth and one-tenth cf that time. Information such as a series
of instructions and operands can be transferred in blocks between the channels
with one head (usually termed "main memore") and these with several heads
("fast access loops") as it is needed in the course of the machine program.
The access time for instructions and operands when actively in use is thus
brought into closer balance with the speed of the arithmetic unit.

Technical features that may differ in different computers include such
details as the word length, which is the fixed or variable number of characters
in an ordered set that is stored, transmitted or operated upbén as a unit
within a particular computer, and tha availability of buffers, which are
storage devices used to compensate for differences in rate of flow of infor-
mation, for example., to and from input-cutput units and the computer. Dif-
ferences in instruction mode relate to whether the sequence of machine
operations is controlled by an explicit designation of the source of the next
instruction in each instruction or whether the source of the next instruc-
tion is determined by the settings of a control counter, as well as to the
number of addresses used in any one instruction. Differences in ease of
programming may relate to the availability of such devices as the B-register
which can be used to modify systematically the storage addresses to which the
instructions refer or to terminate an iterative sequence of operations upon
completion of a designated nuvmber of repetitions.

'The fully avtomatic computers that range in price from $100,000 to
$300,000 typically have magnetic drums for internal storage, provide punched
card input-output devices as well as other means for input or output, and use
a binary-coded decimal language. Usually, magnetic tape units for auxiliary
storage or input-output are available at extra cost. Computing systems in
this class are available on either a rental, lease with option to buy, or
outricht purchase basis. Typical rental rates are from $3,750 to $l,500
per 8-hour shift per month, with maintenance usually provided by the sup-
plier. The commercially available computers in this class that are already
in productive operation may be briefly described as follows:

Datatron. This machine is produced by the ElectroData Corporation,
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Pasadena, Califronia. Over 25 of these computing syctems are currently in
operation. The system uses a fixed word length of 10 decimal digits plus
sign, or 5 alpha-numeric characters. The instruction mode is implicit,
l-address. The drum capacity is 40,000 decimal digits with 800 additional
digits of fast-access storage. Average access time to faste-access loops is
0,85 millisecond, giving average operating rates of 1.7 to 2 milliseconds
for addition. Input devices include a punched paper reader cperating at up
to 5UO characters a second and punched card readers at 100, 200, or 240 cards
perminite, or magnetic tape at 5,000 digits per second. Output is available
via punched paper tape (60 digits per second), punched cards (100 cards per
minute), line printer (150 lines per minute), and magnetic tape (5,000 digits
per second). Up to 10 magnetic tape units may be used with the system. Buf=-
fered punched-card input is available with any combination of 7 inputs and
outputs capable of being fed simultaneously. Special features include aids
to programming such as B-registers and floating-point as well as fixed=point
arithmetice. _

Elecom 120, 120-A, and 125. These computing systems have been designed
and produced by the Electronic Computer Division of the Underwood Corpora-
tion. At least five Elecom 120 computers are in operation. The work length
is fixed and provides for 8 decimal digits plus sign. The Elecom 120-A is
a later version with word length of 10 decimal digits or 5 alpha-numeric
characters plus sign. The 120-A computer uses a 2-address, automatically
sequenced next address (implicit) imstruction mode. Magnetic drum internal
storage is available in increments of 10,000-digit capacity up to a maximum
of 100,000 digits. Fasteaccess storage availatle ranges from 100~ to 1,000-
digit capacity. Using the fast-access loops, an. average addition time for
two operands of 3.5 milliseconds is achieved. Input-output is available via
punched paper tape (L4OO characters per second in, 60 characéters per second
out) and magnetic tape (40O digits per second in and out). Punched card tie-
in equipment can also be provided. Optional features include B-register and
floating=point arithmetic. The Elecom 125 computer, also produced by Under-
wood, with }0,000-digit memory and providing additional instructions in the
reper-toire for input and cutput editing, is replacing the Elecom 120-A. The
125 has magnetic tape units with input-output speeds of 2,000 digits per sec-
ond. Fast access memory is availatle with capacity of either 500 or 1,000
digits.. The 125 computer was designed for use with a special device, the Ele-
com 125 File Frocessor, that carries out independently operations such as
automatic sorting and merging for file maintenance activities at the rate of
6,000 digits on magnetic tape with buffered input and output. Ihe complete
125 system is currently in operation at the manufacturer's plant.

IBM=650. This drum computer of the IBM computer teries is in extensive
uce, with over 300 installations currently in operation. It is available with
either 10,000 or 20,000~digit internal storage capacity, and a fixed word
length of 10 biguinary-coded decimals is used. The 650 is explicit, 2-address
in instruction mode, so that the programmer may so place instructions in
memory that drum revolution time is minimized. Operating times for.addition
mybe as fast as 0,77 millisecond using such optimum programming ranging to
C.57 millisecomds for sequential programming. Primary inputeoutput at
present is by punched card tie-in, with rates of 200 cards per minute in,

100 cards per minute out, or tabulator output of 150 lines per minute. Howeve:
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magnetic tape vnits can be ordered that will be compatible with tapes for .
IBM 700-series computers. Transfer of information between tapes and drum

storare will be through magnetic core storage of 600-digit capacity which

can also be used for fast-access storagze except when the tape units are

reading or writing. Up to the present time, the 650 has been available only

on a rental basis, but will be made available on a purchace basis on or be-

fore January 2, 1957.

Miniac. The Miniac drum computer is produced by Marchant Research, Inc.,
of Oakland, California. Three or more are now in operation. The fixed word
length provides 10 binary-coded decimal digits and the instruction mode is
implicit, l-address with provision for B-register as an option. Internal
storage consists of 38,400-digit capacity for main memory, with 2,560-digit
additional fast-access capacity. Average access time to information in
fast-access storage is 1.25 milliseconds, yielding operating times for addi- ~
tion that range from 1.8 to 6.2 milliseconds. Input~output is my means of
either punched paper tgpe or special magnetic tape package devices, with
read-write rates of about 5,000 digits per second.

NCR=-CRC~102D. This drum computer is a binary-coded decimal modification
of an earlier model, the CRC-102A computer, of which about 23 machines were
produced by the Computer Research Corporation, which has since become a part
of the National Cash Register Corporation. Several of the 102D computers
are already in operation. The fixed word:-length will accommodate 10 decimal
digits or 6 alpha-numeric characters without sign, or 9 decimal digits with
sign. Instruction mode is implicit, 3-address. Drum capacity is 10,2L0
decimal digits without sign plus 80 additional digits of faste-access storage.
Averaze operation time for 3-address addition is 9.8 milliseconds. The
principal means of input-output are punched paper tape and magnetic tape,
with reading rates of 200 digits per second and 600 digits per second, respec-
tively. Punched cards may be used at a rate of 100 cards per minute. Special
features inclvde provision for computer-controlled tape search that can pro=-
ceed concurrently with other operations.

Readix. This is a drum computer produced by the J. B. Rea Company of
Santa Monica, California. One installation is in operation, with several
others in order. The fixed word length provides 10 decimal digits plus sign,
and the instruction mode is l-address, implicit. Drum capacity is 40,000 .
digits plus 1,600 digits of fast-assess storage. Operating times for addi-
tion range between 0.8l and 9.4 milliseconds when instructions and operands
are stored in fast access. Both floating point arithmetic and B~registers
are included. Input-output devices include punched paper tape, punched cards,
and magnetic tape with read-write rates of 1,000 digits per second. Inde-
pendent tape search can be carried out concurrently with other operations.

In addition to these medium~priced computers already at work on varied
applications, several computing systems of generally similar performance
characteristics and cost are either under development or can be provided by
the manufacturer on a custom tasis, tailored tothe purchaser's problem
requirements. These inclvde the following systems: Monrobot-VI and
Monrobot-MU, Monrce Corporation; UIEC, Electionic Instruments Division,
Burroughs Corporation; and the UNIVAC File Computer, Remington Rand UNIVAC

Division of Sperry-hRand Corporation.
Ty
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The Monrobot-VI is a small machine used for scientific calculations,
while the Monrobot-MU is based on a multiple-unit concept such that various
combinations of input-output units and of magnetic drums of various capaci=~
ties up to 500,000 digits can bte linked to basic calculating and control units.
Operating times, however, may range from a maximum of 135 milliseconds down to
about one~sixth of this rate.

The UDEC systems are exemplified in an installation maintained by the
manufacturer. This machine has a fixed word length of 9 decimal digits plus
sign and uses a l-address instruction mode. Drum capacity is 5,300 decimal
digits with average operating time of 9,12 milliseconds for addition. Input-
output for this installation is punched paper tape.

The UNIVAC File Computer, currently under development, is also based on ¢
building block concept that can be tailored to customer needs. It has unusual
features of multiple input and output from varied types of devices, combines
plugboard programming with stored program operation, and provides a variety of
magnetic drums of varying capacities, access times, and record lengths. The
hierarchy of internal storage units offered includes input-output (buffer) sto:
age of 120-character capacity (or 110 digits with signs) for each of up to 32
input-output units, intermediate storage of 240-character capacity, high-speed
general storage in either 2,280 roll,880-character size with average access
time of 2.5 milliseconds, and one or more large capacity storage units with
space for 180,000 alpha-numeric characters each. Operating times, using the
faster storage, are expected to be between 2 and 8 milliseconds for an additior

Slightly below the price range for the computers mentioned above are
digital computing systems using a binary machine language, so that either
manual or programmed binary-to-decimal and decimal-to-binary conversion are
necessary for the solution of many problems commonly arising in statistical
applications. The price range for these binary systems is $30,000 to $80,000
for the basic machine. For this price, input-output is limited, and either no
magnetic tape units are provided or those offered have read-write rates of less
than 500 characters per second. In this class of binary drum computers are the
following, all of which have at least one installation currently in operations
AIWAC III, Logistics Research, Inc., Redondo Beach, California; Bendix~Gl5,
Bendix Computer Division, Bendix Aviation Corporation; Circle, Hogan Labora-
tories, New York; and LGP-30, Librascope, Inc., Glendale, California.

. COMPARATIVE EVALUATION. For effective evaluation of different auto-
matic computers the comparative features, including cost factors, of the
various systems that are available must he balanced against the actual pro=-
cessing requirements in a particular proposed application. Among the major
factors are the relationship of btoth operating speed and storage capacity to
cost, and the flexibility of the system for later expansion and the extension
of the use of the system to additicnal types of problems. Some fo the other
characteristics that would be considered include the number and variety of
instructions available, extent of compatibility with other equipment in use,
the kind and extent of checking features, aids to programming and maintenance,
engineering reliability of the equipment and components, and power, space,
and air conditioning requirements. Obviously, the relative advantages and
disadvantages of any one computing system as against those of any others must
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be appraised in the light of detailed performance specifications based upon
careful analysis of the typical processing requirements to achieve the best
balancing of equipment characteristics for a specific application,

The two proceding papers in this Technical Session have dealt with
methods and tools for analysis of the results of designed experiments, with
particular reference to the work of the Research and Development Program at
Fort Detrick, Maryland. The need for additional statistical processing
facilities at Fort Detrick poses a number of interlocking considerations
regarding the characteristics of medium-priced fully automatic computers,
compatibility with present and project workloads, and performance required -
for processing of typical problems. Ithis proposed application illustrates
the close interrelaticnships between the problem characteristics and the
evaluation factors appropriate for use in establishing performance require-~
ments. For example, the method of Yates for the analysis of variance of 2B
factorial experiments minimizes the number of machine multiplications. The ~
choice of this method therefore significantly reduces computer operating
time, since medium-priced digital computers can typically perform 10 or more
additions or subtractions in the time_required for one multiplication, Againg
where the analysis of variance of a 211 factorial design is to be computed in
minimum time, an internal storage capacity of at least 24,000 decimal digits
is indicated, a word length of 10 decimal digit plus sign is desired, and
indication of the occurrence of overflow, with provision for double-precision
operations in case of overflow, is required.

The three papers in this Session have thus dealt with the use of punched
card techniques for computing results of designed experiments, analytiecal
methods that are well suited to the use of high-speed computers for statis-
tical applications, and the preformance characteristics of the new automatic
computing tools now available for this purpose at moderate price. That such
new tools can solve the 211 design in 20 minutes or less, in contrast with a
comparable number of hours by punched card techniques, is indeed evidence
that the automatic computers can make significant contributions to continued
progress in the statistical analysis of experimental data.
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TO THE SURVEILLANCE CF AMMUNITION

Jerome R. Johnson
Ballistic Research Laboratories

The Design of Experiments is a subject of considerable interest to the
Surveillance Branch of the Ballistic Research Labcratories at Aberdeen
Proving Ground, since this organization must frequently design and analyze
various investigations and tests of ammunition. The Surveillance Branch is
primarily concerned with the inspection and testing of ammunition after it has
passed its initial acceptance tests and has been placed in storage in the
various Field Service installations. The Surveillance Branch is concermed
with a number of different types of programs such as malfunction investigations
calibration studies, depot tests and classification investigations. In all
of these investigations, consideration must be given to the statistical
design of the program in order that valid conclusions can be reached without
expenditure of excessive amounts of amminition and test effort.

The program I am going to discuss in some detail this afternoon is a
classification investigation. In classificaticn investigations, samples are
selected from a group of lots of a given type of ammmnition and these samples
are subjected to various tests, usually of a destructive type in which the
item is actually functicned either by firing it from a weapon or in a
simulated functioning test in the laboratory. On the basis of the results
of these tests the ammunition lot is generally assigned one of three grades,
Grade I, Grade II or Grade III, Grade I ammunition is ammunition which is
considered to be as good as new and is usually suitable for "long term®
storage. Grade II ammunition is ammunition which is still considered servicee
able but of lower quality than Grade I. This ammunition is given priority
of issue. Grade IIIl ammunition is ammunition which is considered unservice-
able and must be either renovated or scrapped.

The particular design I am going to describe was used in part of a
classification investigation of 60mm mortar ammunition. In classification
programs for this item a sample of forty (LO. rounds is drawn from each lot
to be tested. It is considered desirable to test this item with both its
maximum and minimum charge, because some characteristics such as fuze
functioning is given its most severe test at the minimum charge while other
characteristics such as flight stability is given its most severe test at
the maximum charge. Also, by testing the item at two charges, a better
picture of the expected performance of the ammunition at all possible charges
is obtained than would be possible by testing at a single charge. Therefore,
twenty (20) of the forty (LO) rounds from each lot are fired with charge .
the minimum propelling charge, and twenty (20) rounds are fired at charge U,
the maximum propelling charge. All of the rounds are visually inspected
prior to firing. When fired, the muzzle velocity and range of the round are
measured and the flight and functioning characteristics of the round are
observed.

For our purposes here I plan to deal primarily with the testing of the
lots for range. From the twenty (20) rounds fired for range with each charge,
it is desired to obtain estimates of the average range and the round to round
dispersion of the range for each lot tested. In order to gain some insight
into the difficulties that may be encountered in obtaining these estimates let
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us examine the results of some range firings for this item conducted for
another purpcse that are listed on page i of the table. This data consists of
the results of range firings for five lots, each lot being tested on two
different days. Assuming these days are random samples from the population of
days the assurptions of the model of the sc called two-fold hierachal classifi-
cation! scem to be satisified and this model was used in the analysis of this
data. The results of this analysis are summarized in the analysis of variance
table on page i. On testing the day to day variation in range against the
within day variation this day to day variation is found to be highly signi-
ficant. The expectation of the mean squares of the analysis of variance

table are listed. If these expectations are equated to the computed mean
squares of this table an estimate of the among day variance, g, may be com-
puted. The estimated value of this variance was 3743 which is larger than. the
round to round variance within days. Although the amcunt of data in this
analysis is small it does indicate there can be important sources of variation
in range due to factors other than the ammunition. Other studies of range
firings with 60mm Mortar Ammunition have shown that this day to day variation
is highly correlated with the meteorological conditicns at the time of firing,
particularly with wind and air density. There are also many other factors
that effect the range of this item. Efforts are made to control as many of
the sources of variation as possible. The rounds are temperature conditioned
prior to firing and the rounds are fired from a well emplaced mortar, the base
plate of the mortar frequently being mounted in concrete. However, variation
in meteorological conditions and other sources of variation can not be
controlled and consideration must be given to this uncontrollable variation
when selecting the experimental design to be used in the test.

One procedure that has been used in an effort to minimize the effect of
this day to day variation is to fire a sample of rounds from a single lot
together with a sample of rounds from a reference lot. The reference lot is
a lot from which samples have been fired on a number of different days and from
a number of different weapons. By averaging the results of all these firings
the average range of the reference lot under more or less average firing
conditions is found. Therefore, by correcting the average range obtained on
a given occasion for the difference of the average range of the reference
rounds fired on that occasion and the long term average of the reference lot,
it is possible to make a correction for day to day variation. However, for
the particular surveillance test under consideration this method apvears to be
unsuitable since this test is to include samples from twenty-four test lots of
ammunition and the test would consequently require the expenditure of a very
larce number of reference rounds. When it is attempted to reduce the number
of reference rounds used by firing the samples from more than one test lot
with one series of reference rounds, the procedure soon becomes unsatisfactory
as the number of test lots is increased because the conditions are not the
same at the time the samples from the test lots are fired as the conditions at
the time the reference lot is fired. Meteorological conditions are parti-
cularly subject to change and can undergo considerable change in a single
hour. Assuming that meteorological conditions can be considered to be relae-
tively constant for periods of only 30 to LO minutes and with a rate of fire
of about one round per minute, the number of rounds that can be tested under
relatively constant conditions is thus limited to from thirty to forty.

lKempthorne, O. The Design and Analysis of Experiments John Wiley & Sons, N.Y.
1952
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If the average level was the only characteristic of range réquired, the
use of a randomized block design would provide a simple and efficient solution
to the problem. One round from each lot could fired in each block of the
design which would give twenty (20) blocks of twenty-four (24) rounds each.
Since these blocks of twenty-rour (24) rounds should require less than thirty
minutes to fire, test conditions within a block should be fairly homogeneous.
The order in which lots are fired would of course be randomized for esec+
blocke. A reference wound could also be fired in each block so that the final
results could be reduced to a more or less absolute level.

The use of this randomized block design, although it would be excellent
from the standpoint of obtaining estimates of the average ranges of the lots,
would be unsuitable for our purposes since it would not provide estimates of
the round to round dispersions of range for the lots. Thus in order to obtain
estimates of both the average range and the round to round dispersion of-
range for each lot it will be necessary to fire more than one. round from each
lot in the blocks. Since blocks containing 50 rounds would be produced if only
two rounds from each lot were fired in each block, the use of a randomized
block design does not seem promising since this bléock size would probably be
excessively large., Also this design would provide only 10 degrees of freedom
for estimatinz the round to round variance of range for each lot.

Since it appears that samples from all the lots can not be fired in a
single block the use of an incomplete block design seems necessary. Again
since it is desired to reduce the results of the test to a more or less
absolute basis, it is desirable to fire a sample from a reference lot along
with the lots tc be tested. Having twenty-five lots there are several income
plete block designs available. However, the one that appears to be best
suited for our purposes is the Repeated 5 x 5 Simple Lattice Design. The
arrangement of the lots in this design is illustrated on page ii of the handout.
The numbers from 1 to 25 are used to identify the twenty-five lots.

Two replications of the design are shown. The rows of the two replication:
are the blocks of the design. Thus block (c) of Replication I would contain
samples from lots 11, 12, 13, 1lj, and 15. It will be noted that the blocks of
Replication II contain the lots that are together in the columns of Repli-
cation I. In the design used for our test of mortar ammunition the simple
lattice was repeated so that there is a total of four replications. Repli-
cation JII will contain the same grouping of lots together in blocks as Repli-
cation I and Replication IV will contain the same grouping of lots as Repli-
cation II. Five rounds from a lot will be fired as a group in each block
that contains the lot and thus the twenty rounds from a lot will be fired in
the four replications of the design.

For the actual firing sequence of the test the twenty-five (25) lots are
assigned at random to the numbers from 1 to 25 thus indicating which lots are
to be fired in each block. The order of firing lots in a block should be at
random and the order of testing the different blocks of each replication
should be randomized also. This randorization is necessary in order that no
lot shall be favored and thus an unbiacsed estimate of error may be obtained.
The randomization can be carried out by use of a table of random numbers or
by other means. The firing order to followed in the test should be explicitly
written out before the firing is started. Instructions should be giwen that
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all rounds required for a block should be fired without interruption of the
firing program, although different blocks may be fired at different times. -
The firings of each replication should be grouped as closely together im time
as possible. Any riajor change in the test procedure shouvld be made between

replications if possible.

On page iii of the tables the results of the firings are tabulated.
The sequence of lots within blocks and blocks within replications have been
ordered to facilitate the computations. In each cell the average range for
the five rounds fired from the lot is recorded and it is with these average
ranges that the analysis of the design will be carried out. The number in
parentheses is the lot identificaticn and this is followed by the average
range for that lot less 1600 yards. Each row corresponds to a block in the
design and the sum of the five (5) lot averages for a block is recorded at the
end of the row under block totale At the bottom of the page are recorded the -
lot totals and the adjusted lot totals. The lot totals are merely the sum,
over the four replications, of the average ranges for each lot. For example,
the lot total for lot (6) is the sum of 271.2 from the first replication,

- 208.0 from the second, 321.0 from the third and 279.2 from the fourth. The
adjusted lot totals listed below the lot totals are obtained from the Jot
totals by using the correction factors uC that are listed around the edge of
the table of lot totals. Thus the adjusted lot total for lot (6) is obtained
from the lot total for (6) by adding to this total the .C correcticn factors
of the row and column in which lot %6) is located. Thus the value of 1111.0
contained in the table of adgusted lot totals is obtained by adding -5.47 and
+37.08 to the lot total for (6) of 1079.L.

The fact that the lots, must be adjusted for block differences is one of
the features of the incomplete block designs that distinguishes them from the
complete block design such as a randomized block and the Latin Square designs.
This adjustment is of course necessary since all of the lots are not fired in
the same block. Actually the computations of these adjustment for the simple

- lattice is not difficult and this is one of the reasons why it is one of the
most attractive of the incomplete block designs. The computations of these
correction factors are given on the next two pages of the tables and a
detailed discussion of the method of carrying out the computations for any
lattice design is given in Experimental Designs by Cochran & Cox. In order
to compute these adjustments it is necessary to compute the sums of squares
for the anlaysis of variance on page v. i}

Al11 these sums of squares are computed in the usual way, except that
for blocks adjusted for lots. In the repeated lattice design the block sums
of squares consists of two components. Component (a) is estimated from the -
differences between the totals of pairs of blocks containing the same set of
five lots. The compoment (b) is estimated from the sums of pairs of blocks
containing the same set of lots. The sum of squares computed for these two
components are added and this is the sum of squares for blocks. The intra~
block error sum of sguares is computed by subtracting the sums of squares of
the other factors from the total sum of squares., All of these sums of squares
are ccllected together in the analysis of variance table on page v. We also
have listed there the mean squares for blocks and for the intra-block error
term. The significanceof the blocks of our design can be tested with these
mean squares with a resulting F of L.46 with 16 and 56 df. which is highly
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significant. The mean squares of blocks and intra-block error will be used
to compute the weighting factor  which is used in computing the block adjust-
ments. The formula for . is given on page v and its value turns out to be
013951 for this test. Tais value is then multiplied by the C values and these
values of w C are the adjustments used in obtaining the adjusted lot totals
on page iii.

Looking again at page v we see the overall estimate of round to round
error variance computed from a weighted average of the round to round variance
of each cell in the design i.e. from the one hundred five~-round groups. If
this variance is divided by 5 an estimate of the error variance for the average
of five observations is obtained. This errcr variance for the average of five
observations should have the same expected value as the intra-block error
unless there is an interaction of Blocks and Lots. Therefore, an F test of
the intra-block error term ovdr the error variance of the average of five
observations provides a test of this interaction and for our data turmed out
to be not significant and thus we have no evidence of an interaction between
blocks and lots.

The analysis presented provided for the recovery of inter-block informatior
which is used in the adjustment of the lot means. With this type of analysis
the design cannot be appreciably less accurate than a randomized complete
block design that would be obtained if only the replicaticns in our lattice
design were considered. This would not be true had the analysis not provided
for the recovery cf inter-block information. Of course, if there are signifi-
cant differences among the blocks of the design, as there were in our test,
the lattice design provides considerably more precision than the randomized
tlock design.

The average range adjusted for block differences and the standard
deviations of range estimated from the within cell variation of the four five-
rourd-groups fired from each lot are listed on page vi. As indicated earlier
a sample of reference rounds were also fired in the design together with the .
test lots. After the lots were adjusted for block differences a correction
was made for reference. The final average range used for grading purposes
is the average range corrected for reference.

In this discussion I have presented an application of a repeated
5 x 5 simple lattice design to a program concerned with obtaining
estimates of the average range and dispersion of range for twenty-four
lots of mortar ammnition. The experimental design used was of the
incomplete bleck type. This type of design is very useful when a large
number of treatments are to be investigated and the size of the homogeneous
blocks available is relatively small,
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Observed Ranges for Shell, HE, Mi9A2 for 40mn Mortar Fired with Charge 4 at an Elevation of 45°
(Range measured in yards)

Lots MA-1-53 MA-1-82 MA-1-363 MA-1-604 MA-1-613
Date 24 Oct 52 31 Oct 52 | 17 Dec 52 12 Jan 53 | 19.20 Aug 53 8.9 Sep 53 | 30 Dec 5L 10 Jan 55 |20 dan 55 31 Jan 5°¢

1890 2057 . 1925 2112 1988 1932 1967 1980 2000 2110
1863 2028 1903 2083 1876 1862 2021 2025 1769 1983
1927 1964 2043 2096 1874 1863 2014 1983 1885 2098
1830 1955 1957 2078 191, 1927 2019 1862 2004 208,
1803 1976 1946 2031 1882 1907 2002 2041 1904 2015
1951 1996 19,40 2084, 1774 1763 2128 2001 1865 1978
1995 2057 1916 2017 1872 18,1 1949 1970 1927 2098
1967 1979 1967 2035 1822 1914 1904 2053 1972 2124
1934 2010 1958 1978 1891 1837 2029 1978 1886 2077
1897 2037 1879 2045 1855 1911 1989 19,0 2019 2036
1869 2013 1995 2002 1809 1866 2052 1980 1884 2060
1847 1990 1980 2078 189, 1797 2042 1921 1990 211
1882 2015 1934 2118 1870 1983 1835 2002 1884 2075
1965 1975 1990 2017 1910 1873 1970 1969 1938 2074
1954 1934 1906 2107 1970 1907 2028 1849 1950 2003
1973 2074, 1985 2005 1980 1923 2000 2030 1999 2077
1870 2071 2000 209/, 1885 1962 2041 2006 1987 2110
1894 1993 1951 1993 1775 1859 2033 1999 1823 2061
1927 1943 1979 2020 1871 1993 1996 2006 1951 2099

Analysis of Variance Table Under Model for 2-Fold Hierarchal owmmmwwwomﬁwosw

Source of Variation Ss df MS Expected Value-MS

Among Lots 369,251, L 92,31} Qm+Hwom+qum

Among Days within Lots 369,91 5 73,988 Qm+Hoom

. Within Days 517,069 180 2,873 o>
TOTAL 1,256,264 189
Among days within lots, F=73,988/2,873=25.75, sig. at .OL
Among lots F=92,314,/73,988=1.25, not sig. at .05

1

s

1

Kempthorne, O. The Design and Analysis of Experiments; John Wiley and Sons, New York 1952.
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Arrangement of Lots in 5x5 Simple Lattice Design

Rep I
Block (a) 1 2 3 L. 5
Block (b) 6 7 8 -9 10
Block (c) 11 12 13 1k 15
Block (d) 16 17 18 19 20
Block (e) 21 22 23 o2k 25 -
Rep II
Block (a) 1 6 11 16 21
Block (b) 2 7 12 17 22
Block (e) 3 8 13 18 23
Block (d) L 9 1l 19 2l
Block (e) 5 10 15 20 25

ii
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Averace Ranges (less 1600.yds.) for Cells of a Repeated 5x5 Simple Lattice
) (Number in Parentheses is Lot Identification)

Rep I Block Totals
U 1) 277.0 C 2) 252.0 ( 3) 257.0 (L) 267.k ( 5) 25he2 13076
(6) 272.2  ( 7) 270.2 ( 8) 254.5 ( 9) 170.2 (10) 240.0 1206.1
(11) 260.6 (12) 238.2 (13) 278.2 (1k) 268.L (15) 279.2 132L.6
(16) 198.L  (17) 159.0 (18) 268.6 (19) 256.0 (20) 309.2 1191,2
(21) 229.6 (22) 291.2 (%3) 240.6 (24) 2L9.2 (25) 210.6 %§§é°$
Rep 11 _ Block Totals
(1) 23L.L ( 6) 208,0 (11) 2L5.2 (16) 176.0 (21) 221,0 108L.6
( 2) 252.8 ( 7) 260.8 (12) 219.0 (17) 174.8 (22) 245.6 1153.0
( 3) 344.0 ( 8) 302.0 (13) 296.0 (18) 323.6 (23) 320.8 1586.L
(L) 319.8 (9) 221.8 (1L) 280.2 (19) 308.2 (2L) 349.0 1L479.0
(5) 311.2 (10) 324.8 (15) 37L.8 (20) 359.3 (25) 318.L4 %gg-g
Rep III Block Totals
(1) 299.4, (2) 333.6 ( 3) 316.2 (L) 320,5 ( 5) 313.2 1582.9
(6) 3212.0 (7) 297.0 ( 8) 345.0 ( 9) 271.8 (10) 315.6 1550.L
(11) 272.4 (12) 301.2 (13) 38&.L (1h) 311.8 (15) 331.6 1605.L
516) 246.8  (17) 239.0 (18) 342.h (19) 293.6 (20) 340.7 1h62.5
21) 272.5 (22) 357.5 (23) 293.4 (2L) 287.h (25} 278.L $£89'f
Q0 /s
- _ Rep IV Block Totals
(1) 303.8  ( 6; 279.2  (11) 190.3 (18) 221.8  (21) 303.L 1298.5
( 2) 318,8 ( 7) 288.8 (12) 255.0 (17) 222.2 (22) 337.8 1L422.6
( 3) 302.2 ( 8) 323.5 (13) 3L2.8 (18) 264.8 (23) 308.5 15Ll1.8
(L) 207.8 (9) 210.6 (1h) 295.0 (19) 302.6 (2L) 301.8 1LOT7.8
( 5) 306.8 (10) 297.8 (15) 339.0 (20) 28L.L (25) 318.5 15L6.5
72172
Lot Totals (U reps) a0
(1M111L.6 ( 2)1157.2 é 3)1219.L  ( L)120%. . +1B8,29 T
§ $)1079.Lk  ( 7)1116.8 8)1225,0 ( 9) 87hk.L (10)1178.2 = 5.LT
11) 968.5 (12)1013.4 (13)1305.4  (ih)11ss.k  (15)1324.6 =12.93
(16) 843.0 (17) 795.0 (18)1199.L (19)1160.L (20)1293.6 = 2.23
(21)1026.5 (22)1323.1 (23)1163.3 (24)1187.4 (25)1125.9 +43.86
C_*_ 37,08 + 22,78 - 20,08 - 26,58 - 5L.73
. Adijusted Lot Totals
(1)1170.0 ( 2)1193.3  3)1217.8  ( L)1197.2 éf§51179.o
( 6;1111.0 ( 7;113u,1 ( 8)1199.4 ( 9) 842,k (10)1118.0
(11) 992.6 (12)1023.,2 (13)1272.L (14)1115.9 (15)1256.9
(16) 877.8 (17) 815.6 (18)1177.1 (19)1131.6 (20)1236.6
21)1107. 22)1298; 23)1187.1  (2l)1204,7  (2%)1115.0

iii
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Statistical Analysis of Repeated 5x5 Simple Lattice Design

with Recovery of Inter-Block Information
Block Totals

I III Diff. Sum o G
1307.6 1582.9 =275.3 2890.5 FI31.1 +18,29
1206.1 1550.1 =34k.3 275645 - 39.2 - 5447
132L.6 1605.4 -280.8 2930.0 - 92,7 -12.93
1191.2 1462.5 ~271.3 2653.7 - 16.0 - 2,23
1221,2 14,89.2 =268,0 2710.4 +311;,) +),3.86

=1)39.7 +297 .4
11 Iv Diff, Sum_ C AC
108L4.6 1298.5 =213.9 2383.1 +265.8 +37.08
115300 1&2206 -26906 2575.6 +16303 +22o78
1586.1 1541.8 + Uhi.6 3128.2 =143.9 -20,08
1479.0 1407.8 + 71.2 2886.8 =190.5 -26.58
1718.5 1546.5 +172,0 3265.0 =392.3 -54.73

=195.7 =297.6

Totzl Sum of Sqguares ‘
(277.0)%+ (252.0)%+. 0000t (318.5)%- (28,179.8)%=
8,162,181.22-7,911,011.28=221,469.9L

Sum of Sauares for Replications

‘ 2
(6250.7)%+ (7021.5)°+ (7690.1)%+ (7217.2)%= (28,179.8)2
: : 100
7,98L1,117.62-7,911 ,011.28=13,106. 3L

Sum _of Squares for Lots Si@oring blogks!

(1114.6) %+ (1157.2)%+. ..+ (1125.9)°- (28,179.8)2
— — 100
8,056,709,71=7,911,011.28=115,698.43

Sum of Squares for Blocks eliminating lots

, Cgmpgn§ai
275-3 + (3b§03)2+000+ (172.0)2 - (1h39o7)§+ (195.7)2
0 - 0
574368.888-42,220.692=15,1,8.196
(131.1)%+ (39.3%2+,..+(392.3)2 - (297.6)%+ (297.6)°

100
21,731.639-1,771.315=19,960.374

iv
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Analysis of Variance Table

Source of Variation Degrees of Sum of Squares Mean
Freedom Squares
Replications 3 43,106.3L
Lots (unadj) 2k 115,698.43
Blocks within replications (adj) 16 S 35,108.57  2194.29
Component (a) 8 15,118,196
Component (b) 8 19,960.37L
Intra-block error 56 27,556.60 492.08
TOTAL 99 221,169.94

The Weighting Factor

m=p (E_=E.)
K&?-?T'ﬁb'*(P-l)EeJ

A =2 (219).29-1492.08) = ,13951
TT2(219L.29) + L92.08)

Round to Round Error Variance (within Cells)

8. 708,860.5 = 1626.9
\'i A

% = 1826,96 = 365.39
182696

Approximate Test for Significance of Block X Lot hf‘graction_

F=)92,08 = 1.3467 with 56 and 388 df Not significant (.05 1e§e1)
365.39

0 Fi
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. RANGE -
Shell, HE, Mh9A2 for 60mm Mortar s Charge h s Elevation hS
: Av. Hange Av. Range

-. Lot Lot Adjusted Corrected " Ste.Deve.

Number Ident. for blocks for ref. hange

yde B ydo ] Vdo

WCw32-9 1 1892.5 1931.0 40.55
WC=9L=21;2A 2 1899.6 1938.1 551y
WC-2-1164 3 1904 .4 1942.9 31.05
WC=9);=288A L 1899.3 1937.8 2737
WC=9L=290A 5 1894.8 193363 38,11
WC=2-~101B 6 1877.8 1916.3 Sho 48
We=2-22A T 1883.5 1922.0 L45.71
WC=6~255B 8 1899.9 1938.4 52.95
KOP-110A ! 9 1810.6 1849.1 - 38.85
WC=32=7 10 1879.5 1918.0 40,22
WC-2-1284 11 181:8.2 1886.7 42.83
WC=38-135 13 1918.1 1956.6 '52.12
WC=-2-128B 1k 1879.0 1917.5 52,19
WC-2~-28B 15 191k.2 1952,7 4972
KOP-14T7A 16 1819.5 1958.0 35037
KOP.113A 17 1803.9 18Lh2.4 22,10
WC-2-18B 18 1894.3 1932.8 "29.03
WC=32=8 19 . 1882.9 1921.4 48.52
WO-6-2554 20 1909.2 19477 58.26
WC=6-8764 21 1876.8 1915.3 .27
WC=2~1T724A 22 1924.7 1963.2 25.26
WC=2-120B 23 1896.8 1935.3 17492
WC=2=23A 2L 1901.1 1939.6 L47.85
KOP=64A 25 1878.8 1917.3 - 28,01
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by
James W, Mitchell

Frankford Arsenal
INTRODUCTION

_ A frequent problem in ordnance research and testing is measurement
of the deterioration of material and equipment with time. This is maybe
known as stability testing and concerns deterioration while in storage in
contrast with deterioration or wesring while the item is in actual use
(Life Testing). Storage affects many of the more obvious physical and
chemical properties of meterials., Stabllity testing is also applied to
many less obvious changes in complex assemblies which often cannot be
identified with any specific physical property or set of properties, but
only with some performance aspect of the assembly.

A ngive assumption is often made that it is possible to predict
from the stability test the safe maximum storage life of an item. For
many ordnance engineers this msy seem to form a sufficient and workable
objective for a stability test. It is hoped that this paper will create
in the reader an awareness of the difficulties inherant in such a broad
objective and the virtusl impossibility of predicting the complete storage
life of a militery item. This will require development of a definition
of stability and reasonable objectives for stability testing as well as a
discussion of measurements, applicable statistics and interpretation of
results. :

A DEFINITION OF STABILITY

For the following definition the writer is indebted to Ernest Rechel
Director of the Chemistry Research Laboratory of the Frankford Arsenal (15.
In this definition the stebility of an object is identified with the sta-
bility of its. attributes. The term attribute is used to denote any or all
qualities, properties or modes of behavior of an object. Normally the
attributes of an object are known or measurable single-valued functions

of time and the environment. Objects and classes of objects are distin-
guished by their sets of respective attributes. It follows therefore to
define stability of an object in terms of the stability of its attributes.

A definition of stability should meet certain formal demands, . First,
stability is alwsys associated with change in properties with time. The
definition must therefore eppear as some time rate of change of the attri-
butes. Also the definition should be independent of sign, i.e. whether

(1) References appear at the end ,
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the attributes are increasing or decreasing., And finally it would be con-
venient 1f stability were defined in dimensionless terms. These demands
are met by the following function. If k represents the value of the k-th
attribute at time t and Sy its stability.

L.k
S [k at

Here the stability S, appears as a function of the rate of change of the
attribute; 1t is independent of the sign of dk/dt; and it is independent
of the units in which the attribute is measured. The reciprocal relation-
ship provides that as dk/dt increases, S) decreases.

Since every object possesses a large,\in fact practically infinite
number of attributes, a, b, ¢, +.¢.e « k o ., its total stability may be

expressed by
__J-_:_L.ﬁ+‘logh+lo'_§_g+-.co+1odk+oo
S ja dt} Jb dt]| |e dt k dt

This is perhaps the simplest function of all the attributes that continues
to satlsfy the intuitive demands. It is not difficult to accept the concept
that an object has an infinite number of attributes since there are an
essentlally unlimited number of environments - and an object can be expected
to behave differently in each environment. In practice we must necessarily
deal with a finite number of attributes. A specific set is chosen which
are sufficient to define the class under study and the rest are ignored, or
in effect treated as zero.

The above definition of stebility is formally correct and should find
practical application. It will be apparent that if all the attributes are

constant S will be infinitely large. If, however, at least one of the attri-

butes exhibits a rate of change not equal to zero, S will take on finite
positive values., Therefore the smaller S becomes, the lower the stability

of the object.
OBJECTIVES OF A STABILITY TEST

A complete objective for a stability test based on the above generallzed
definition would require that the entire future life and environments of an
object be known before the test could be planned, - a most unusual condition
in ordnance to sgy the least. It is therefore the first step in a stability
test to recognize and define a more limited and attainable objective. It is
suggested that an acceptable and meaningful objective would be to determine
the useful life of an ltem in a specific selected environment chosen from
the following categories:
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1. Selection of one specific environment es erbitrarily represent-
ative. This msy be & naturzl environment or a simulated laboratory condi-
tion such as & constant temperature or & salt sprgy. Storage life is
defined thereby for only this condition.

2. Selection of some maximun condition matching the severest condition
in the field and determing storage life under these conditions. The condi-
tion will usually be simulated in the laboretory and maintained continually,
althcugh cyclic condition might be selected to simlate a natursl cycle
such as night and day or the tides. This gives a minimum but never & most
probeble storage life. '

3. Field surveillance of marked items for durability under a wide
variety of naturelly occuring storage conditions. The disadventages of
tiis method are the obviously difficult and expensive examinstion of objects
in the field or their return to the home laboretory for test, the time in-
volved end the integration of data from many sources into a single estimate
of storape life, This latier difficulty appears to be surmountable only
by the use of soms arbitrarily selected set of weights for the different
environments. On the other hand this method is intuitively the most con-
vincing and is widely used commercially on new products.,

4+ Selection of a specific environment but at an artificially high
level above that of the maximum of the field for the purpose of accelerating
the rate of failure and shortening the time of test. This is the so called
accelerated test.

5. Comparative tests in which e standsrd item is tested along with
one or more to be evaluated. Through long use and past evaluation, the
storage life of the standard is approximately known and et least acceptable,
Any of the previous specific environmental conditions may be selected for storag

-Any of the above permit the definition of a constant or uniformly variable
condition under which the storage life of an object mgy be defined as the
change 1in the selected set of attributes with time. The limited objective
then becomes the life of the item in this limited and defined environment.

The above scems to be straightforwerd in its application to most storage
problems except for the accelerated test condition. This special case will
be dealt with later on, :

Selectlion of the set of attributes to be measured and the measurement
to be used on them is the next step in planning a stability test. The material
can vary tremendously in complexity. There is usually no great problem in
this area of measurement for slmple items such as small components or engi-
neering materials. However when a highly complex item involving mechanical,
electrical and chemical elements mist be considered, stebility is ususlly
approached by study of only the newer untested or obviously less stable
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components or materials. The stability problem then becomes like that for
the simple item. Of course complex items such as guided missles or auto-
motive equipment are given exhaustive service tests but this is not stability

testing.

The measurement to be used should meet certain demands. These may be
enumerated as follow:

l. Responsive to changes in the use attribute belng evaluated.
2, Provides quanitative‘data

3. Permits replication

4. Reproducible, inexpensive and nondestructive if possible

There is usually some lattitude in the selection of attributes to be
observed in the test and in means of measuring them. Selection from among
these possible measurements can then be made to best meet the demands given
above. The adventages and disadvantages of a number of classes of attributes
are discussed.

1. Observation of the major use function. This is frequently best and
unambiguous in its interpretation if quanitative data can be obtained at

reasonable cost.

2. Overall qualitative evaluation of an object can be used where the
use function is passive and thus not measurable in terms of performance.
This often results in adjective ratings or ranking values which are nonquan-~
itative and therefore difficult to treat so as to obtain estimates of error.

3. A specific attribute identified solely or closely associated with
the major use function. This is probably the most frequently employed type
of measurement and is usually quite satisfactory. Difficulties might arise
in establishing the responsiveness of the use function to the measured attri-
bute and visa versa, although this should be evident from the knowledge

leading to its choice. '

4e Seversl attributes identified with the use function, Sometimes
performance cannot be described in terms of a single number but requires
expression of the values of a number of attributes. Since i1t is usually
impossible to combine and reduce these to a single value, the stability
function cannot be treated as a single one., The experimenter must work )
out some compromise to sult the problem.

5. Observation of success or fallure of the item to some stimilus.
Data of this type is rendered quanitative by testing a number of items at
each time and observing the number or fraction feiling. This kind of data
can also be treated as an increased severity test to obtain an estimate of
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the stimulus causing 50% failure and standard deviation., The change of
this 50% point is then trested as the stability variable (2).

6. Study of the basic deterioration mechanism of the use propsrty by
refined physical or chemical research. The adventages of this approach are
obvious if time end the nature of the object permit.

STATISTICAL TECHNIQUES IN STABILITY TESTING

Many of the elements of an experimental design will have become apparent
by the.time satisfactory objgctives have been chosen and the responsive attri-
butes of the item and methods for their measurement selected. At this period
of an experiment it is possible to look ahead and anticipate the several
possible outcomes of a storage program and then to decide what kind of data
is needed to make a statistically significant cholce between these possible
outcomes. This implies the selection and use of statistical procedures. It
is of course always possible to handle data graphically and where large dif-
ferences occur, significant conclusions can be drawn from graphical treatment.
However it is much preferable to obtain estimates of error so that differences
of any magnitude can be compared by the few general techniques mentioned below
It is not intended to go into any detail regarding these methods sincs they
are well covered in numerous textbooks. '

The most useful statistical procedures are those of curve fitting.
Stebility curves are usually, empirical in the sense that there is usually

‘no theoretical reason for the curve to fit a specific mathematical function.

However if a theory of decomposition does exist, such as based on a known .
chemical reaction, then the data should be fitted to the mathematical equation
derived from theory. For convenience of fitting, equations of other kinds
should be transformed into a linear form where possible for a least squares
analyses. Where no theory exists to indicate a specific mathematical form,

it is usually best to attempt the fitting of a polynomial of first, second

or higher degree. The method of least squares or orthogonal polynomials mey
be used to fit the equation. The advantage of the orthogonal polynomlals
method &s developed by Fisher(3-4), is that the fitting may be carried through
in successive stages, the success of fitting terms of higher degree being
observed and tested for significance at each stage. Both methods permit estl-
mation of error. For a discussion of tests of significance between two curves
see the last portion of this article.

An experimenter may wish to become fancy and attempt a correlation
between the attribute being measured and several environmental variables as
well as time. This is clearly a case for a multiple regression analyses and
msy be worth the extra trouble in & storage program if a netural environment
is being employed and uncontrollable natural variables come into pley and
are measurable, However such treatment is bordering on an attempt at discover
of the mechanism of deterioration. If this is the object rather than the time
rate of change in the natural environment, it mlght be better to employ con=-
trolled laboratory conditions arranged so that the date mgy be treated snalyt-
ically to obtain an expression of the effect of each variable. When a chemice
process is involved this is often possible.
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If sufficient prior knowledge on variability both of the material and
the measurement, is availeble and the objectives require specific comparison ,
against an upper service requirement, it is possible to design a sequential
technique to efficiently detect a change in trend. This would detect a
break %n a unifornm slow rate of change indicative of the end of safe storage
life(5

4 word might be added about sampling error and product variability. As
mentioned previously, some knowledge of error is essential to testing the
difference between any two stored items or establishing confidence intervals
for experimental results. When only a limited sample is available without
prior information on the variability of the product or testing method, and
only a single item can be tested at a time interval, error can be estimated
from the regression itself. However this error will contain the product and -
test variability and also changes (usually increases) in product variability
caused by the storage conditions. It is very desirable to be able to separate
the latter since increased variability is a common outcome of storage. In
fact severe storage conditions seem to have an effect like an increased severity
stimulus ceusing some items in a sample of apparently identical items to change
rapidly or fail in a short time while others may last for a long period. The
net effect of this is a large increase in variability. Product variability
should be measured prior to the storage if possible. Furthermore, if the
nunber of items permit, replicate tests should be mede at each withdrawal time.
By fitting the average of these replicates, a much better fit should be obtained
with a reduced standard error of estimate. [t is also possible then to directly
determine the change in produect veriability with tiue.

ANALYSIS OF RiSULTS
The limited objectives given previously fall into three categories -

1. Estimation of storage life under a defined natural or similated
condition

2. Accelerated storage testing
3. Comperative testing against a standard ' .

Each of these call for somewhat different treatment of results to arrive at
valid concluslons and will be discussed separately.

The first or storage life test clearly requires a regression curve fitted -
to the date from which quality and variability of quality of the observed
attribute can be determined at any period of time. Conversdy if a minimm
deterioration level of the attribute is gspecified or set by use requirements,
the regression curve and observed standard error can be used to estimate the
point at which a certain proportion of failures will occur. This is the
storage life. -
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Extrapolation of the fitted curve beyond the last observation point (in cases
where insufficient material was stored to run out to complete failure) is
extremely questionable and not to be relied on. However in the speclal case
where basic studies have disclosed the physical or chemical processes of
deterioration, refined measuremsent of this process msy successfully yield a
natural law as of a chemical reaction. Such a law when shown to fit the
experimental data well, msy be cautiously extrapolated as far as the
researcher's inltiative permits him to stick out his neck.

An example of the latter is the deterioretion of magnesium powder in
moist eir. The kinetics of the reaction have been successfully worked out
permitting complete description of chenge in magnesium content with time (E\

The accelerated storage test seeks to provide an estimate of storage life
on long lived material in a short time under artificlally severe or elevated
conditions. If such a test can be successfully designed, a very desirable
objective is atteined. Howsver many difficulties beset this type of test.

The problems are less severe when an accelerated test is applied to the com-
parison of two materials or a new item with a standard, as will be considered
later. The main difficuities with the accelerated stability test stem from
the uvsually unknown multiplication factor relative to service life. Since
there is no standard condition of field storage, there can be no single multi-
plication factor. A further difficulty is caused by the many uncontrolled

and unknown variebles which may intrude into the field condition at one time
and not at another. A more hopeful correlation 4s that between the acceleratec
condition and a simulated environmental condition. Such correlation would
yield a multiplication factor and be reproducible but still offers no more
guarantee of true or meaningful storage life under use conditions than the
straight storage test.

Another difficulty is incurred if a large multiplication factor is obtaine¢
by the use of a very elevated ‘condition. Under such conditions, extreme
sensitivity or insensitivity of the measured attribute may exist unlkmowingly
for some materials and not others, thus rendering use of the mmltiplication

factor in later work very uncertasin. Again the environmental factor chosen

for accelerating the deterioration msy not be continuously related to the
use property or fall to respond above certain limits. These difficulties
practically demand research on the accelerated test condition before its use
in actual testing.

A wgy out of the above difficulties with accelerated testing lies in
running the storage test at a number (three or more) levels of the accelerated
test condition ranging from the maximum down to & value in the upper range
of actual use conditions. This permits exploration of the response surface
of the item with time and the stimulent. Discontinuities can be found and
the accelerating effect of the stimulant studied. An example is the use of
several temperatures and calculation of the temperature coefficient of the
decomposition reaction.

Another method of circumventing difficulties with the multiplication
factor is to employ the accelerated test only for comparison of several items
or against a standard material. This use is still subject to the difficulties
of extreme sensitivity or insensitivity as mentioned gbove.,
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Finally we can consider the comperitive stability test. Probably this
is the most convincing and satisfying test and is obviously applicable to
any of the natural, simulated or accelerated storsge comditions described.
The comparisons would be between two or more similar objects to see which
has the longer life or between a newly developed item and a standerd of known
and acceptable quality. Thus one gives up any objective of predicting storage
life except relative to the standard. Since only one or a limited number of
storage conditions would be used in the comparative test, & small residue of
doubt may exist that the relative position of the several items in the compar-
ative test may change in other environments. It is not easy to resolve this
doubt.

Comparative stability tests will result in two or more regression curves
which must be compared to detect real differences. Too frequently stability
curves are judged only on the basis of relative position of the curves (slope)
without proper consideration of diapersion of the storage test results. 4
description of statistical tests of significance applicable to all types of
regression curves would be too extensive for inclusion in this paper. In fach
methods are lacking for souwe of the more involved combinations of regression
curves. The following generalizations mgy be helpful to the engineer faced
with a statistical comparison but reference to any of the modern textbooks
on general statistics is recommended before actual statistical analysis is
started.

1. Many textbooks describe methods of comparing the slope or intercept
coefficients in linear regression. The variance of the dependent variables
mgy be estimated from single observations used in the calculation of the
regression curves or from the several variances obtained when a number of
samples are tested at each observetion interval to yield both the mean and
variance of the observation.

2. MWhen independent estimates of variance are obtained for each obser-
vation it is possible to detect some of the non-random changes in variance
mentioned previously. When these changes assume the form of a regular increase
or decrease, it is reasonable to associate this with change in product veriabijity
and smooth out the random fluctuations by fitting & regression to variances.

This would relate change in variance with change in the dependent variable, time,
Other large but non-uniform fluctuations in variance can be attributed to lack
of control in the test method or sampling procedure or poor control over
environment,

3+ When the variances are found not to be constant or when one or both
of the regressions ere found to be gquedratic or of higher degree, the simple
significance tests of slope and intercept used in the linear case no longer
apply. It is possible to calculate a standard error of estimate for specific
calculated values of the dependent variasble obtained by the regression corres-
ponding to values of the independent variable, time. Corresponding points of
the dependent variable on two regression curves mgy then be tested for signifi-
cant difference by the Student t test. After z number of points have been
tested, it will usually be possible to state that after a given time the
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difference in stebility of the two objects became statistically significan$,

or the negative of this. The method of curve fitting by orthogonal polynomials
is particularly well suited to providing error estimates of individual values
of the dependent variable.

SUMHARY

The design of experiment in stability testing is important to insure
valid results and conclusions for experiments which have required long periods
of time to conduct. Design of experiment in stability testing may be summarized
as follows:

1. Choice of reasonsble limited objectives

.2, Selection of the proper attributes for which there exist quanitative
measurements and which are responsive to the important use function
of the object being tested.

3. Anticipation of the several possible ocutcomes of the stability test
and deciding what kind of data is needed to make a statistically
significant cholce between the several possible alternates.

4. Use of theory where possible to select the regression function and
otherwise applying the best available theory and experience in
fitting a regression curve to the data. .

5. Proper appreciation of the several source, of variation which may
occur in the storage test and appropriate measurement of variation
and its use in testing significance between curves or establishing
confidence intervals for any predicted storage life.

6. Application of pest experiences and scilentific horse sense in arriving
at the final conclusions.
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A. Bulfinch
Picatinny Arsenal

Picatinny has joined the quest for better tests of increased severity.
In the explosives industry tects of this type have wide applicaticn, such as
impact and friction sensitivity, functioning rates of electrical detonators,
minimum initiating and detonating charges in explosive trains and the labore
atory sand test, functioning rates of fuzes, minimum explosive charges for
ejection mechanisms, and even the drop test for vacking containers.

The dilemma in this protlem involves the properties of asymptotic curves,
That is, in most practical applications we are interested in the two extremes
of such curves. In these portions of the curves one variable of course
changee very rapidly while the other varisble changes very little. Unfortun
ately the independent variable in this problem is the insensitive one «~ that
is; it changes very slowly with large changes of the dependent variable. The
only known solution to this dilemma is the use of very large samples and
therein lies the problem.

Lost of the work done on this problem in the explosives field for sensi-
tivity teste and in the biolosical field for dosage tests has been in the area
of the 50% point of the curves. From a statistical point of view this is
desirable since reliable data can be obtained at this roint with minimum
sample sizes. However, the explosives engineer insists he is not interested
in the 50% point. From safety consideraticne he is interested in the lower
extreme of the curve and from functioning considerations he is interested in
the upper extreme of the curve.

Methods such as the "ﬁb—and-Dawn" method and the "Run~Down method are
designed to measure the mean and standard deviation at the 50% point. The
characteristics of these methods are as follows:

Advantages

1. The mean at the S0% point contains the least error,

2. A measure of the standard deviation makes it possible to quantitatively
evaluate observed differences.

Disadvantages

1. The 50% point is of little practical value.

20 The validity of the results obtained from these methods depend upon
assunptions made concerning the form of the frequency distribution of the
parent population.

Work at Picatinny has shown that there is reason to doubt that the sensi=-
tivity data of all explosives have the same frequency distribution. In labor-
atory-scale tests the tail of the curve for Comp B was found to deviate from
the normal curve in one direction while the curves for the RDX and Tetryl
were found to deviate in another (See Table I at the end of this manuseript).
These devialions were determined by actual measurements with large sample
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gizes in the lower tails cf the curves. The results of the actual measurements
were found to differ significantly from those obtained by extrapolation from
the 50% point using the assumption of ncrmelity. Of the two methods used
vwhich are based on an assumpticn cf this type the "Run-Dowm" method appeared

to give the better estimate although not an acceptable one.

4t the 50% point RDX was found to be similar to INT, which is contrary
to experience. But in the area of the one percent point RDX was found to be
similar to Tetryl which agrees with experience in the use of explosives.

This comparison brirge out an important requirement for any laboratory
method. The resvlte of laboratory teste should be of use in predicting

functioning characteristics.

Methods such as the Picatinny Arsenal Method and the Naval Powder Factory
lethod are designed to measure the ten percent point. The characteristics of
these methods are as followss

Advantages
l, They are not dependent upon assumpticns of normality.

2. They obtain resulte near the tails of the curves instead of the 50%
point.

Disadvantages

l. The variances of these methode are not known.

2. The size of the sample used is not large enough to obtain reasonably
precise results.

The lack of a known variance is a distinct disadvantage. Without a
measure of dispercion gquantitetive evaluation of observed differences is not
possitle. However, this type cf sequential approach to a particular percentage
point may be a posgibtle solution to the protlem created by the need for large
sarmples. This is yet to be determined. The choice of the ten percent point
appears to be an unfortunate one. Work at Picatinny shows that the impact
sensitivity (using the PA apparatus and the "Run-Down" method) of Comp B, RDX,
TNT, and Tetryl are all ecual at the seven percent point (See Figure I
following Tatle I at the end of this paper). In addition the uniqueness of °
the sensitivity characteristics that were found occurred in the area of the

one percent point.

From the work done to date the following method has been derived and is
presented here for consideration as a partial solution te the subject

problems

1. GCollect the data in a manner similar to that deserited ir the “Rune
Down" method with the following modifications:

a« Any portion of the curve which is of no interest can be omitted.
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b. FYor those porticns of the curve which are of interest use the
sample size required for the desired precision. These sample sizes can be
obtained from tables for the confidence limits of the binomial distribution

in the published literasture.

o, Calculate the confidence interval (from tables such as those referred
to above) for the proportion of explosions obtained at each height level used.

3. Plot the terminal values of these confidence limits versus corre-
sponding height values on probability paper.

le Graphlcally Getermine the confidence lemit for the height value
associated with any desired percentage point.

5. Report the confidence interval for the helght value as the impact
sen51t1y1tV'of the explosive.

6. To evaluate observed differences between two or more explosives or
lote of the same explosive and determine vwhether the confidence intervals
overlap. If they do overlap the difference is not significant, if they do
not overlap the difference can be considered significant.

Characteristics of this method are as follows:

Advantages

1., It is a general method applicable to any test of increased severity
in which the observed results are atiribute-type data.

2. It is simple to conduct.

3. It is completely flexible for determining any desired percentage
point with any desired predetermined precision.

k. It is free of all assumptions concerning the form of the underlying
distribution.

5. The results are simple to calculate.

6. It includes a simple method for quantitatively evaluating observed
differences.

Disadvantages

1. large sample sizes are reguired in the tails of the curves to attain
a reasonable precision.

2, The procedure for evaluating observed differences is based on a
graphical method for calculating the confidence interval of the height.

3, The actual standard deviaticn is not determined.

Recent work such acs that beine ccrducted at Wayne University for Frankforc
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Arsenal has shown that much can be learned from sensitivity tests about the
mechanism of initiation and the propagation of initiation of explosives.
Instruments which can accurately measure energy input and output and methods
that are based on known properties of explosives such as erystal state,
thermodynamic properties, and other physical properties are required. Labore
atory methods and instruments currently being used for the determination of
the impaet sensitivity of explosives may soon be completely antiquated by
methods and inetruments of this type. However, methods of increased severity
of the type in current use will always be required for determining functioning
rates of fuzes and detonators and minimum explosive charges of all kinds.

For this reason further work to improve these methods is desirable.

Fart of the work conducted at Picatinny on this problem has been confined
to impact testing of primary explosives at the 50% point and below. Other
work conducted at Picatinny and for Picatinny at Franklfn Institute has been
on the functioning rate of electrical detonators at the 50% point and above.
Mr. Fred Lawrence of our Fuze Laboratory will deseribe this latter portion
of the problem.

Additional work is contemplated to develop a non~parametric method with
krown variance. The object of this effort is to effect econormies in collecting
valid data in this type of testing. This can bte acconmplished in either or
both of the following ways:

1. Reduce the sample size required for a given precision.
2. Increase the precision for a given sample size.,

Private Ehrenfeld of our Ammunition Research Laboratory will describe a pro-
posal for the applicaticn of the. Monte Carlo Method to this problem.

If the impact sensitivity of explosives is of any value and its use to
be continued, it would be very desiratle to have a standard method and
instrument established for use throughout the Ordnance Corps. It would also
be desirable to establish a standard explosive which can be supplied through
a central cource for use in calibrating instruments. A& step 'in this direction
hae alre:.; been taken by the Physical and Chemical Properties Subcommittee of
the Ele:t wnd Incendiary Committee. If efforts to improve sensitivity results
is to be cintinued then a coordinated program for the Ordnance Corps should
be estar i ed, :

Icv: comrents are invited.

v .
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I. Introduction. Considerable attention is currently being focused on
the evaluation of electric initiators. As the name implies, the initiator is
the first element in an explosive train of a fuze attached to artillery shell,
guided missile warhead, bomb, etc. Before the munition can be expected to
function on target reliably, it must be ascertained that the fuze will function
reliably and before the fuze can be expected to function reliably the initiator
must be known to be capable of functioning reliably. Thus it can be seen that
the very heart of the most complicated piece of munition is the initiator.

The Ordnance designers developing fuzes are therefore naturally desirous
of learning as much about the characteristics of initiators which play such
an important role in the fuze. Initiator designers have undertaken a program
designed to analyze the capabilities of initiators. The task is made even
more difficult by the fact that as modern warfare becomes more complex and
costly, the consequences of a dud become more disastrous and therefore the
functioning reliability required of initiators more closely approaches per-
fection. At the same time, the global tendency of modern warfare places added
responsibilities on the evaluator. For now the item must be evaluated for all
kinds of environmental conditions encountered in the various areas and climates
of the earth.

Intelligent use of an item requires an understanding of the item. To
obtain this understanding in the case of electric initiators, a series of tests
are undertaken in an effort to determine what the item is capable of doing.
This series of tests is referred to as the evaluation of the initiator. An
attempt is made to investigate every aspect of the initiator, particularly
under conditions and situations similar to those to which the round is expected
to be subjected. The initiator may be expected to be\éubjected to extreme cold,
extreme heat, dry or damp atmosphere, sand dust and many other environmental
conditions. They are required to withstand approximately 20 years of storage
and still be serviceable and to undergo varied forms of transportation and
rough handling by personnel without becoming hazardous to use.

If each item could be tested to determine whether or not it could be
expected to meet all of these requirements one could still not get a satis-—
factory answer since the effect of the test on the tested item would still
have to be determined. In addition testing each item would involve tre-
mendous expense in time and money. It has been shown that total testing
involves a large enough human error to make sampling procedure much more
accurate, and by virtue of the fact that it is less expensive, much more
desirable. There is however one factor which eliminates any choice on our
part. That is the fact that many of the tests involved are destructive tests.
We therefore have no alternative but to use sampling procedure, or to be more
exact, statistical methods.

II. Sensitivity Characteristics of Initiators. This paper attempts to
discuss the application of statistical methods to the evaluation of electric
initiators. I cannot hope to discuss all of the statistical applications in
the short time allocated for this paper but will endeavor to analyze one of
the more important areas; sensitivity.

Electric Initiators, as the name implies requires some form of
electrical energy for operation. If the item is to perform reliably, the
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the proper amount of electrical energy must be assured. However, in order to
assure the proper amount of energy to the initiator one must first determine
what this proper amount is. A coexistent problem stems from the fact that
knowledge of the minimum amount of energy necessary for operation of the
initiator will allow one to build safety features into the item, This
characteristic of the item to require a certain amount of input energy for
operation is known as its sensitivity.

A student in scientific fields soon becomes accustomed to that approach
which starts with the discussion of ideal situations and perfect objects and
then comes back to reality with situations somewhat less than ideal and objects
that leave something to be desired. Using this approach one can begin by
imagining the perfectly reproducible perfect initiator which requires exactly
"v" volts at a given level of capacitance in order to function and fails to
function if even a fraction less volts is supplied. Since it is perfectly
reproducible every initiator functions exactly as any other of the same type.
Such an initiator could be represented by the simplest type of functioning
curve,

SLIDE I (Page 183)

With voltage on the abscissa and probability of functioning as the
ordinate, the curve takes the form of a straight vertical line showing that
for "v" or more volts the item has a functioning probability of 100 percent
and for anything less than "v" volts its functioning probability is zero.
For such an item the statistical problem would be simple indeed.

This is however a far cry from the real situation. To begin with, the
true functioning curve of any specific initiator is unknown and since perfect
reproduction is still a utopian dream no two initiators can be expected to
have the same functioning curve. While these factors on the one hand
complicate the statistical problem, on the other hand, they make statistical
methods the only known practical means of handling the situation. Due to the
fact that each item can be expected to have its own functioning curve we are
forced to use probabilistic language in describing the functioning of them.
Thus we say that the probability is such and such that the initiator will
function if supplied with so much electrical energy at a particular level
of capacitance. The functioning curve that we are forced to use to illus-
trate this actual situation deviates from the straight line curve shown above.

SLIDE II (Page 185)

This curve shows that there is some voltage v, below which the probability
of functioning is zero and some other voltage v a%ove which the probability of
functioning is 100 percent. Between these two Values the probability of
functioning increases gradually as the voltage is increased. At varying times
we may be interested in any one of the several sub-sets of populations which
may be described. Particularly of interest in this instance are the sub-set
populatioms which may be described as; (1) all initiators made from a given
design, (2) all initiators made from a given design by a given manufacturer

or, %g) all initiators made from a given design by a given manufacturer

within a specific time period.
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For many reasons connected with design, production, acceptance inspection,
safety and others, it is necessary to know the energy levels in terms of
voltage and capacitance at which practically all of a given population, as
the term is used above, will (1) function and (2) fail to function. Apparently
the best way of determining these levels would be to first determine the
functioning distribution of the items and then read off the functioning levels

desired.

Determination of the functioning distribution curve of electric initiators =
falls into that class of analysis known as quantal responses or sensitivity
data. It is characterized by items which are altered each time they are
impulsed. Thus once an initiator has been impulsed at a given energy level"
it can only be observed whether or not it responded favorably or otherwise
and then must be discarded.

Several methods of analysis have been used for this type of data, Success
of these methods vary depending on what is desired and on the size of sample
available,

ITI1. The Normal Curve. The normal curve, one of the most common distri-
butions in statistical theory is also one of the most loosely used distributions.
Slide No. 3 and Slide No. 4 (cumlative). Much use is made of the fact that its
symmetry about the mean permits statements concerning the percentage of the
population to be expected within stated limits, based on the mean and standard
deviation. Often overlooked is the fact that the method of moments used for . ’
deriving the parameters has an efficiency of 80 percent or more only within a
relatively narrow range near the normal form in which Beta one;(B,) the measure
of symmetry does not exceed .l and Beta two; the measure of kurtoSis, lies

between 2,65 and 3.42.

In problems such as this where the points to be determined are definitely
in the tails of the distribution it comes almost naturally to look for a re-
semblance to the normal curve. In practice the distribution of the logarithm
of the voltage necessary to cause detonation of initiators seems to closely
approximate that of the normal curve. Unfortunately, because of the nature of
the analysis necessary or because of the large numbers of initiators required
to give even reasonably accurate results in the tails of the distribution,
this statement of resemblance is based only on the middle portion of the curve.

It has been shown by Dr. Carl Hammer of the Franklin Institute that
several curves, which will pass the X2 test for goodness of fit, can be passed -
through the middle portion of this curve.

SLIDE V (Page 191)

This represents a family of curves all having a common mean and central
distribution but showing the possibility of vast differences in the tails.
However as pointed out above our entire analysis is directed toward determi-
nation of the all-fire and no-fire points which are in the tails.

IV, The Bruceton Staircase Method. The Bruceton Staircase method is
one of the most widely used methods for determining all-fire and no-fire points.
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Use of the method for finding these extreme points necessarily assumes
normality of the distribution. In this method the first item is tested at a
point near the expected mean. Successive items are tested at an increment
higher or lower than the preceding item depending on whether or not the
preceding one failed or fired.

SLIDE VI (Page 193)

A plot of a Bruceton test using X's for detonations and O's for failures
might show that an initiator fired at the point expected to be the mean, was
followed by a failure at a point one increment lower, then a failure at the
expected mean and a fire at one increment above the mean, and so on.

This method has certain obvious weaknesses. Probably the most important
of these is the one already touched upon, the assumption of normality. Others
are; (1) the non-randomness of the choice of test levels - each test level
depends upon the result of the last test, (2) the need for preliminary esti-
mation of the mean for starting point and (3) the need for the preliminary
estimation of the standard deviation for determination of the increment.

When an item to be tested is known to be similar to one already tested a
satisfactory estimate of the starting point and increment can be made based
on the known item. When this is not possible a small sample of about fifteen
or twenty items can be tested for an approximation prior to the real test.

The precision with which these preliminary estimates are made and thus the
effect on the efficiency of the test in this respect depends upon the test
designer. In addition the effect of the dependence of one item upon the
result of the previous item diminishes as the number of items is increased.

A method based on the X2 test for goodness of fit is used to test for normality
of the distribution. However as has been pointed out before, this test is
concentrated about the mean of the distribution. Very few items if any are
ever tested in the tails. (SLIDE V) However, as has been shown by Dr. Hammer
very little can be learned about the behaviour of the item in the tail from
its actions in the area immediately around the mean.

From the results of a Bruceton test a mean functioning level, the voltage
at which fifty percent of the item would be expected to function, and an
estimate of the standard deviation is computed. Assuming a normal distribution
the all-fire and no-fire points are then computed by a formula V. = ¥ + ks, It
can be noted that any error in the estimate of the standard devidtion s will be
multiplied by k, which in the case of all-fire and no-fire points (99.9 percent
and .1 percent) is 3.09. In practice while estimation of the mean is fairly
accurate even for small sample sizes, estimation of the standard deviation is
quite erratic and depends on sample size as well as the increment used. For
an accurate estimation of the two end points then, it is essential, if the
Bruceton test is to be used, that the choice of interval size be good and
that the sample size be adequate.

SLIDE VII (Page 195)

The current sensitivity curves of electric initiators showing all-fire
and no-fire voltages for varying capacitances are based on Bruceton tests of
samples of forty initiators. The computed means are plotted on logarithmic
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graph paper on which capacitance is varied on the abscissa and voltage on the
ordinate (SLIDE VII). A smooth curve is then drawn through the points. The
computed standard deviations are checked for trend and after it is seen that
there is no correlation between capacitance and magnitude of standard
deviation, that is, the standard deviation neither tends to increase of
decrease as the capacitance increases or decreases, they are pooled. The
resulting average standard deviation is then used in the formula V_ = ¥ + ks
to compute 99.9 percent and 0.1 percent points. These two points %epresent
respectively the voltage necessary to insure that 99.9 percent of the
initiators will detonate and that no more than 0.1 percent of the initiators

will detonate.

V. Comparison of Increased Sample Size. Doubt concerning the accuracy
of these curves had been aroused by several instances involving excessive
failures above all-fire points and detonations below no-fire points. While
these inconsistencies could have been due to other factors such as; 1)
deterioration of the item due to time, or (2) differences in the firing
systems used, it was felt that it should be investigated. The derivation
and analysis of the Bruceton method indicate that while the method estimates
the mean fairly accurately even with small sample size, the standard derivation
is estimated very poorly with small sample sizes. Experience has shown this

to be true.

It was decided to check the accuracy of the curves statistically. There
were on hand some fifteen hundred electric initiators from a known lot, which
had been analyzed and graphed in the Electric Initiator Handbook. Since the
analysis on the lot had been made a year prior to this check, it was realized
that any difference between the current analysis and the existing curves could
possibly be duve to deterioration. Another uncontrolled factor was the testing
device since the Initiator Test Set on which the original tests were made was
not available. However since there were those who claimed that the test set
incorporated lasses in energy and since the testing device used in this test
was much simpler in design and calculated to eliminate most of the energy loss,
this one test had the potential of answering still another question.

The level of capacitance called for in Arsenal Specifications, .0022
microfarads, at which no testing had been done in setting up the curves, and
two points, .00l microfarads and .0l microfarads, which bracketed the first
point and at which Bruceton tests had been run in setting up the curves were
chosen as the levels at which the check tests should be run. It was proposed
that a Bruceton Staircase Test of one hundred detonators be run at each level
and these results compared with results gained from the Brucetons of forty

initiators previously tested.

When this was accomplished it was found that the mean values compared
very well., There was no significant difference between those computed on the
basis of one hundred and those computed on the basis of forty (SLIDE VIII),

This was as anticipated.

SLIDE VIII (Page 197)

However, the standard deviations presented quite a different picture.
One of the two usable points passed the F-test, the other point showed a
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significant difference between the two values, and the pooled value corres-
ponding to the way in which it is used in presenting the curve also showed a
significant difference. The standard deviation as computed from samples of
one hundred initiators gave a significantly larger estimate of the population
standard deviation. This resulted in a higher value for the all-fire point
and a lower value for the no-fire point.

The fact that the means compared so favorably seems to indicate that the
cause of difficulty is not attributable to either deterioration of the item or
differences in firing devices. The fact that the estimate of the standard
deviation obtained from the samples of one hundred were consistently larger
than those from samples of forty substantiates the belief that decrease of
the sample size results in underestimation of the standard deviation beyond
that which would be expected from normal curve reasoning.

VI. The Acid Test. It was then determined to check these all-fire
points by firing a large enough sample to assure 90 percent confidence using
the binomial method for attribute testing. To be 90 percent confident that
an item would function with 99.9 percent reliability would demand zero failure:
from 2300 items. This large number of items was not available; therefore, it
was not possible to conduct this test. It was considered satisfactory if the
point proved to be at least the 99.5 percent point. Four hundred and fifty
items giving zero failures would give 90 percent confidence that the function-
ing of the item was 99.5 percent reliable. Two samples consisting of 450 each
were tested at .00l uf and .Cl uf resulting in 11 failures and 23 failures
respectively. It did not require a very careful analysis to see that these
could not satisfy the 99.5 percent functioning reliability and certainly not
99.9 percent functioning reliability. The actual reliability of these two
points was computed to be 97.4 percent with a 90 percent confidence band of
from 96.3 percent to 98.3 percent with a confidence band of from 93.3 percent
to 96.0 percent.

This meant that if the input energies obtained from the curves had been
employed, 190 volts would have been supplied with a capacitance of .00l micro-
farad or 70 volts with a capacitance of .0l microfarads believing that no
more than one failure would occur in 1000 -items. Actually in the first
instance anywhere from 2.7 to 4.7 failures in 100 or 27 to 47 failures in
1000 could have been expected.

Assuming that the distribution was actually normal, use was made of
the values of the means, which seemed to be well approximated by all the
tests. Substituting these mean values (¥), the value of the points computed
by the binomial tests (V_) and the Z constants (k) associated with the points,
in the equation Va = ¥ +"ks, the value of the standard deviation (s) was
solved for. Thes€ solutions proved to be extremely consistent, .15974 and
.16482 giving an average value of .16228.

The value of the standard deviation was substituted back into the same
equation with the value of the mean and the Z constant (3,09) for the 99.9
percent point and the 99.9 percent points then solved for.
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SLIDE IX (Page 199)

These values turned out to be 308 volts at the .00l microfarad capacitance
level as compared with 240 volts given by samples of 100 and 190 volts given
by samples of 40; and 117 volts at the .0l microfarad level as compared with
88,7 volts from samples of 100 and 70 volts from samples of 40.

If the values computed by the latter method are correct the error in the
functioning curves are in the neighborhood of a 40 percent underestimation,
actually 38 percent and L0 percent for the two levels of capacitance.

Any doubt regarding the validity of the results of this experimental
design must be based on the degree of normality of the initiator distribution. -

However the results of two Bartlett tests recently completed by Dr, Hammer
of Franklin Institute indicate that the distribution is fairly normal. Most
of the deviation from normalcy seems to be explained by the effect of duds.

The problem of correcting the functioning curves and of obtaining a
method of deriving future curves without expending prohibitive numbers of
initiators is already underway and the outlook for satisfactory results is

optimistic.
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SILSITIVITY TESTING
by
Sylvain Zhrenfeld
Engineering rnesearch Section
Samuel Feltman Ammunition Laboretories
This telk is divided into two parts:

(I) Use of the Monte Carlo Method for comparing methods
of Sensitivity Testing.

(II) £ possible "quick end dirty" method for obtaining
the standard deviation of estimates.

I. Use of the Monte Carlo Method for Comparing Methods of
Sensitivity Testing

It is clear from the materiel presented by the previous
speakers, as well as from most of the work done in this field,
that the aepproach to the investigation of the comparitive
efficiencies of different methods of sensitivity testing
includes the following characteristics:

(1) The use of sctual items for testing.
(2) The fect that the "true" characteristics of sensi-
tivity curves are unknown.

Lmong the obvious disadventages of the above are the
following:

(a) Cost of items.

(b) Verious methods cannot be compared to "true"
situation,

{c) Uncontrollable physicel factors might enter.

It is proposed to overcome some of the disadvantages by
use of The Monte Carlo Method. The Monte Carlo approach is
not new in this field,(1,2), but further acqueintance with
en application of the method could bs very useful and
economical,

The Monte Carlo Method is partly besed on the following
theorem in probebility theory: A series of observations from
eny known distribution or series of known distributions can

be simulated by & table of randOm.qumbers.
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To see how this might be done, let us examina how ons=
could gimulete & saries of observetions from & random variable X
with cumuletive distribution function (well behaved) F(x)

nemely;

rrov§ X ¢ ¢} = F0

Let TJ have & uniform distribution over the unit intervsal,
nemely,

Prob{U&u} =W , Where 0% tc &/ « The

random varisble Tr ~cen be simulated by a random number table.
Letting .

S=F(V) | F()=T

it can be shown that \f has the same distribution as )(

The proof of the above statement can be seen from the

following;
Prob { 5 S s} Prob [ F"('U) < 3}_

i

v { U ¢ F)| = F(9

Thus, if we let W W, -~ be values from a random number
table, then, :
-’
letting %y = F(w,) , T2,
it is seen that %#., ¥, -- 1is 8 series of observations of )

the random variable X .

The idea indicated above can be generaslized in many ways.
The Monte Carlo technique can be applied for generating date
which might come from the applicetion of various sensitivity -
methods, such as the up-and-down method, and verious other
staeircase methods. The methods described might, therefore,
be very useful for answaring various questions in sensitivity
testing. Some of these cuestions are the following:

(1) How do man& of the smell semple size sensitivity

methods compare for estimesting percentage points?
(2) How sensitive sre the various methods to distribution?

(3) How are the sstimates for the vsrious methods : .
distributed?
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The edvante:sss of the lLionte Carlec eporoach include the following:

(1) Vericus methods cen be compersd to0 e known velue.

(2) No actuel items sre used.

(3) Varicus methods cen bz comparad as to sensitivity to
asgsumption of distributionn. .

(4) No uncontrollsble physical factors enter.

IT. A possible "quick esnd dirty" method for obteinine the
the standard deviation of estimetes

in importent problem occuring in the application of
various sensitivity methods comes from the fact.that the
stendard deviation of the methods are often not known. Further-
more, there is in many ceses no known wey of estimating the
stenderd deviation of the methods.

The foregoing considerations make it impossible in many
cases to make tests of significence for the comparison of items.

A possible method for estimating standard deviations of
methods might be to repsat the method seversl times, and use
some function of the range to estimate the standard deviation.

Supposse %X, &and X, is a semple of size 2 from a
populetion pP . ‘

Let the range R be defined by the following:
£ = /X, - x,/

In reference (3), & class of populations of the following
form is considered:

foo = ‘F(E%-/"“)/a— |

where ‘F(x) is the density function, and 4 and O are
the mean and standard deviation respectively. For population
baving densities of the above form, the standard deviation is
proportional to the expected renge. ( o= I ECR) ).
The subseript p in #p 1indicetes the dependence of the constent
on the population p - The values of the constant for some
populations are the following:
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p %
Rectangular - . 866
Triengular - .875
Normal - . 886
U-Sheped - -904
Parabolic - . 807
Skewed - .875

The velue of #p does not seem to depend on p very much.
Thus, & "quick snd dirty" unbissed estimate of o, when p is

unknown, might be, &= (pR -

- A
Thus, to estimate 0’; (where x= Xt%Xs ), the value of O
might be used, where 2 x

;= %) R
x Yz

A similer procedure might be carried out for more than
two observations.

In general, the procedure for comparing populations, using
a method #7 , might be to repeat the method two times. Then

x, ’ ‘X,. and
'x’ hand x._

A T A 2
V%5 + 9%,
are computed. Finally, a standard t-test, with appropriate
degrees of freedom, is used. The Montg Carlo Method might be
used to compare the distribution of & with the t-distribution,
end to find what degrees of freedom would best approximate the

t-distribution.

¢ =

The above method should not be used indiscriminately since
further work is necessary to justify the methods. Furthermore,
care must be teken to insure that other veriations (e.g., the
between-lots veristion) do not affect the result.

Raeferences:

(1) "Staircase Methods of Sensitivity Testing", by
T, W, Anderson, P.J, McCarthy, end J. W. Tukey. NAVORD
Report 65-46, March 1946.

(2) "iffect of non-normality of Staircase Methods of
Sensitivity Testing", by D. F. Votaw, JR. Ststistical Research
Group, Princeton University, Mey 1948,

(3) "&stimation of the Mean and Standard Deviation . by
Order Statistics® Parts I and II, Vol. 25 (1954), pp 317-328
and Vol., 26 (1955), pp 505-511.
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AN APPIICATICH CF ANALYEIE CF VARTAKNCE TC THE EVALUATION
OF THE EFFECT OF TELT VARIABLEE AND REPRODUCIBILITY
OF A ¥EVLY DEVELCPED LARCHATCRY APPARATUE

¥urt R. Fisch
Frankford Arsenal

Summary. 4An exarple is presented of the aprlication of statisitiedl
method to test the reproducibility of new laboratory equipment.

A mechanism has been developed vhich is capatle of producing a grease
film of uniform and reproducible thickness cn steel rods. Apparatus and
procedure of apnlication are cdescribed. The device prodvees a film 35-70
microne thick depending on the grease. Heasurements were carried out using
six different types of grease, and the results were subjected to statistical
analysis. The conclusions of the statistical results are given.

Apparatus. A schematic drawing of the device is shown in Figure 1., The
top part of the cylinder (c) consists of a concial section (4), ending in
the orifice (B). The top of (4) is a threaded portion (d) into which the cap
(E) is screwed. The steel rod (F) is inserted into the specimen holder (G)
anc faetened by meane of a recessed set screve v

In order for the device to function properly the following must be kept
within tolerzncess

(1) Fit between holder and cylinder
(2) Exact concentricity of the holes in (B) and (C)
(3) ZHod diareter

Film Uniformity. The diameter of the rod was determined tc the nearest
.0001 inch (2.5 microns). The rod was then coated with the greace. The greas
vas completely removed from one side of the rod and the diameter of the rod
plus the remaining grease coat was then determined with a traveling microscope
(4OX). Tris technique eliminates errors due to compensating non~uniformities
in coat thickness on opposite sides of the rode.

Film thickness measurements were made on s£ix greases (Table I. Tables
be found at the end of the paper.), using four (L) different rods for each can
grease. lour measurements were made cn each rod at approximately 3/L inch
intervals. The rods vere then cleaned, recoated, and three additional
measurements were taken on each rod. The data are given in Table II. Numbers
1 to 4 represent the first set cf reasvrements and numbers 5 to 7 the second
set. The frequency distributicn of the data is siven in Table III,

In order to study the effect of variables in method and materials, the
data were subjected to analysis of variance. Specific variables studied
were$

a. Improper functioning of the mechanism, e.g., misalignment of the rod.

b. Differences in the greases, e.g., texture, consistency, and
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ce Irregularities in the rod diameter.

Determinations 1 to L and £ to 7 (Table II) were analyzed separately and

the results are given in Table IV. The hypothesis H, used was that the main
effects and interactions had no sizmificant effect on the result. The
probability of a Type I error - the error of rejecting H, when H, is actually

true - was set at .05.

The following conclusions mey be dravn from the data in Table IV.

(1) The mechanism is capable of producing a uniform and reproducible
film regardleses of the greacse or rod used.

(2) The thickness of the film may vary depending on the grease (i.e.,
texture, consistency, etc.), but without affecting the uniformity.

(3) The grease thickness may also be affected by the size of the rods,
e.goy a grease which yields a thick film per se may produce a still
thicker film vhen used in conjunction with an undersized rod.

There is, however, an approximate physical upper limit for the film
thicknees. This limit depends on the total clearance available for the grease
(i.e., the difference in diameters between the orifice (B) and the steel rod).
In the model used B = 9,233 £ ,002 mm, and the average rod diameter varied
between 9.100 - 9,13l mm, allowing a maximum of .OLS - .067 mm (L5 - A7
microns) for the grease coat. The measured total range (Table II1) wag 35 -
70 microns, with a superimposed measurement error of 2.5 microhs.
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TABLE I. Test Greases

Grease No, Main Components Specification
180 11 Soap - diester U.S. Army 2-134
. 186 L1 Soap - mineral oil U.S. Army AXS-637
.290 | Bentone - diester Experimental Sample
399 Ii Soap - mineral oil/di-. MIL-G-3278
s ester blend
514 Silica gel - diester Experimental Semple
540 Na soap - mineral oil MIL-G-2108
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8 - A11 measurements are in mlcrons

Greagse No, 180 186 20 22 324 340
RdFo. 1 2 3 4 5 6 7T 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 2%
. Determination Xo. .
1 39 H a 55 55 64 61 58 2 9 4 51 53 46 47 63 59 56 & 6L 55 61 62
2 4 47 6 50 0 61 & 68 45 35 48 44 47 57 45 46 6, 5, 55 62 62 53 5, 58
3 49 50 53 55 6, 64, 70 61 47 39 43 43 49 57 49 50 61 60 & 58 6 59 55 53
4 45 48 55 4B 57 70 €9 63 37 41 42 38 48 57 48 48 59 €0 55 63 60 56 58 s8
5 45 53 45 58 63 59 6 55 4 4 37 40 53 51 51 48 62 60 62 57 63 53 &0 &
6 4 51 48 55 57 58 61 60 »qs,t.bo 50 50 48 50 53 & 60 & 61 51 55 62
7 47 48 52 52 . 55 63 memmi 51 38 A1 43 4B 53 48 5 5 55 57 & 55 58 56 51
Mean per colum X of 4k 49 53 53 60 64 &4 62 44 39 43 4 49 54 48 48 59 58 58 61 6L 55 s57 58
Mean per grease X 1 50 62 42 50 59 | 58
Grand mean m 3 54
Overall Standarde
deviation S 3 8
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Thickness ‘ Grease No.
(Microns) ' 180 186 290 399 514 540 Total 2
31 - 35 . - - 1 - - - 1 0.6
36 - 40 1 - 8 - - - 9 5.2
41 - A5 5 - 15 1l - - 21 12.5 -
46 = 50 . . 10 - 3 17 - - 30 17.9
51 - 55 9 3 1 7 6 10 . 36 21.4
56 - 60 2 6 - 3 1 10 32 19.0
61 - 65 1 12 - - n 8 32 19.0
66 - 70 7 - - - - 7 42
£
8 Total 28 28 28 28 28 28 168 100.0
m. Range (Microns) 22 15 16 12 - 1 13 35
M Total range 35-70 microns
.m Average range .. 15 microns
a
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TABLE TV, ANelysis of Variance

8, Determinations 1.to 4

Sums of Degrees of Mean Square ' (0.05)
Contribution* Squares of dev. _Freedom NDeviations F_ - Significance
X 24.41 3 8.14 0.859 Not significant
Y 5140.45 5 1028.09 108,51 Significant -
yA ‘ 22,16 3 7.39 0.780 Not significant
XY 161.97 15 10.80 1.140 Not significant -
Yz 156.76 9 17.42 1.838 - Not significant
Yz 827.22 15 55.15 5.821 Significant
XYz 426.36 45 9.4747 1,000 @ eemee-
Total 6759.33 95

b. Determinations 5 to 7

X 21.00 2 10.50 0.741 Not significent

Y 2949.80 5 589,96 41.64  Significant

Z 018,16 3 6.05 0.427 Not significant

Xy ' 116.83 10 11.08 0.782 Not significant

X2 41,89 . 6 6.98 0.493 Not significant

YZ » 348.25 15 23.22 1.639 Not significant .
) 8 4/ 425,00 30 14.1667 1.000 ————

Total 3914.93 71
*Y - measurements along rods |
Y - measurements on different greases

Z -~ measurements on different rods
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Figure 1. Grease Coating Device
A, Cone E. Cap
B. Orifice F. Rod
C. Cylinder G. Holder
D. Flange
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The Problem of Grouped Firing

. Faul cC. Cox

White Sands Provihg Ground

The following problem is submitted not becdause the solubtion
presents any difficulty, but becouse it has extensive application,
and to the writer!'s knowledge the technique of analysis is not
found in print and does not appear to be widely known.

The technique of firing missiles and rockets in groups (or pzirs)
1s extremely important because & comparison can be made of the variat-
ion within groups and the variation among groups. This is useful to
observe how much of the variability is a result of day to day variation,
including effects of weather and other metro conditions, and how much
- is.variability which is apparently due to unknown or uncontrollable

causes. This is especially important if firing tables are usegd,
i because & comparison of the within and among variability should give
! some idea of how well the firing tables do their job.

These concepts have fairly wide application. For example: (1)
Comparing twins with brothers or sisters who are not twins; () Come
paring products of chemical mixes from the same batch with products
from different batches which were mixed under the sams conditions,

i , The technique of analysis will be illustrated by the following
example: Suppose a certain rocket program calls for firing at three
:' . nominal slant ranges and with three levels of propellent temperaturs,
The dependent variable is the agimuth coordinate of miss distance and
three groups of three rounds each will be fired for each set of cone
ditions, (Data from the same group of 3 rounde are placed together
in a vertical column.)

SRy T &=

| e 8By

: 10 -2 <9 | -5 <17 <4 | 11 10 1
| Fr, | -13 o 7 -9 b6 13 | -5 10 20
o i 5 12 2L 0 20 | 22 6 i
~15 =25 =15 | -4 -3 1y | —g g 1k

PL, |=11 -5 2 15 -1 5| -3 -2 18

7 =11 5 |11 20 <10 | 20 -15 w2

-2l -26 =15 -18 -8 0 13 -5 -8
Pm3 -23 -8 =5 5 26 -13 | -9 18 3

0 =10 0 -10 =10 3 |-13 -3 12 A
Table l, Azimotn Gomoonent of Miss Distance @gromgg of 3
simultansous firings at each of 9 treatments (3slant ranges and 3
propellent temperatures.) .




Treatimg this as & siwrle 3x3 factorial with 9 replications will
give the following analysiass

Sources of
Variatior D/F SS X3
SR 2 1540 770
PT 2 1568 T84
S X PT 4 24 6
Error 72 9586 133
Total g1 12718 -

Table 2. Anulysis of Variance of date im Table 1, assuming
9 replications,

To complete the analysis, the error term should be broken down into
two parts, one to represent the withim variation, the other to rerresent
the among group varistion. The procedure here is to take each cell arnd
solve an analysis of variance, giving sums of squares fer: (1) total;

(2) withir groups; (3) among groups. The sums of squares are then added
for &1l cells giving the results listed in table 3, (Note that the tctal
sum of squares in table 3 is the error sum of squares in table 2.)

Sources of i
Variution D/F ss MS
Among Groups 18 1874 104
Within : 54 7711 1.3
Total 72 9586

Table 3, Division of the error term into within and smonpg
variation, :

1t is concluded that the firing tables apresr to be doing & pood job
in keeping the variability down as & result of metro conditions and other
day by day variation (i.e., variability from day to day is of the same
order of magnitude as variability from simulteneous firings). On the other
bhand, there are significant differences in the value of the X coordinste
as & result of both slant runge and prcpellent tempsrature, sugpesting
certain biases exist under certain firing conditions, and these should be

carefully investigated.

The most frequent situstion will be grcups of only two. When this
is true the analysis will be greatly simplified as will be illustruted <
by the example of table 4. Here &gain each group is placed in a verte
1cal column. -
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Ry R, ®, Totels

PT, |20 18 |23 24 | 31 30
1 e 19 |21 25 | 32 2 288

pr. 116 15 | 20 17 23 26
2 20

18 13 |21 18 230

Totals] 137 169 212 518

Tsble 4, Results of firing 2 pairs of rounds st each of 3
glant ranges and 3 ellept Temperatures, .

Treating this as & simple 2 x 3 factorial with four replications
will give the analysis of table 5.

Sourceg of Var, D/F 8s uS
| 2 254 | 177
PT 1 o | 140
SR X PT 2 16 8
Error 18 66 37
Total 23 576
Isble 5, Analysis of Veriance of the data of
table 4, assuming 4 replications,

It is possible to find the sum of squares within pairs by taking ,
ope half the sum of s uares of the difference of the twe numbers in
pairs, thus: 1/2 [25+ 124 cco s 32] = 24, It is then possible to
obtain the sum of squares between pairs by subtraction. However, since
there are but two pairs in each cell, this could be computed by taking
one fourth the sum of squares of the differences between the sums of
pairs in each cell, thua: 1/4 [ 12 + 52 + 62 4 ¢2 + 62 4 62] = 42.50,

The breaking up of the errcr term is demonstrated by table 6.
Here it is seen that between pair variation is barely significant at
the 5% level, indicating a difference between firing together or
separately.
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besisn of Experiments

Sources of Var. a/t s.S. M.S. F,
Between Pairs 6 42 7.C0 35
Within Pairs 12 24 2.00

Total Error 18 66

Isble 6, Breaking the Error Tery of Table 5 into
Betwobn and Within Pairg ( % Indicates significance
&t the 95% level),

One firal comment ie that, in general, the appropriate error term
te use to determire whether there exists a significant difference
between slant ranges and propellent temperature is the within pair
variation which would be 2,00 for the M, S. with 12 degrees of freedom
in the last example,
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APPLICATION OF SEQUENTIAL ANALYSIS TO CATAPULT TESTING

L. E. Stout, Jr.
Frankford Arsenal

Introduction. A survey of the acceptance testing technigue used for
experimental catapult systems indicated that a sequential testing procedure
could be developed for use in catapult test programs.

The system in use consisted of firing 10 tests and evaluating each
as a "go" or "no go" with regard to both velocity and acceleration. If
all 10 were acceptable, the lot was accepted as good. The most information
which could be obtained from these 10 firings was that there should be no
more than 1.5 rejects per 100 firings if the 10 test catapults were taken
from a sample consisting of 40-60 units.

A sequential test was developed, assuming an unknown mean and known
sample variance, in which the testing efficiency was increased.

Using data on the M 1 catapult, a test was devised in which the expected
test length was 7 runs and the acceptance limit was no more than one faulty
unit per 1000 units. The details of the test procedure are presented in the
paper as well as an example of its use.

Experimental Program. In order to evaluate the relative efficiencies
of various statistical techniques, some representative experimental data
were needed. No applicable data were available, so the writer consulted
with Pfc A. Hess on the conduction of a test on the Ml catapult system.
This test was primarily conducted for the purpose of evaluating various
experimental acceleration measuring devices. However, the experiment was
designed to give a quantative measure of the reproducibility of the entire
testing procedure - as well as an indication of the experimental variance
of each measurement. The results of the analysis of the various acceleration
measurements is discussed in the Cad status report Mar-55 - 31 May 1955. The
pertinent data are given in table I in the appendix. Three runs of 10 tests
each were performed on 3 different dates. The data are given in table I.
Analysis revealed that equivalent results were obtained on each of the 3
dates. This indicated that the entire test procedure was consistent and
stable. This information was necessary before attempting to make any compari-
son of tests made on different days.

Since the effect of day to day variation was insignificant, the data
were pooled to obtain an estimate of the population variance with 29 degrees
of freedom for the various types of measurements. The following table con-
tains the results:

Degree

Measurement Variance Std. Deviation of Freedom
Max acceleration (piezo gage) 0.308g 0.555 29
Max acceleration (thrust% 0.606g 0.780 29
Average velocity 1.83 ft/sec. 1.35 ft/sec. 29

The present test procedure for lot acceptance involves the firing of
10 system, If the 1C samples meet the specifications on minimum velocity and
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maximum acceleration, the lot is gccepted. This type of test is termed a
"go-no go" test. .Each unit is either good or bad. .Such tests reveal less
information than tests involving the use of quantative measurements.

According to MIL-STD-105A pll to test that no more than one unit per
Thousand is bad by "go-no go" sampling, 150 units should be tested out of a
lot of 500-800 units. If one bad unit is discovered the lot should be rejected.
This indicates the inadequacy of the present method in which 10 units out of
small lots (less than 100 in some instances are tested).

A sequential analysis type test was devised, based upon methods presented
in the book "Sequential Analysis" by A. Weld. If no more than 1 sample per
1000 is to exceed 20 g acceleration, the average of a sample should equal
20.0-3.08¢%

Using the value obtained from the test of 30 runs¢=- 0.55. Therefore, in
order to meet the specifications that no sample have an acceleraticn greater
than 20 g the mean of any lot should not exceed 20 - 0.55(3.08) = 18,3 ge

Using equations of sequential analysis the Graph in Figure I (at the end
of the paper) was made. The accept line was drawn at the 0.001 confidence
level. This means that the actual system being tested will be acceptable only
1 time out of 1000 if the average value of g exceeds 18.3. The derivation of
the equations used to calculate the lines on the graph are presented in the
appendix. If the average value of g equals 17.8 the expected average number
of tests required to complete a test is 7.

The graph in Figure I is used in the following way to test a group of
catapults for acceptable performance with respect to the acceleration require-
ment. If no catapult is to exceed 20.0 g, the average of a test should not
exceed 18.3 g. The actual test to be used is a test that the average value of
g should not exceed 18.3. After each round is fired the term g is calculated
by summing all the g values obtained up to and including the last test. This
sum is plotted against round number, as shown on Figure I after each round.
Using data in Table I for rounds 8-17

Round Piezo sg
g (acceleration)
8 15.7 15.7
9 15.0 30.7
10 15.5 L6.2
11 1h.6 60.8
12 15,2 76.0
13 15.9 91.9

1y 15.5 107.4 end -accept lot
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Note that the point equivalent to Zg for 7 runs has crossed the accept
line. The test is therefore terminated with this run and the lot of catapult

units can be accepted.

A similar sequential analysis type of tests was derived for determining
whether a lot of catapults meet a given minimum velocity specification. It is
presented in the appendix of this report.

In conclusion, it can be pointed out that 7 test catapults, runs, when
analyzed in a sequential statistical method yielded as much information about
the lot meeting specifications for maximum allowable acceleration as 150 runs
would yield when analysed in the "go-no go" method. Therefore the adoption
of sequential analyses techniques is strongly recommended by the author.



220 Design of Experiments

TABIE T : .

Date Round Mumber Piezo Acceleration
11/9 8 15.7

11/9 9 15.0

11/9 10 15.5

11/9 11 14.6

11/9 12 15.2

11/9 13 15.9 .
11/9 A 15.5

11/9 15 143

11/9 16 15.6

11/9 17 15.4 )
11/10 18 14.5

11/10 19 14,7

11/10 20 14.7

11/10 21 15.9

11/10 22 14.4

11/10 23 15.4

11/10 21, 15.0

11/10 25 15.6

11/10 26 15.2

11/10 27 15.1

11/15 28 13.3

11/15 29 14.8

11/15 30 15.6

11/15 31 1.8

11/15 32 15.1

11/15 33 15.0

11/15 3l 15.1

11/15 35 15.8

11/15 36 15.1

11/15 37 15.3
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. APPENDIX

Acceleration Specification

Problem: calculate if ® < €' (any specified value)

€ represents any specified variable - acceleration in this case.

The preference for accepting a lot increases as © decreases when € < 6!,

It is now possible to find two values, 9 and 6. (& < 8' and 617 @') such
rejection of the lot is considered an erfor if © < 6. and atceptance of
the lot is considered an error if 626,, For values ofl © between & and © 1
no decision is made. ‘ °

| i After the values of 8. and 6 have been chosen, the tolerable risks can
% be expressed in the following way:

i
: The probability of rejecting the lot when © < © should be £ a

The probability of accepting the lot when €= 8° should be < B
Let, (xlxz...xn be a series of observations on ~ X

The probability density of the sample if € = 90 is given by:

P. = L e -k o (x, - © )2
om = (Gmi/Z g SXP 202 i=1 i~ %

\
|
|
|
|
|
|
- If & = 6;, the probability density is given by
i
|

P - 1 . 2 = (x. - 8)2
im -~ (2n)/2cm  SXP 202 i=1 i

The probability ratio le/P is computed after each run., Additional runs
are taken if

B<P1m < A

Pom

Testing is ended with acceptance of the lot if P_lg <B
Om

g

Testing is ended with rejection of the lot if P_lm = A
P

g

A and B are given by the following approximate formulas




222 Design of Ixperinents

These were obtained in the following manner:

Let Ho be the hypothesis that 6 < Go
Hl be the hypothesis that € 61
(1) the probability of accepting Hl when 6 < 6 isa
(2) the probability of accepting H when 6 < 6, is 1 ~a
(3) the probability of accepting Hy when €3> 6, is B
(4) the probability of accepting H, when © > 6, is 1 - B

The hypothesis Ho is accep