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FOREWORD i

\
K The First Conference on the Degign of Experiments in Army Research,
k’ Development and Testing was held on October 19-21, 1955 at the Diamond -
" Ordnance Puze lLaboratories and the National Bureau of Standards and its
" Proceedings have been published. On the basis of the success of this

) Conference the Army Mathematics Steering Committee of the Research and

) Development Office of the Department of the Army decided that a similar
B Conference should be organized and held during the fall of 1956,

Accordingly, the Second Conference was held on October 17-19, 1956
at the Diamond Fuze laboratories and the National Bureauw of Standards,
The organization of the Second Conference was similar to that of the First
Conference. There were three categories of sessions. The first category
consisted of invited papers by well=known authorities in the design of
experiments. The seocond consisted of technical papers sontributed by
research workers from the - clous Army research, development and testing
facilities, The third category was compoaed of olinical sessions devoted

b to presentation and discussion of partially solved or unsolved problems
@ which had arisen in these facilities. The program of the three=day con-
. ference appears on the next few pagee of these Prpooedingu.

The Second Conference was attended by 181 reglatrants and participants
- from 67 organizations. Speakers and other participants came from the
Bell Telephone Laboratories, General Electric Company, National Bureau of
) Standards, National Institute of Health, Princeton Univeraity, University
. of North Carolina, Virginia Polytechnio Institute, and 17 Army facilities.
¥

The present volume of Proceedings contains 26 pspers and an appendix
: which containa 3 classified papers, all of whioh were presented at the
! Conference, The papars are being made available in this form es a con-
] tribution to wider dissemination and use of modern statistical principles
g of the deaipgn of experiments in research, development, and testing work of
concern to the Army.

o The members of the Army Mathematics Steering Committee take this oppor=
[ tunity to express their thanks to those research werkers in the various

by Army reseusrch, development, and testing facilities who ; rtioipated in the

N Conference; to Lt. Colonel J., A. Ulrich, the Commanding Officer of the

,‘ Diamond Ordnance Fuze Laboratories and to Dr. A, V. Astin, the Director of

- the National Bureau of Standards, for making available the excellent
facilities of thelr two organizations for the Conferénce; to Mr. John A.
Wheeler who handled the details of the local arrangements for the Conference

" at both installations; and to Dr. F. 3. Dressel of the Office of Ordnance
N Research who carried through the details, including sll correspondence
& , involved in organizing the Conference and in preparing these Proceedings.

S, 8. Wilks

Professor of Mathematics
Princeton University
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xﬁé& SECOND CONFERENCE ON THE DESIGN OF EXPERIMENTS IN ARMY RESEARCH '
, DEVELOPMENT AND TESTING
L2y 17-19 October 1956
.o Diamond Ordnance Fuze Laboratories
i and
bl National Bureau of Standarda
Y
0 17 October 1956
? &' On Wedneaday all sessions of the Conference will take place in the
o $¥ East Building Conference Room of the National Bureau of Standards,
[\
}ﬁ‘,e STRATION: 0900 = 0920 (Eastern Standard Time)
"‘. [ '
£, MORNING SESSION: 0930 = 1215
[T
'% , Chairman: Professor S. S, Wilks

Princeton University

y Introductory Remarks: Dr, Robert D. Humtoon, '

Associate Director for Physics,
National Bureau of Standerdas

The Planning of Experiments in the Presence of Variation

Professor George E. Nicholson, Jr., University of
North Carolina -

The Predesign Phase of Large Sample Experimenta
- Dr, Oarl A, Bennett, General Electric Company
{

LUNCH s 1215 - 1345
AFTERNOON SESSIONt 1345 - 1615

Chairman: Colonel @. F, Leist, Ordnance Corps

Commanding Officer of the Office of
Ordnance Ressarch

Recent Research on Statistical Problems in Subjective
Testing

Professor Ralph A. Bradley, Virginia Polytechnic
Institute

Applications of Order Statistiocs in Medical Experiments
Drs. Bernard G. Greenberg and A. E, Sarhan,
The University of North Carolina

4
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1730 ( South Room, Shoreham Hotel)
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iHi AN EXAMPLE OF DESIGN OF EXPERIMENTS AT

i;% THE NATIONAL BUREAU OF STANDARDS
AS
*{ R. D. Huntoon

The National Bureau of Standards

I wish to extend a dual welcome to the members of the Second Joint
Conference on the Dezign of Experiments in Army Research, Development and
Testing. You are hereby welcomed to the laboratories of the National Bureau
of Standards and to the Diamond Ordnance Fuze Laboratories. We both wish
you every success in this your second conference.

To some of you, it may scem a little confusing that you came to DOFL
for the conference and find your meeting starting off in NBS. It may help
if I explain that NOFL was, until 1953, a part of NBS. At that time, the
ordnance activities of NBS were transferred to the Department of Defense
and DOFL was established as a facility of the 0ffice of the Chief of Ordnance,
Department of the Army. This was in some respects merely a change of title,
since essentially the same people are doing the same work in the same labora-
tories, and we still work closely and harmoniously together as we did earlier.

' The reason for this separation is interesting and worth discussing
briefly, for it gives an insight into the aims and missions of the two insti-
tutions. The statutory functions of NBS, as authorized by the Congress, are
six in number. They fall into two groups which I like to call direct and
indirect. Stated briefly, the direct functions are:

1., Development and custody of the national 'standards and their
dissemination via calibrations.

2. Determination of physical constents and critical properties of
materials,

3, Development of methods of testing materials, mechanisms and stmoctures, X

An institution which is properly staffed and equipped to fulfill these
functions in all the fields of the physical eciences is in a unique position
in the Government to perform additional functions which derive from these
three. The derived functions are:

L. Cooperation with other government agencles and private organiza-
tions in the development of codes and specifications.,

5. Sclentific and technical advice and consultation service to other
government agencles,

6, Invention and development of devices to serve the special needs of

[ ] the government.

1

Hj Before proceeding with the discussion, it is appropriate to pause here
&; and emphasize the fact, which should be clear from the statement of the

ﬁj functions, that NBS is not a consumer testing organization as is sometimes
N mistakenly believed. IT 18 an institution devoted to the science of

i measurement as a service to the country's scientimsts and enginesrs.,

u::,
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2 Design of Experiments

The advent of the last war naturally brought great emphasis on the
third number of the trilogy of derived functions, i.e., the invention and
development of devices to serve the special needs of the government. During
the war and the years immediately following, there grew up within NBS an
institution within an institution whose mission was to perform research and ‘
development leading to end item hardware for military use., In fact, this
institution already known as the Diamond Ordnance Laboratories had grown to
the point where 1t= program was larger than that of the rest of NBS. A
careful study of the situation in 1953 led to the rccommendation that the
"Diamond Laboratories" should become a separate institution, and the reconm-
mendation was implemented. We now work together compatibly, each toward
ite own objectives with mitual assistance and sharing of facilities.

The importance of design of experiment 1s well recognized in both
institutions and in fact we consult and collaborate from time to time in
the desgign of experiment in the full technical sense of the term, We are,
therefore, pleased to have this conference assemble here for we fesl that
our staffe will benefit from the stimulating new information and points of
view which should emerge from these meetings.

And now it is interesting to turn for a few moments from tlie general
to the specific and take a brief look at an example of design of experiment
in progress in the physical conatante work at NBS., '

We, along with the other national standardizing laboratories of the
world, are engaged in devising new axperiments for a precise determination
of the accelsration of gravity, g. Strictly speaking, g is not a physical
constant; although it is commonly referred to as one. It varies from place
to place over the surface of the earth and very slightly from time to time
at any one place. However, it is sssentially a constant at any one place
and the changes between locations can be very precisely determined. The
problem is to measure its absolute magnitude at some one selected place.

Our interest in the problem arises this way. In order to have a
consistent set of units and standards in the various fields of science, each
must be appropriately related to the arbitrary prototype standards of mass,
length, time and temperature through an unbroken chain of measurement. The
determination of g provides the tranasfer from these to force measurements
and thence, for example, to the electrical standards and via them to our
knowledge of the fundamental atomic constants, e, h; m, etc.

The unit of force follows from Newton's law

f ma

as that force which will impart unit acceleration to unit mams. Now the
attraction of the earth provides a convenient reproducible force acting

upon every mass. Unfortunately, this force at the surface of the earth, et
where we are interested in i1t, is not unity on unit masa. If a mams ims -ﬁ“}r
allowed to fall (accelerate), it does not accelerate with unit acceleration vy
but with an acceleration g. However, if we measure carefully the accel- L
eration g, we can then measure a force by means of a balance. We let the

-—h-- -----

" '| “u- 1'\. 1\}' ] -\\J"t o -\: ‘d.\.“ﬂ.:l:...;:l'!\ IL' ‘i’\b&\ }\ .‘k;.ll_:.‘ﬂ'ﬂi h..l'! ,!.;ﬁ;;i
II % 9 » - e K ) \0 . 8
. gt rr-v_' "'r—v—n:"""t A
FW “\' .". \4,\_ .‘ "."'.- )
-\\ -u--\ T ‘\.\ o \"."i. . .

o ‘\-'-.J- oy R BT QO
LA -mha.h.b..}:mhiimrih‘ﬁ' [.Lh‘bﬂ.{..l.n.l _I_JXJ PRYAN

. . A SR A - )
. ey,
NN ,‘\. f\r\ RIS AU NS AN



ettt

PP W R )

DAL it

il.": ‘;"‘—-', -t '—L.‘ ". :':‘.

4

.

| A,

o

-
KNy .
SUPEran s

e

B 8w A
Pl et A i o

.

R IR T LT N

e " .‘.‘ _'.-._‘.‘--.. o, R _..‘n_ A _..-‘ e,
AT et I A A AR R o

Design of Experiments 3

force pull one arm of the balance and hang weights from the other arm until
true balance is indicated. If m is the mass of the weights added, then the
uniknown force is given by

f =ng.

We thus see that g is a transfer constant enabling us to make force measure-
ments in terms of our standards of mass, length and time, for the measurement
of g is essentially a precise determination of how long (time) it takes a
body to fall a given distance (length).

You may be thinking that it should be possible to arrange a force which
would give unit acceleration to unit mass and use it for our standard, This
could, of course, be cdone but no one has devised a system which will do it
as preciﬁexy and reporducibly as the scheme which uses the attraction of
the earth.

Now, our electrical standards are based upon the ampere and the ohm,
To determine the ampere, in absolute units, we measure the force between
two conductors carrying a current. Thus, g gets into the ampere. The
ohm does not involve it, so we drop it from consideration here, Our
neasurements of many constants and in particular the atomic constants are
done by means of electric and magnetic fields and hence involve the ampere,
also unavoidably g.

It is indeed surprising to find that our presently accepted value of
this important transfer constant g depends upon three "independent!
measurements all using the method of the Kater reversible pendulum,

The results of these determinations are referred, by means of very
precise transfer measurements, to one specific location Potsdam, Germany.
They are shown in the table

Potsdam 1906 Kuhnen & Furtwangler 980,100
Dryden Revision 1542  Dryden (NBS) $80.088
Washington (NBS) 1936 Heyl & Cook 980,080
Teddington, BEngland (NPL) 1939 Clark 980.08Y
Mean of last three 980,084

P.E. of mean 2 in 106

This looks like very good agreement but attention should be called to
the 1942 revision of the 1906 measurement. This shows that a later look

at the same data brings a change of about 12 parts per million, Also, all ﬁ}'~3
the mearsurements are subject to the same possible systematic errors and so Lot
the measurements are not truly independent. In fact, study shows that a ;y=
systematic error estimated to be as large as 15 ppm could be present. 4
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L Design of Experiments

Thus, the experiments show that the probable error for measurements of
g by reversible pendulums is about 2 ppm, There is already some preliminary
evidence based upon measurements by other methods that these measurements do
in fact have an error of about 10 parts per million from the true value.

Here at NBS two of our scientists C. H. Page and D, R. Tate are now
designing new experiments to get at the answer by methods which differ in
principle from the older onés. .

They will use a quite different typs of pendulum and also will time a
freely falling object, falling in vacuum. They are making every effort to
deaign the experiment to eliminate known sources of error, to have edch error
subject to experimental estimation or below the desired limit of accuracy
(about 1 part per million) and to take advantage of the use of statistical
variation of perameters in the experiment itself. They are working closely
in their work with our Statistical Engineering Section to get the benefit
of their advice in the desigzn phases of the experiment instead of waiting
until the data is in as is all too often done. '

Unlese one has had an opportunity to participate in one of these
precision measurements, it is difficult to understand the coiplexities
that arise. In pendulums, the motions cause bending and stretching,
minute temperature changes cause changes of length, wear changes the
form of the bearings, even stray electric and magnetic fields cause eigni-
finant perturbations. In the free fall experiment, mention of only one of
many difficulties indicates the kind of factors that mist be considered.
One assumes that the laboratory is at rest on the earth during the time the
object falls. This is not strictly true. Due to minor earthquakes, mioro-
selems, the laboratory does not stay at rest with the precision needed. It
is, therefore, necessary to set up a seismograph and record the microseisms.
The free fall can then be made during quiet periods and correctiéns can be
made for the motion of the laboratory during the fall. These motions may
be as small as 4O millionths of an inch tut they are still significant.

« It 1s the consideration of the whole array of such errors and the
design of experiment to take account of them that makes precision measure-
ment such a fascinating sclence and one which depends very strongly upon
proper design of experiment.
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RECENT RESEARCH IN STATIS TICAL PROBLEMS
IN SUBJECTIVE TESTINGL»2

Ralph Allan Bradley
Virginia Agricultural Experiment Station
of the Virginia Polytechnic Institute

1. INTRODUCTION. There is widespread interest in the design, conduet,
and analyels ol experiments involving the subjective opinions of samples
and panels of individuals. Appllcations arise in fcod processing, photo-
graphy, distilling and brewing, textile research, wood technology,
petroloum products research, and in a host of other areas of research.

Problems, many of which at least have statistical aspects, arise in
the sslection of consumer samples and expert taste panels, in the training
of panel members, in the design of experiments, in the development of
scoring scales, and in the analysis und interpretation of experimental
data, We shall present the results of recent research and illustrative
examplas on techniques that desl with the sensitivities of scoring scales,
the variabilities of judges using scoring scales, the design of experi-
ments with scoring scales, and the deaign of ranking experiments.

We shall not here discuss in any detall the selection or training of
& taste panel, the selection of a consumer panel, or the development of a
scoring scele. Some general discussion of the problems involved are
given in the reference (Bradley £1953] ) which has a large classified
bibliography including papers on these subjects, Expert taste panels are
usually selected through use of a system of triangle tests (a triangle
test involves the selection ¢of the odd sample from three samples of which
two are identical)., In the cited reference, we illustrate the use of
sequential triangle tests. Hopkins and Oridgeman (1955) compare the
sengitivities of paired and triad flavor intensity difference tests.
Kramer (1955, 1956) has provided tables and discussions on the use of
multiple matching systems for the selection of judges as an alternative
to use of triangle tests. Procedures for the selsction of a consumer
panel should basically depend on sampling survey techniques and those
used in opinion polls. In such studies it is well to keep the techniques
simple and paired-sample preference tests are usually used along with a
supplementary questionnaire. Ranking techniques in paired comparisons
mey be used in these surveys and the method is summar<‘zed in a subsequent
section. There are many psychological aspects to the development of a
scoring scale and we shall not discuss them here. When a scale is
developed, the distributions of scores on the scale should be examined.
Hopkins (1950) considered such distributionsa.

-,

P =

1. Iresented at the 1956 Gordon Conference on Statistics in Chemistry
and Chemical Engineering, New Hampton, N. H., August 23, 1956.

2, A report based largely on research sponsored by the Agricultural
Research Service, U. S. D. A.,, under a Research and Marketing Act
Contract, No. 12211,-100-126(20).
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o 6 Design of Experiments o
N b
;ﬁ?} In the following sections we shall use the notation of the various gt \
o basic reference papers rather than maintain a more uniform notation in G v
03‘, this paper. This should pernit the reader to more easily associate cur }4%0,,:
e examples with the theory in the references. '
_su‘}z‘;n‘ 2, SENSITIVITY COMPARISONS. In the development of scoring scales and . g;”"ﬁ: ',
;. other experimental techniques, it is often desirable that two alternative oaw.;
\,\g methods be compared. Cochran (1943) discussed the comparison of different ,,;.' o
ey swcales of measurement for experimental results and indicated where further :) A
g research was required. We have provided means of comparing the sensitivi- el
ties of sifilar experiments in two recent papers (Schumann and Bradley ,';"*:z

i W
et ;

! test on the equality of the parameters of non-centrality of Fedistribu- g%
%f tions assoclated with tests of treatment equality in two independent but

v parallel experiments containing the same set of treatments in identical gﬁn
e experimental designs. The experiments may differ in the scoring scale .
used or in some other criterion of messurement that does not interact i
with treatments. Good experimental data to illustrate the method N
appeared as this paper was in preparation. A .

'ai%; {19561, Bradley and Schumann [1956])., This recent research permits a
\h

AN
-4
-]

22

-o
N a
— A
.

Kauman, Qottstein, and lantican (1956) were interesied in the g
e quality evaluation of dried veneer., Twe schemes were used to evaluate R
e quality of sheets of veneer and they are designated as "numerical' and N e
gt "subjective" although both were somewhat subjective, In the rumerical Ik
Al schemo various types of degrade were listed with numerical scores for e i
d 1 the severity of the degrade and weights were given for use in combining i de
¢ .: degrade scores to obtain a quality mcore. A quality rating of 50 in %.n}(;\\\.
Ap. . A,
- the numerical scheme was very bad and the maximum possible score; a e
v quality reting of O was excellent and indicates a sheet f{ree from . ey
e degrade, In the subjective acheme "quality ratings" were assigned on a *,’,?';;*"
iig@ 0-8 soale with O, excellent and 8, very bad. Iwenty selected sheets of e
b veneer were evaluated by three observers, twice with each schems, and b o
Bl repeat observations were spaced by several days with the order of ':M’?;‘
joa presentation of the sheets changed. The complete tables of scores ’::'.r
';‘. are given in the reference; we repeat the analyses of variance in
l:“:l' T&ble 1,
l‘.’.
o Table 1 s

Analyses of Variance for Quality Ratings®

) n-_‘xl
nxq
"‘,(\.j ] Numerical scheme Subjective scheme
'--.{\; Factor Dey.aes of | Sum of Mean | Sum of Mean
freedom squares | square|{ squares | square Lo
48 Bheets (S) 19 12626.16 | 675.1 [ 336.90 | 17.73 "
0% DPboervers (0) 2 170.72 | 65.36| " 3.70 | ~1.652 - t\.
.'. epetitions (R) 3 168.13 56,04 0.61 0.2042 A
.,g | |Interaction (S0) 38 823.61 | 21.47| 30.12 0.7928 >
bie rror (SR) 57 595,37 | 10.45| 22.13 | 0.388Y Ly
‘ "% R reproduction of nart of Table &, Kauman, Gottstein, and lLantican (1956), bk
4 35 LN
iy]  page 1LS. b
R o
¥ :’ - 0 ",r"\“'1“-!l" oW .".’." ‘\.~“:~_'.r"' .)_ % - -:' '4.»4:,'-'.‘_-(;_..1:..-".::. “;, -:""':'J“.“"' R '\:.F\.' "F;A‘\.-_'.E-ﬂ_-, =N LR 1-': \
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Design of Experiments 7

While the authors of the cited reference properly considered Model II
of the analysis of variance and estimated variance components, we shall
1llustrate how to apply a test of the sensitivities of the two experiments
conditional on the obmervers and samples actually used in the experiments
and assume Model I of analysis of variance with "fixed" effects, Under
these conditions, the expected value of the mean square for sheets is

(1.2) EM.8.(8)1= o2 + kigl‘rf/(t-l)

is general for t sheets and k observations on each sheet. T 1'13 the
"effect" of sheet 1, 1 = 1, .4s,ts In the examples,

20
(2.2) EDM,8,(8)]= @ + 6&1{/19.

02 1s the expectation of the error mean square in both (1.2) and (2.2).
The parameter of non-centrality of the F-test for sheets is, in general,

t

(3.2) A =k 720
i=]

and, in the examples,
20

(b.2) A - 6izl«§/za2

when the F=density is written

(5.2)  £(F) = (a/5)2[B(s,b)] Lo ¥ (1eak/p) (8*D)
o 1Py [a+b, &, aMF/b (1+aF/b)] , 04 F £ oo

where F has 2a and 2b degrees of freedom, 1 F, is the confluent hyper-
geometric series, and B represents the beta }unction. It im seen at
once that A, 18 a parameter expressing the magnitudes of treatment
effects in a scale in terms of the experimental error associated with
the scale. A 1s the appropriate parameter to measure the sensitivity of
a scale. We shall test the hypothesis, Hot A g =A,, against the alter-
native, Hot A FAp, using the subscripts 1, for the numerical schenme,
and 2, for the subjective scheme.,

To apply the test, we compute the two F-ratios with 19 and 57
degrees of freedom (Now a = 9.5, b = 28,5.) and obtain

Fl - 6)4.60 and F2 = h5c650
The statistic used is
(6.2) W= Fl/F2 - 611060/,45.65 - 10)42.
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8 Design of Experiments

unknown. In practice it is clear that the test™is not very sensitive to

"2‘ The distribution of w under H, depends on ) =A =A, which in general is
1 small changes in A and we in fact estimate A from the data using.

| () Nima(m-1), 1 -1, 2, -
E}i‘; In the exanples,
‘;:“Q Ny = 9.5(64.60-1) = 60L.2
"""5;
_ and ‘ o .
v 3
;;‘ g Ao = 9.5(L5.65-1) = L2).2.
o A
I:\*;‘: We take A tc be the average of 21 and ﬁz,
. \—.‘;m B A . .
(8.2) A = #(604.2 + L2k.2) = 514,2. o
" f".‘ N
A table of values wy such that P(w> wolH,) = 0,05 is given by Bradley and A
“‘.* Schumann in the cited references. To enter this table, one requires Ly
oy Moy
RN (9,2) at = (a+A)2/(at2A) = (9.5+51L.2)2/(9.5+1028.L) - "ﬁ%
é‘;l - 26)4.2 : . ! :/ é'j‘
L) Weih
{%gﬂ' and b = 26,5, The table is symmetric in the sense that wo(a',b) = w,(b,a') i ‘%;
;ﬁ and we obtain w, 231,85 by consulting the table, Now H,, as poatula%ed, T
s is two-gided and hence the significance level being used is 0,10, w in
. (642) does not exceed %, and consequently we do not reject’H, at the 105 o
L% level of significance. We are in accord with the authors (Kauman et al.) ;T
P who state "the present experiment has shown that the subjective evaluation ey
‘ oan yleld results of an accuracy approaching that of the numerical schenms, R
f.:, although the accuracy of the latter was slightly superior", '
;_o ‘.. B b
’ The theory of the test of sensitivity is given in detail by Schumann E,Iw
o and Bradley (1956) and other applications are given by Bradley and Schumann X

Y (1956). As a somewhat different application, the method may also be used E
" to compare values of RS, the square of the multiple correlation coefficient, I

1 \!

N for two similar but independent regression studies based on the usual K ."5;_‘
Yy regression model. The theory involves an approximation which appears to -
. be good. The distribution of w should come from the joint distribution of

two non-central variance-ratios with equal pairs of degrees of freedom and 4 N
’.2‘3- equal parameters of non-centrality. What wes done was to approximate to "
K the non-central F-distributiona using centrsl Fedistributions and to obtein i
,,1 the distribution of w taking w to be the ratio of two independent central N
A Fuvariates. B
_‘?ék ; SO\
«: ‘ Applications are limited since a table is only available for a one- U\V.
:‘\ sided 5% level test, Schumann is preparing additional tables. 4}‘
Jt:' ;tﬂ.' J
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< SR
'f?j 3. JUDGE VARIABILITY AND JUDGE COMPARISONS. When items are scored in Qﬁi“
"E* . subjective experimentation, there is no knowledge of the "true worth" of \ .
" the sample in the units of the scoring scale., It is then difficult to L3
assess the judging ability of a judge. Russell and Bradley (1956) have _—
provided means of estimating the variabllity of a Judge in terms of the sy
{ deviations of his scores for an item from those of the remaining judges .'{-j.’\,“'.
% but permitting a judge a possible constant bias in his assignment. of T@R %
'%3 scores, Similar procedures were considered by Grubbs (1943) and Ehrenberg ROaGRY
(1550) and they obtained the same eatimators from somewhat different AV
demonstrations but did not develop the teat procedures illustrated below, Ry
L
% Consider a two way classification with t items or treatments and r .
Judges. The model with fixed effects is R
{ | .
e
g (1.3) yid -)1+1’1 "'ﬂd *&id, L m 1,000ty J ™ lyeee,r w
g where yi4 is the score assigned by the Jth judge to the i'h item, B is .
w the grand mean, the average level of judging, 74 is the effect of “the ith (i
P item, B4 i the effect (or blas) of the J¥h judge, and £13 are independent NN
X normal variates with zero means. Contrary to the usual model of analyels bl M‘Cf‘
e of variance, we admit the possibility of heterogeneous error variances in R
- the sense that '
& (2.3) B(€y42) = &, : B
A 'y '
k% oﬁ is the variance of the Jth judge and is to be estimated, A o
o o '
' The estimator of uﬁ to be used is
) rG i L
X \ L ] Q - " - E Dn
&: (3.3) 3 rrﬂr“i')'~ T~ (B=-D{r-I1r=2) ;g
n A%V AL:
N \ where . 5;\_ I}. %
- (L.3) Oy = 3 (yigevio-y.sv..)?
L i=] Lrelvd
1‘.'5 and L
1 L 2 sy
% (5.3) E=§ f_ (yig=y1,¥.3%..0% Y
1=], =]
' the latter being the error sum of squares from the analysis of wvgriance '.;' e,
e of the two-way classification. is an unbiased estimator oi"ei but, RS
o like an estimate of a variance colponent, may occasionally be nefative. Y
o In (4.3) and (5.3), yi. is the average of scores for treatment i, y, j is g
> the average of scores sssigned by the :jt Judge, and y,, is the average et
> of all scores. The requirement that Ei in (1,3) be normal is only met
u approximately ip use of a discrete acor;.ng scale but does not affect the
o estimation of o%. In later pswragraphs of this section, we shall assume
-4::: that departures“from non-normality do not smeriously affect our test
procedures. st

'
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. 10 Design of Experiments )
We shall again illustrate this work using the data of Kauman et al. :.':,Q"-'-‘: '
e The detailed example is for Test 1 using the subjective scheme. Scores N
N are listed in Table 2, In Table 3 we show values of (yi, + y,j=y..) ob~ BN
w8 tained by first writing down the marginal entries and then computing the axtal
A required table entries. In Table L we have the residuals, (yid-yi..y.iq.y“)’ i
o obtained by subtracting entrles in Table 3 from corresponding entries in RN
\‘f Table 2, Values of (4 and E are given in the lower margin of Table L4 and ;Z\ : \
ﬂ are obtained by accumilating the squares of entries in the columns abovs as NRAVRY
\4 required in view of (4.3). r 0 was so obtained, The values of 3 QR
- o ﬁl J .l ‘,
[Hd computed using (3.3) are listed in Table 5 along with those for the other RN
! three tests of Kauman et al. To illustrate the computations, we use (AN 0.&'
‘Z"j observer A and obtain b o
4 ; \3
'.' g - é_&_&% - 22. 0 - 0.72. “
| 6§ 9 19 fm,
o Certain checks on the computation are possible, The residuals in A
o Table L have row and column totals that are zero except for rounding. RN
b Also, as already noted, ir a 7 and E will usually have been obtained ':'\»; '-«;,;(r
h ' - Al ‘V Uy o
R foy e
i direstly from the analysis of variance. A final check follows from the R i
L fact that t"
X t-)(r1) & 42 VT
o (6.3) E = d=mss . AR
K. r - J Pl
L 3= AN
In the example, R

i 19) (2 o
}‘i {=1)(r-3) J‘sifl’&g 2 16y 4 (0.53) + (0,830 = 2255, “ﬁ%

Y RN
)' A test of homogeneity of varlances 1s possible only when r = 3, -y
The only situation wherein the estimatore QE of ¢ are maximum likeli- R
o hood estimators is when r = 3 and then an a proxiﬁate test may be made. .;.k-\.;-
‘.'{f: Consider the hypothesis, ' :‘\.jt
5 Hos dg - “g - 52: )
Ko snd the alternative, ey
o : . "":'\." &
( Hyt o'g ¥ 62k for some J and k, J, k=1, 2, 3. \‘,'{-5
! Tha likelihood ratio test statistic, distributed approximately ams ' "'-",:\.“-‘.f\"
{ ] -~variate with 2 degrees of freedom for large samples, is
i (7.3) ¥3 = ~(2.3026) (+-1)[2 log(t~1)+10g(8585+ G203+ 28%) NN
74 P ,
v 1'- ﬂ’t.".\\;.'l
! S‘:‘_- ~21log E+log L/3] o
o) = -(2.3026)(19)[2 log 19+log [(0.72)(0.53)+(0.72)(0.53)+(0,53)(0.53) ] e
4
ko -2 log 22.50+log L/3] = 0.14, SO
:::L' AR '-4.".'-' ‘1',“!' ‘n'.‘"-.\‘ L ) -'.".'."-"'J'"'.".'..'.' VSRR . ‘ .4"‘-. "roah K YA . ! A l \
SHv e - :'»-"'} DA PN l—“:'%‘\ wr&.‘-ﬁiiﬁ*ﬁ‘o ‘:."\\'T}&:'E‘": Celdnd i e e 1
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| S
N,
Table 2 Table 3 i
Quality Ratings for the Values of (yy. { é ) fop the [
Subjective Qualigy Evaluation Subjective buati fvaluation ? 3
Test Tes i
AW AN
,  Observers T % : Observers ; e %5‘,,.
Bheet ! ¥ Reet ! 1 s
A B 0 3 A B ¢ o |
- RO ey
1 3 3 .3 3.ooH 1 2.8 3.09 3.09! 3,00 u;%;t
pAS
t 6. ' . ! 6. RN
2 ' 7 5 7 163 2 16k 6z 62 ) 6.33 Had
3+ 6 5 5 153300 1 3 ! 5.0k 5.2 B2 5.33 g‘ﬁj
bor o7 8 7 1 7.33 b7k Tek2 7.2 1 7.3 3
“n‘: i)
, 5 ' 1 2 3 12,00 5 ! 1.81 2,09 2,09 ! 2,00 oo
o 6! 5 5 5 1 5.00 6 ! 481 5,09 5.09 ! 5,00 F
i 705 6 5 s |7 1Sk Sz 52! 53)
D 81 3 5 4 ) ka0 8 13,81 409 409 ! 40O o
o 9 ! kS 5 5 1 483 9 ! bublh hi92 k92! o 8))
g 101 6 7 7 1667 | 10 ! 6uE 676 6.76 ) 6.67
R 12 ' 8 7 B ' 7.67] | 12 ' 7B 7,76 7.76 ' 7.67 NG
o) ' ' ' ' oo
b1 130 5 7 5 567l | 13 !5 576 50761 5.6 &.:5‘:
e. ] . . ' v'.“\;o.:'\:‘*
G W o'l 2 2 1167 L ' 18 176 1.76 1 1.6 o
5 15 ' 7 7 7 1 7.00 15 ' 6.81 7.09 7.09 ! 7, L]
rr e
g8 16 ' 13 b '267 | 16 1208 2.76 2.76 ! 2,67 Rt
i 17 0 433 1333 |17 30k 342 2.2 ) 3433 R
03 18 ' 6 6 5 1 5,67 18 ' 5,48 5.76 5.76 ' 5.67 nx
N ' g ' ' t ‘JA e
R 19 ' 5 5 17 15670 | 19 158 576 5.76 ! 5,87 iy
= 20 ' 33 2 12,67 | 20 1248 2.76 2,76 ' 2,67 iy
;A Y.y . be62 4,90° “‘90'_X1QL Yoy o 4062 4SO 490 X'Ell R

\\Iq\\‘l'{ u‘{ _\ . \ {

.f 1-"‘ e,
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RETTCEE
Jalues of (3§ g-vqe=Vej*¥es), for the
Subjective Gualiby “ubLu tien, Test 1
: Qbservers

} : - 0.19 -0,09 -0.09

2 : 0.86 -1.42 0.58

3 : 0.86 0,42 -0.42

4 : ~0.14 N .0.58 =042

5 ' -0.81 -0.09 - =0.91

6 : 0,19 -0,09 -0.09 |
7 : -0.14 0.58 ~0.42

8 : -0.81 0.91 -0.,09

9 : 014 0.08 0,08
10 ; -0.48 - 024 0.24
11 : 0.86 ~0.42 -0.42
12 : 0.52 -0.76 0.24
13 : - =0e48 1.24 -0.76
14 : ~0.48 0.24 024
15 : " 0419 -0,09 ~0.09
16 : ~1.48 0424 1.2
17 : 0.86 0,42 -0.42
18 : 0.52 0.24 ~0.76
19 : -0.48 -0.76 1l.24
20 ! 0.52 0.2, -0,76
a4 ' 836 707 | 7407

E = 22,50

- - grﬂ(‘v“v""q'ﬁ’w‘j



e L i h i i e e et i i a0 B 1ol o ) ka0 L p it et el i gt i shel Ll i e Do

Design of Experiments 15

The multiplier, 2.3026, in (?.3% is included so that common logarithms may
be used in the computation of £<. The small value of 12 indicates that the
observers may be taken to have hocmogeneous variances.

In Table 5, we have included values of Zg for all four tests and show
also values of 2, the error mean square from the analysis of variance,
Note that only in one of the numerical tests was,ZE significant at the 5%
level of significance. The estimates of variance in the numerical scheme
are considerably larger than in the subjective scheme. This does not of
course suggest a preference for the subjective scheme but is merely a
result of the scales used in the scoring methods. The appropriate method
of comparing the scales is the one given in the preceding section.

Table 5
2
Estimates of Variance and 2(2 to Test for
Homogeneity of Observer Variances for All
Four Tests of Kauman et al.

Observer ., Error Mean ;(2
Tests Variances, o 1 Square, ’6? 2
A B C
Subjective Test 1 0.72 0.53 0.53 0.59 0.14
Subjective Test 2 0.46 0.58 .74 0.59 0.26
Numerical Test 1 L.58 10.79 33.02 16.13 6. 2%
Numerical Test 2 2,19 - 26.4,0 21,69 16.84 L1

Observer A was the only observer with previous experience in judging
veneer except for brief training sessions before the experiment began.
Another test, and this is an exact test, is possible. Consider the null

hypothesis
H : 02.= 02 given 02 = = 02 = 02
oo l ] 2 LN ] r [
and the alternative,
2 2 . 2 2 2
Ha: oy <o, given Op = ese =0 =0,
the statistic used is
(2.3) p = F(r-2)G
(r-l)E—rGl

with (t-1) and (t-1)}r-2) degrees of freedom. H may have either of the
possible one-sided forms or be two-sided. For “the form of H_ shown,
small values of F are significant. In the example, there is no point in
testing H_ versus H_in this test in view of the homogeneity of variances
demonstrafed above,® However, we shall proceed in order to illustrate the
method.

Preceding Page Blank



Design of lxvperiments 17
"adaption", the effect of the presence of one treatment on another in the
same incomplete block. A doubly balanced incomplete block design is one,
which in addition to being balanced, has all triplets of treatments appear-
ing in incomplete blocks an equal number of times. The use of doubly
balanced incomplete block designs permitted easy evaluation of the addi-
tional parameters inserted in the linear model. Calvin's model is

e

n .m, .q, . + ahi)

(2.4) Yni © Pni (u+ By + 7y hj'ijij

1

.

where
Thi is an observation on treatment i in block h,
ns = 1 if treatment i occurs in block h
=0 otherﬁise, |
R represents the averéée level bf scoring,

B, represents the effect of block h (perhaps due to the taster doing
the scoring, the time of day, ete.),

7. is the effect of trextmenc i,

5
mij =1ifi<j
=~1if j<i,
aij is the effect of-the nresence of treatment j on treétment
i (aij = -aJl) and
e,; is equivalent to e; ik in (1.4) above.

Calvin called the effects measu:ed by a, ., the correlation effects. We
shall not give examoles of analrses using either the Scheffé or the Calvin
designs here but instezd refer the reader tc the references for such
examples.

Factorial treatment combinaitions are often required in subjective test-
ing, for food samples may rasult {rom a variety of process changes in their
manufacture as may nhotosranhic samnles, dye samples and the like., Means of
incorvorating factorial treztments in incomplete bleck designs are then re-
quired. That this mar be donc it balanced incomplete block designs seems to
be well knovm although we nh:ve ot found a direct reference. Kramer and
Bradley (1955, 1956a) have sho'm how to use factorials in group-divisible,
two-associate class, nertinlly hnalanced, incomplete block designs. We shall
give an exarple here and rote t'at addltlondl cxamples are given in the
references alon~ with the theorr. We use only aon intra-block analysis of
variance; ‘Jalpole at the Vireinia Polytechnic Institute is considering inter-
blocxk anilyses. Kramer is also considering extensions to other types of two-
associnte class, nartially balanced, incomplete block designs.

PR N IR I Preceding Page Blank
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18 Design of Experiments

A group-divisible, two-associate class, partlially balanced, incomplete
block design has design parameters as follows:

v: the number of treatments or varieties,

r: the number of observations on each treatment,
k: the number of units in an incomplets block,
b: the number of incomplete blocks,

m: the number of groups,

n: the number of treatments in a group, v = mn,

where treatments in the same group are first associates and treatments are
not in the same group are second associates,

¢ the number of times two first assoclate treatments appear together
in in%omplete blocks, and

t the number of times two second associate treatments appear together
in inGomplete blocks, For these designs, the treatments may be given in an m
by n rectangular associstion scheme, Bose, Clatworthy, and Shrikhande (1954)
have catalogued all known designe of this olass with block size, 3 < k < 10
and » € 10, We consider an example with v=8, r = 3, k = 3, b =8, mw 4,
nw2, = 0, A, = 1 designated as Design R5 of the cataloguo. This is &
mado-up anple El no dota were available,

For the example, we have the basic association scheme of Table 6 where
treatments in the same row are firat associates and we use a double sub-
soript notation to designate treatments and the symbol V. In Table 7 we
show the assoclation scheme for a L by 2 factorial with an A=~factor at four
levels and a C-factor at two levels. The design lay-out, observations,
block totals B_ and grand total G, are given in Table 8., The treatments in
Table 8 are asfociated with the ractoriall through the correspondences of items
in Tebles 6 and 7.

\. \' ..
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Table 6 Table 7

Association Scheme for
the 4x2 Factorial

Assoclation Scheme for
8 Treatments

1 12 MOy MO,
Ya Va2 A% i)
Y3 V32 A0y A0,
Va P .! A0, A,
Table 8

Design and Observatlons for the Eight Treatments

Elocks Observations B' R

35 21, 39

2 Va T T 135 W W

L2 L5 L8 W

..l\ 3

3 Vi Vo T L5 B

13 15 17 b

4 b T2 T 66 o ™

19 22 25 S

’ iz Va2 Yy 89 tf& s

28 30 31 "

§ Ve V32 Vi 157 s

51 52 54 ;:"“ "

4 Va2 Y2 ; 192 n

60 65 67 Nty

8 e ' Ty 269 Rty

\:.:'._- ‘

Total G = 951 iy

Im‘ .

L
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Design of Fxperiments 2l
The basic analysis of variance without consideration of the factorial
effects is straight-forward. The total sum of squares and the block sum of
squares are computed in the usual way. We find it useful to compute the
adjusted treatment sum of squares from the estimates of treatment effects.

The linear model is

(3.4) Tige P * Ty * By * Cige

where y. is the observation on V, , if that treatment is in block s, u is
the ove}Jill average,-zi is the eiéect of V B is the effect of block s,

and €, , is the error vitdate as described atfer R1.4). 1If tij is the
estimi3r of 7, ,, in general,

i3’
(4.4) by " [kvhz'ri J-k(xz-xl):;Ti VALB; j°+(A2-A1)§Bi jj/vkz(klwk-r)

and, in the example,

=

. t, 1T, . -1 ST, - s+ 1 BB .
(5.4) i3 3 il T jrlJ %B}j. N iB].J.

Ti is the total for Vi ; B'j is the total of block totals of those blocks
coﬂtaining V.., Valuesvof TJ° o7, s B:s 5 EB. .,
ij i}, j ij* 1ij. j ij.
and tij are given in Table 9 in positions corresponding to the array of
Table 6. In addition, in Table 9, we show the totals, t. =%t.., t .=It,,
i. 371§ 7.3 3 1d»
=t /n and t 5=t J/m. The adjusted treatment sum

&l

and the averages, ti

of squares may in general be written as
(6.4) Adj.Treat.s.s. = (*TkT) g2 |, (A-A)) 4,2
————en— lj — T,
k iJ k i

and here becomes

(7.4) Adj.Treat.s.S. = 252, + 1 Zti = 19.54.

iyt 3 4
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Table 9 g
Values of Tij, }‘Z;T 5, i.j ) '3313 , and t’i.j ‘u %
%) d
- _ Gttt
T o7 B £8 t Totals | Averages & °§g !
i i) 1. iJ. i3 - PR
J J by, Y. %
Y
U6 98 | 2u 424 290 74|l 1.958 0.292 [ 2.250 | 1.125 gk
133 98 | 231 425 291 |  716[[ -3.854 0.979 | -2.875 | -1.438 ig5es
116 137 | 253 349 K15 764|| -0.063 <0.562 | =0,625 -0,313
73 150 | 223 209 450 659 1.458 =-0,208 1.250 0.625 3
Totals t 3 =0,501 0.501 0.000 0.000 "v‘f@.
' Aedon
Averages t j =0,125 0,125 -‘ ,3
_— RS
To complete the basic analysis, we have )
(8.4) Unadj.Block 5.8, = zlaﬁ/k - G%/rv = 638495, A
sm ,* -
- 2 a2/ . Ly
(9.4) Total 8.8. xindz';:yu s =~ @°/rv = 6593,62, K
and the error sum of squares is obtained by subtraction, f}zig
' ' b
. : SO
(10.4) Error 8,S. = Total. 8,8, - Unadj.Block 8.5,
- Adj.Treat, 8.5, e
= 159,13, iy
b
Degrees of fraedom_are: Treatments, (v-l) = 7; Blocks, (b~l) = 7; ih.:“{‘.:‘:Q
Error, [v(r-1)-b+1] = 9; Total, (rv-l) = 23, The analysis of variance is NN
given in Table 13. m
To consider the analysis for the 4 by 2 factorial of Table 7, we need '\.
only partition the adjusted treatment sum of squares into adjusted sums of \‘ ‘
squares for A-factor, C-factor, and AC-interaction, This is easily done and E”,% i
the basic formulas are i:j,;_.lv
(11.4) Adj. A-fastor 8.8. = (nK,+n“K))ZE: | ot
s s
2 .
(12.4) Adj. C-factor S.S. = mK zt .3
J [
-‘:_ T Je R e --,"\.J‘:.-u‘l,"".'- " !l.‘.'\‘..{‘._}.u‘-“-.;‘._.-'lp,-.._“-,_'-,_..‘...:,._;. ".;l7'-_\;"?'.’1‘.:'-‘:".:' S -
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.;,n - _ ‘ o) v
}:, (13.4) Adj. AC-Interaction 5.5, = K m(tij—ti -t )2 .% .k‘
" 13 *e RNRhY
v rier) k, Ky = (hoh)/ke U -
i where K, = (A.l*rk-r, k, Ky = (A,~A,)/k. Usually we compute —
%g:: Adj. AC-Interaction S.S. = Adj.Treat.3.S, - Adj. A-factor 8.8. ‘ U';fa_
;*%' . - hd3. C-factor 8.8, ey
w' I;l
,'fg:m.g In the exa.mple Kl - 2, K - 1/3, mw A, and n =2, Then, ' B i
V . o 1WORS e
._4 (L4es) - Add. A~factor .8, ;_g_ 8""1.‘ 20.37, ; o F
o , | o . : o
L)X . ' ot , . i i
;;&.:;; (15.4) AdJ. C-factor 5.8, " 82t g =0, s
i . 3 ' . . '
kL | L
VA ' P . 2 ' 4-;;
;;3?‘; (16.4) AdJ. AC-Intersction 8.5, = Z:B(t“-ti.—t )% = 28,92, %gwq;,
e Single degree of f{reedom comparisons may be used, OConsider linear, . K w‘{
‘3'.| quadratic, and cubic trends over the levels of the A-factor and their inter- e e,.’%;‘
' actions with the C-factor., This is done in much the usual way exoept that i
i additional and different multipliers are required for components of'the .M
\:‘;'" A-factor, C~factor and AC~interaction sums of squares, The method will be s, #
jg;g- evident from Table 10 but to illustrite we consider the linear A-domponent, b
’:R The linear contrast for Linear A is St
At - - B
' ‘ L(lin.” L ‘3(1.958)"3(00292) * 400 * 3("00208) - -00750'0 m
. e
J.; The sum of squared coefficients is ' ‘%2
(N 3
LA
%:i. a(inA) = (+3)2 + (3)% + Lou ¢ (32 = s0,
O o bt
i The multiplier ie, in general for a component of the A-factor, fusrosiod
;‘)!J'.. 2 . ,‘ - |
| “3' ¥(1in.A) = (K +n K,)/n = 8/3; ' 4::‘:.'
\J,{ the adjusted sum of squares for the linear A-factor component is W l.' 5;
oy 2 . 2 v
B 0cs.0.8. (Linaa) - RLRALLTL yeyp g) @ SO2500(8/) | o0y, e
e A(lin.A 40 N
% In general, the multiplier for a component of the C-factor and for a . :\'J:\
i component of the AC-interaction is K, itself. R
. AN
LY vt
.‘ X Now we are not restricted to a two-factor factorial but in general A ;&3}3_
1  may have several factors with levels Mygers .mp and T
e bk
NS R
) My yeesshl, 80 long as ) ( m o=m and 5 ( ny R Suppose the A-factor BANNYE .
oo il A
it were in fact & 2x2 factorial itself. If we designate these new factors N .-:}-.
2! a8 N and P and associate them with the assoclation schemes of Tagles 6
Ao and 7 as given in Table 11, we can analyze th: nxperiment as a 2<x2 i
-Z-\}a factorial subdividing the adjusted treatment swn of squares as in Table 12, ;-;C;“
RV W
e A0 :: Xy
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Design of Experiments

Table 11

Associ%tion Scheme for the
2”7 x 2 Factorial

NPC NG
NPG NG,
NP0 WRG
NoPoGy NPl

The analysis of variance for the various breakdowns of the experimental
data considered is given in Table 13.

We believe that these designs with factorial treatment combinations
offer a useful aid in subjective experimentation. The analyses are
reasonably simple and straight-forward and out of the many such designs
catalogued it should be easy to select one appropriate for the planned
research., Other applications in many fields of experimentation should be
forthcoming.
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Design of Experiments. 51
Table 13

Intra-Block Analysis of Variance for the Illustrative Experiment

Source d.f. S.S. M.S.
Treat.(adj.) 7 19.5L 7.08
Subdivision for 4 by 2 Factorial
A-factor(adj.) 3 20,37 6.79
C-factor(adj.) 1 0.25 0.25
AC-interaction(adi.) -3 28,92 9.6
Subtotals 7 L9.54
Subdivision for Trends in L by 2 Factorial
Linear A(adj.) 1 0.04 0.04
Quad. A(adj.) 1 16.33 16.33
Cubic A(adj.) 1 1,.00 4.00
C~factor(adj.) 1 0.25 0.25
Linear A by C(adj.) 1 1.42 1.2
Quad. A by C(adj.) 1 14.69 14.69
Cubic A by C(adi.) 1 12,80 12,80
Subtotals 7 49.53
Subdivision for 22 by 2 Factorial
N (adj.) 1 0.52 0.52
P {adj.) 1 3.52 3.52
NP (adj.) 1 16,33 16,33
C (adj.) 1 0.25 0.25
NC (adj.) 1 7,11 7,11
PC (adj.) 1 7.11 7.11
NPC (adi.) 1 14,69 14,69
Subtotals 7 49.53
Blocks (unadj.) 7 6384.95 912,14
Error 9 159.13 17.68
Total 23 6593.62
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Design of Experiments 33

5. RANKING METHODS FOR SUBJECTIVE TESTING., We have discussed statistical
methods for subjective testing for use with scoring scales up to this point.
It is our opinion, and one that is not easy to prove or disprove, that in
many experimental situations it is easier and more efficient to use ranking
methods rather than scoring methods. Any loss in efficiency due to ranking,
if indeed there is such loss of efficiency, may be offset by increased ease
and speed of experimentation which permits use of increased sample sizes for
the same time of experimentation. As we see it, the disadvantages of using
ranking methods is that such methods are not fully developed. Experimental
designs that pvermit use of factorials in incomplete blocks are not directly
available unless one is willing to use analysis of variance on ranks trans-
formed to scores through use of Table XX of Fisher and Yates (1948).
Similarly, except for the method of paired comparisons (which is widely
applicable), we do not have well developed ranking methods for use in in-
complete blocks unless transformation is again used., We shall briefly re-
view, but not discuss in detail, the method of paired comparisons intro-
duced by Bradley and Terry (1952) and Terry, Bradley and Davis (1952) and
the method of concordance for ranking in balanced incomplete block designs
presented by Durbin (1951).

Consider t treatments in n repetitions of the possible t{t-1)/2
paired treatment comparisons. The basic model for the method of paired

comparisons assumes the existence of parameters, Ty seeesTyy niZO, ?;-ni =1

such that, if Xi is an observation on treatment i and X, on treatment j,
the probability that X, < X_,, treatment i receives rankJl and treatment J
receives rank 2, treatfent é is preferred to treatment j, is

(1.5) P(X, < Xj) = ni/(ni+nj).

Methods of maximum likelihood are used to obtain estimators p, of m..
These estimators are obtained by solution of (t+1) simultaneodis (but not
independent) equations

(205) 3 - z n = 0, i = l,oeo,t )
j2F J P;*p
g
(3.5) Zp;= 1
i

where a, = 2n(t-1)-2ri, Zr; is the total sum of ranks for treatment i, and

a, is essentially the number of times treatment i was given first choice.,
DIfficulties in application stem from the problem of solving equations

(2.5) and (3.5). Iterative methods have been suggested and tables of
values of Zr. and p, are given in the first reference cited on this subject
ond by Bradldy (1954)., Recently Dykstra (1956) has provided easy means of
obtaining good approximations to the solutions of these equations and, if
his apnroximations are used as first estimates of the solution, at most one
or two iterations are remiired to obtain the solution with desired accuracy.
When the estimators sre obtained, a test of the hypothesis of trestment
enuality,

HO: T(i = l/t, i-= l,,,.,t, Preceding PageBlank
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o
3 - against the general alternative,
%ﬂ H&: Ty 7‘ l/t for some i,
[N
is based on the statistic,
W
R (4.5) B, = I log(p,+p,) - Ea, log p
x] 1 1<y 173 g i
wpﬂ
1 » and
-%;»gi (5.5) =2 1n A = (2.3026) [nt(t-1) log 2 - 28,] ,
iﬁéz', the latter of which has approximately the L2-distribution with (t=1)
f:gqgg degrees of freedom. '
. .
The method of paired comparisons has been further developed. The
Ty experiment maey be performed in groups of repetitions (by judges, days, etc.)
: ﬁngt);q and a test of group by treatment interaction is possible, A test for the
<o appropriateness of the model is discussed by Bradley (1954a) and tests on
K the model using extensive experimental data were made by Hopkins (1954).
» The properties of the method and power comparisons are the subject of a
, paper by Bradley (1955) and Abelsun and Bradley (1954) attempted to in-
Sl corporate factorial arrangements of treatments into palred comparisons,
Algebraic difficulties essentially prohibit the use of factorials in
gl practise, Wilkinson (1956) in a thesis considered the use of our model
e for paired comparisons in certain designs of Boss with blocks of size two,
. | Durbin generalized the method of concordance, previously available
.§$i for paired comparisons and rendomized block designs [Kendall (1948)].
-‘%o Durbin supposed that n objects are presented in blocks of sigze k with
oy each object ranked m times in the experiment., A is the number of blocks
‘- in which any particular pair of treatments or objects ocour,
e A = m(k=1)/(n-1). The coefficient of concordance, in the absence of
) tied ranks is
2
’k." 2 2 2
e (6s) Wa 2y Xy -dunlkel)
o 2.2
c‘:.l A n(n -1)
XY
o5 where x, is the total sum of ranks for the jth object, A test for indepen-
K j dence a.rﬂong the m rankings of an object, essentially a test for treatment
s effects, is made by computing
N
o [ xﬁﬂ% - 1] W
,. , (7.5) F m k"‘l
. l-w
'r% and teking this statistic to have epproximately the F-distribution of
-‘y. v analysis of variance with vy and v, degrees of freesdom where
.P‘uh‘
\l Py ‘4
£ o
o L
s A
A o
.Q' 1 vr "
3‘ T LRGP CR AR L LAY, o T LT LT R R e T T P O L T R R T R S .-‘{
R T R A S R e R
. B & @B @ - o & _ @ = @ oY, SO Sy

K.Y N Wi % . ) X R R 20 W D WD Uy wite W\ " 9 [ LY p [N ) Cy W LY e ’ sy
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, (8.5) Y . [l g ] - 2lkel)
i ’ Enm -k ] A(n+1)
N n-1) (k=1)

and

(9.5) | "\)2 - [’Akgeﬁ,z -1 i)l.

V& and 02 may not be integers but interpolation in F-tables is. possible,

A numerical example is given by Durbin and a somewhat large example is
given by Bradley (1955&?. .

i

6. DISCUSSION, We have illustrated some of our recent work on éﬁaﬁiaﬁical

methods for subjective testing and summarized and referred to new develop- SR,
ments by other authors. We believe that our discussions indicate the %@ i
direction of research and thinking on problems in subjective testing. We ¥

. have made one notable omission at least in referring to current research in VoM
this area and now note the work of Ferris (1956)., Ferris comments in detail Nl

on problems in subjective tesfting and reviews much of the literature of

: importance. His contributions deal with the construction and analysis of
statistical designes in the field of taste-testing, In the abstract of his
thesis, he notes ‘

"Three models of the analysis of variance are put forward
as appropriate, illustrating respectively

e (1) how classical latin square and incomplete blogl designs ﬁ‘
'{bﬁ mey bs modified to incorporate feature (f) above | the phenomenon

et to carry-over or residual effects ("after-taste")] , resommended

$ 1 especially when various food-samples are being tasted serially

i for flavor;

, (11) how the feature (e) Etho psychological phenomenon of —
- adaption:lmay be incorporated in Jjudging various samples of food
:zx set out simultaneously, for color, viscosity, or other visually
oW determinable physical characteristic; i
L (411) how one may find a suitable design even when physiocal :

considerations impose severe limitations on the choice of
statistical designs, as in the case of incomplete block designs

@ﬁ“ of two limits". B
{:.
20 We have further research in progress, Still is considering the RS
Yl correlation between the Fisher and Yates' scores for ranks and ranks )
’Q . and between the scores and variate values for various populations. Uy

Stuart (1954) had previously considered the correlation between variate
values and ranks. Ias is possible that this study may yield additional
light on the use of the transform of ranks to scores.

Pendorgrass has considered the use of discrete saoring scales and
the posaible loss in efficiency in using scores instead of actual
observaticns on a continuocus variable, on the assumption that such
observations could have been available. He is also working on the

N
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36 Design of Experiments

extensions of the model for paired comparisons to ranking in triple compari-
sons or in incomplete blocks of size three. In terms of paramesters and
notation similar to those disocussed in the section on paired ccmparisons,
the aporopriate model for tripls ranking seems to yleld the probabllity,

2
P(X, < X, < x) = TyTy

s— o

(niw3v+ nink + “3"1 + ngnk + nﬁni + ninj).

While it appears that the mathematics associated with this model may be
developed, it remains to be seen whether or not application will be simple
enough for applied use,

7. ACKNOWLEDGEMENTS, T, S. Russell and C, Y, Kramer generously contributed
their time to the preparation of the numerical examples in sectlons 3 and 4
of this paper respectively. We greatly appreciate this assiatance.
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APPLICATIONS OF ORDER STATISTICS IN MEDICAL EXPERIMENTS P

” R
! B, G. Greenberg and A, E. Sarhan e
L Department of Biostatistics .t'_\‘_\ N
- University of North Carolina Lt
§
1. . Introduction, The use of the term "order statistics" connotes various s
’ meanings and 1s here defined to assure understanding in its present usage. $% %¢_
# M,
% Order statistics is that body of knowledge utilizing the rank or order ﬁhf“f
i of an observation as well as its magnitude. In other words, it is a combina- B
k& tion of the techniques used in conventional statistics (which consider the :ﬁﬁﬁg%
) magnitude of the observation) with those of rank order statistics (which T
4 consider only the relative rank of the observation). fﬁgi -
o R
. A detailed bibliography of contributions to order statistics is not E.‘
o presented here but several liste may be found in Mosteller /13 /, David T
» and Johnson /6 7, and a recent doctoral dissertation by Lott/ 117, ———
R 2. Objective, The purpose of this paper is to illustrate for the applied \?@L i
7 statistician how to employ recent developments in order statistics for .gﬁ
i typical statistical problems, .f:ﬁ
‘ b

The first two examples will be selected to illustrate how order statistics ”ﬁﬁﬁﬁ
can be a powerful tool when observations are censored; that is, the exact ’
value of scme observations are unknown becauss a barrier has been imposed by
the ohserver or the measuring process,

et ¥

- ¥

oty

specific observations in the sample may be unknown., The number of censorad
observations in the sample is known and their rankings relative to some point
of censorship is also available.

The third example will be chosen to illustrate how the use of order oy
statistios can enable the experimenter to estimate the mean and standard rﬁiﬁﬁt
, deviation of a distribution with high efficiency without the tedium of using  ova ) o0
8 all observations in a sample. ﬁ?-‘f?
) The last illustration will be an application of order statistics to the AR
w problem of grouping observations into & frequency distribution, . }}A_,;;
’ The application of these techniques will arbitarily be restricted to the Ao
. normal end single exponential distributions since probably they are of most NS
' practical value., Order statistics have been applied, nevertheless, to other :}3%?
I distributions, (e.g. Sarhan /18/ , /197 ), and the problem of truncation o,
! and censorinp has been consldered in other distributions such as the chi- &}k
! distribution in Gohen/3 7, the Type III in Cohen/1 7, the Poisson in Y
Raj /16/ end Cohen/2 /,”and response-time distributfons in Sampford/17/ . o
8 A
b ! 3. Censored Obgervations, The word gensored is applied to instances where Etﬁv
Y- sampling is from an unrestricted population, but the exact magnitude of e
i SN
]
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) Censored is different from the term truncated vhich is applied to

N instances where sampling is from a restricted population so that the exact
numbers that would have occurred in the sample above and below the trunca-
tion noint are not known. Censored was first used in this context by
Hald [9_/'at the sugpestion of Kerrich.
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. This difference between censoring and truncated is best emphasized by an
S\ illustration. If one were to measure the heights of American military

"t personnel, the sample would be from a truncated population of heights because
members of that group have qualified by falling between certain minimum and
maximum allowable heights. In an industrial context, if one were to select
samples from lots that had undergone quality control checks to assure that
the mamifactured units fell within specifications, the sample would again be
from a truncated population, other than for those samples accepted but which
should have been rejected.

In measuring the incubation period of a disease, or in life-~testing, the
experimenter may not have sufficient time or facilities to await the develop-
meﬁt of the phenomenon in all cases, and might censor the observations on the
d*" day (Type I) or after p per cent of the observations had responded (Type II),
Censoring is usually practiced at the extremes of the distribution. This
illuatration of censoring observations in life-testing situations is vith the
exponential distribution.

Censoring with the normal distiribution might be for the same reasons or
for others as equally important. In certain industrisl applications, (o.g.
tensile strength) the cost of measuring an observation at the extreme of the
distribution is relatively higher than elsewhere. That is, the cost of an
observation might be functionally related to its distance from central
tendency, and extreme observations are uneconomical to Justify. Another
reason for censoring a normal distribution might be termed "precision censor-
ing." The measurement error at the extremes of a normally distributed variable
might be considerably greater than that of the observations toward the center
by having a flat-U-shaped distribution. This occurs in some situatione where
measurement of physiological functions of the body are involved, Counterparts
for precision censoring in industrial and other applications undoubtedly are
also available.

The first example in censoring is with the single exponential distribution,
and the data are taken from Sarhan and Greenberg /217 . The number of days
incubation period resulting from an inoculation is a measure of the amount and
potency of the inoculum as well as the individual susceptibility of the test
animal. Below are listed the unordgred responses from ten rabbits inoculated
with a solution containing (0.2) 10’ treponema pallidum:

Rabbit No. Incubation in days

<18
18
>L5
<18
25
21
18
25
25
21
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Design of Experiments 1

Estimates of the earliest possible incubation period (a), the mean (a + o),
and the standard deviation (o) are desired from the two-parameter single
exponential diat:ibution having the following functlion:

o

1 -
0 , otherwice .

'a.fysoo.

COfoioments from tables provided in the same paper from which these
data came make estimation of the two parameters possible despite the censoring
of three observations, The observations are rearranged in size order and the
coefficients written alongside as follows:

Ordered

gbservations « o (c + o)
< 18 - - | -
<18 - -

18 3007/2160 -1/6 487/2160
18 ~121/2160 1/6 239/2160
21 -121/2140 1/6 239/2160
21 ~121/2160 1/6 239/2160
© 28 ~121/2160 1/6 239/2160
25 -121,/2160 "1/6 239/2160
25 ~21,2/2160 2/6 478/2160
j&ﬁ hod — -

Egtimate 16,10 5,67 21,76

Variance in

terms of o%) 0,0567991 0 66 0.1114288 |

Efficiency rele-

tive to complete
sample 9,56 66,67 89.74

The calculations are as followsn:

a* = = [ (3007) (18) - 121(18) - 121(21) - ... - 242(25)/ = 16,10
w2 [ -7(18) +108) o+ @)+ ...+ 2A25)] = 5.67

(“ + G)* = 5“}6 [ L87 (18)"'239(18) + 239(21) * s0 e + “'78(25)] - 21.76 :?“‘}ﬁ
The variances of each estimate are found in the tables of the seme papar
and are also shown in the above table in terms of o, Below tne variances of
etsh estimate, the efficiency relative to the complete uncensored sample is
indicated., For example, the estimation of a is only 19,56 percent efficient
B St A T R M S E T e T T A TR Rt T e e T .;__-,.:‘.".!l‘ . . ".' “_.\:..\.,'- ,j-. .\_._._'..J:
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L2 Design of Experiments

because two obtservations were missing on the left and one on the right. The
most valuable observations in estimating the start of the distribution,

viz, &, should be expected to occur at the left hand side of the distribu-
tion., This is verified by the fact if all three missing observations had
occurred on the rizht hand side of the distribution instead of two on the
left and one on the right, the efficiency relative to the complete sample
would rise from 19.56 to 95,24 percent,

The censoring in this example was of the Type I variety, i.e. employing
fixed points on the abscissa, The coefficients used to estimate the para-
meters, howsver, were based upon the assumption of Type II censoring. This
raises an important question whether a possible bias exists and how much
lower the precision is because the known points of truncation, viz, 18 and
L5 days, are not utilized in the estimating process, '

Several suthors, e.g. Sampford / 17 /, have expressed the opinion that
the difference between the two is of no great import, The exact solution
of the loss in precision is a difficult problem, and work is in progress to
measure it. In the interim, we have conducted & sampling study to investi-
gate whether there is a hias, we well as the magnitude of the imprecision.
As a result of this investigation, we feel that thers is no bias and the
order of magnitude of the imprecision is small, particularly in large samples,

The sampling study consisted of LO samples of size 10, selegted from:
Rand's Table of 100,000 Normal Devistes (m = O, o = 1), and estimates of the
mean and standard deviation by both Type I and Type Il censoring were com-
pared in each sampie., For instance, below 1s a segment, chvsen at random,
from the sampling study,

Sample Censored* at -~ 0,253
No, 36 and ordered
0.088 b} (‘10729)
-0.331 (=1.075)
-1.729 (=0.067)
1,209 (=~0.331)
0.840 -0.118
-1.075 00082
0.894 0.088
~0,118 0.840
0.082 0.894
-'0014.67 lo 209

% The ( ) indicates that the value was censored,

A comparison of the estimates of the mean and standard deviation calcu-
lated from each sample included the following: The uncensored data; maximum
likelihood method of Cohen ZPL,J7 for Type I censoring; the method of Ipsen [iQ/
for Type I censoring; and the best linear estimate (BLE) with minimum variance
for Type 1l censoring.

The tabulution below glives some idea of the comparisons for the glven
sample No. 36, thus indicating why it is thought that there is no bias.
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{‘ Method of estimation Mean Standard deviation kiﬂ 8
Population . o 1,0000 R
Uncensored sample «0,0607 . 0.9520 w
Cohen g'l‘ype 1) -0,0283 0.8042 A
\ Ipaen Type 11% , -0,0362 0.8375 . o AR
B.L.E. (Type II) -0,0099 .  0.8527 - s
‘ databiy
Caloulaticn of the BIE of the mean eni mtandard devistion employed in w
the foregoing sample for the normal distribution can best be demoristrated Vg»ﬂ‘
by application to another example. The data are taken from Sarhan and ;g,gug;
Gresnberg / 20 / and represent Type I censoring at both extremes of the s
| sample, : ' } m
;@n; The observations consist of ten individual systolic blood presaurea o
! which were performed by persons learning to measure such readings. Owing
:\ to the relatively larger measurement error known to exist for beginners
':E:. ' at the extremes, the data thought to be less. than 105 mm. and greater than
! 125 mm, were censored. This resulted’ in oonaoring two observations on the
. . left and three on the right, : ,
{;J_q The data have been arranged in size ordar, and alongside of them &re
{, the coefficients to estimate the mean and standard deviation as follows:
;ﬁ Ordered : -*’L(, o
0 1, - 0 | 0
Y ' Qe = 0 -0
Ve 3. 108 20496319 -.88982266
K Le 111 10382533 -.11005067
5. 119 , 11220127 -,02620385
iy 6. 121 .11982080 05494871,
i k 7 ] 125 o h59189l&2 . 971128A2
" 8. - 0 0
‘v‘ J 90 had 0 0
v 101 - 0 0
N
ot ‘ Variance (in
N __terms of ¢4) 2 11795477 17132071 |
L) Efficiency rela=-
; tive to nomplete
>, —Sample 84,78 33.62
u‘P, W "
Q ' From the percentage efficiency given in the table, the sstimate of the B
A mean was 8/.78 percent relative to the complete sample despite the omission rj“”i

of 50 percent of the ohservations. The estimate of the standard deviation
does not fare as well, for its efficiency drops to 33,62 percent.
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L. Simplified Statistics, In the foregoing paragraph, mention wes made of
the fact that the estimate of the mean from the sample was relatively efficient
although only 50 percent of the sample was used. The optimum combination of
half of the sample elements, if the estimation of the mean were to be maximally Ny
efficient, might not be the i’ive observations actually used, In fact, owing

to the impetus given by Mosteller / 13 /, a whole branch 6f linear systematic ,
statistics has recently developed in which the purpose is to make efficient .
estimates of the mean and standard deviation using 2, 3, 4, ses, k < n sample . o'“g ‘
elements, '

The most readily identified measure of linear systematic statistiocs is, %g?"“.
of course, the median as an estimate of location. An estimate of dispersion e
might be the range, semi-interquartile distance, and others, We shall explore Do
these riow in a little mors detail using data from the exponential distribution K
as en illustration, _ , U

W)

The date come from Table I of Maguire, Pearson and Wynn [ 12 ] , and g,ﬁét?ﬂ&f‘{

represent the time intervals in days between explosions in mines involving W

more than 10 men killed from December 6, 1875 to May 29, 1951. The 109
observations have been rearranged in eize order as followv

Teble 1, Time interval in days between explosions in mines )
dnvolving more than 10 men k;lled ~‘;; )

Opder Observation Order Observation Order Observation Order Observation .
1 1 31 59 61 188 91 35,
2 L 32 59 62 189 92 361
3 4 33 61 63 195 93 364
L 7 34 61 6l 203 9 . 369
5 11 35 66 65 208 95 78
6 13 36 n2 66 215 96 3%0
7 15 37 72 67 217 97 457
8 15 38 75 68 217 98 467
9 17 39 7% 69 27 % 498

10 18 L0 ng 70 224, 100 517

19 1 81 71 228 101 566

19 L2 93 72 233 102 CIAN

20 L3 96 73 255 103 743

20 L 99 T4 271 104 871

22 L5 108 75 _75 105 1205

23 L6 113 "6 275 106 1312

28 L7 114 7 275 107 1357

29 L8 120 78 286 108 1613 .

31 L9 120 79 291 109 1630 )

32 50 123 80 312 A

36 51 121, 81 312 o

37 52 129 82 315 LJ;‘.‘N

L7 53 131 83 326 O

L8 5L 137 8L 326 ;

49 55 145 85 329

50 56 151 86 330

54 57 156 87 336

54 58 171 88 338

H 59 %;g 89 2?5 ‘
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: j The single one-parameter exponential distribution represented by

W

13

AV - X

tx) =2/ "5 x>0

§$ \ 0 , otherwise

/ has been shown to fit these data quite nicely. If the two-perameter ex-
B ponential distribution must be used, a simple transformation of location
. can be used. ,

i?, The estimate of the standard deviation o, using all observations, is
P equal to 241 days. To estimate the value of o using k < n, tables for

b k=1, 2, .o0, 15 are avallable for exponential distribution in a recent
b paper by Ogaws 15_] For example, if k = 5 were seleoted, the relative
K efficiency to the complete sample estimate would be 94.76 percent., From

Ogawa's table of optimum spacings for k = 5, one also learns that the five
& sample observations which are best to use are as follows:

ky = (209)(.39347) + L = 43
ey = (209)(.67044) + L = 74
. k, = (209)(.84433) + 1 = 93
k, = (209)(.94387) + 1 =103
I kg = (109)(.98855) » 1 =108
The coefficients in the above forumation, viz. .39347, 6704k, «ev,

o5 +98855 were obtained from Ogawa's Table II and the calculations are rounded
A to the lowest whole integer, Uuinqtthat same table for the weighting co-

& efficients, the caloulations for o™ are as follows:

o Observation Observation Cosffiolent

;% Number (xn; (ay)

P

a% 43 96 «33051
‘ T4 271 .21896

& 93 364 13173

by 103 45 . 06668

R _108 1613 102286
3 + 5

: Then, 0 = 5gisr L) (x"i) (a,)

® 6'6%7‘6 (225.56662) = 238.0

L '

This compares favorably with the value of 241 caloulated from the complete
\ sample, If k = 10 were choaen the efficiency would have risen to 98,32 per-
- cent and the value of o ¥ m 2&2. .

ibﬁ
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k6 Design of Experiments

If the parameters of the normal distribution are to be estimated by
simplified statistics, an earlier paper by Ogawa [Plh_/ provides the optimum
spacings for that distribution, Although Ogawa's spacings are optimal, other
combinations of sample observations may be much more convenient to use with-
out any great saorif oe in precisi Such systematic statistics can be
found in Mosteller , Dixon [9 7, and Lott / 11 /.

5. Gprouping, The optimum spacings used in the previous asection for the best
linear estimate of the parameters have been shown recently to have another
most interesting property in application to a normal distribution. Suppose
there are availahle observations on a continuovs variasia, and it is desired

- to classify them, or the population from whiol “hey wore drawn, into k groups.

This might be done elther for purposes of converience in exposition, caloulaw
tion, or for simplification in the collecticr ot further observations, Thua,
if heights of individuals are to be olassif'.d as tall, medium and short, the
problem 18 to locdte the dividing lines to be drawn without restricting our-'
selves sither to equally-spaced groups or groups with equal expectation of
frequency of obaervationa. The oriterion for grouping is that if.the.observa=~
tions in a sroup are to be represented by a group central value, the loss in
efficlency by this procedure should be a minimum, Furthermore, if this classi-
fication is varried out, the loss of eff;cwency ink = 2 3, by «es groups is
also of interest. S

This same problem ocours wher there are measuraments on two oontinuoua
variables for & gliven sample, The experimenter, instesd of testing the
corrolation betwson the two variables, may prefer for reasons of .exposition
to group the x variable into k classifications so as to maximize the test of
the differences in the y vardable emong groups by an.analysis of variance,
Regardless of the corrolation between the two variables, D. R, Oox é’ 5 ] hes
recently shown that the solution for grouping the x variable comee. down.to the
problem of optimum spasings if the distribution is normal. Thus, if sample .
date were available on heights and weights, classification of the individuals
into tall, medium, and short could be accomplished optimally by dividing the
rangs of heiphts such that the tall and short groups each had 27,027 percent
of the observations and the medium group had the remaining 45.946 percent.
This means that the limits of the three intervals would be as follows in a
unit normal diastribution:

Short : - d to -.0,612
Medium: « 0,612 to + 0,612
Tall: + 0,612 to + 0

The loss of precision of this arrangement by substituting one group
value for the individual observation results in an efficlency of 80.98
percent., In fact, the optimum mroups md efficiencies can be obtained for
k=2,3, ..., 6 in Cox's paper and for k = 2, ,,, 11 in Ogawa's paper.
The former's values are more nearly precise in the last decimal place than
those of Ogawa, and.certain results of Cox are reproduced in Table 2 here
for convenience.
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'}}. Table 2, Optimum grouping intervals for unit normal distribution with v{}\
. ',‘j ‘ percentage distribution of observations and efficiency N \

' “Percentage dis- Percentage efficiency

k"‘ ’ k Group 1limits tribution relative to exact ob-

% sorvation

hoy 2 - to O 500 63.66

‘f‘n‘ m&%

JE 3 = 2 + '-M% 80,98

g\g > 2 + 2

88.25

94.20°
ko *+

_u" +* 0 'm + Q
s EWTCRTE
;’,lg I-Q &
‘3&:: The information in Table 2 indlcates that the substitution of a binomial u;ﬁ::ﬁ:f'
&) claasification (k = 2) for a normal variate results in an efficiency of 63.66 Wt

! percent. This particular figure of efficiency may be helpful in estimating m
-;ﬁ required sampis sizes in some experiments where there is no experience with a p}:;-i!-:«-}
) . variable te bo measured hut there is some information on a binomial plane, \'fvcsf:f-f'
A M
bl There are two points worth mentioning about the use of results in this {::?I e
K section. The first is that solution for optimum groupings is identical to s
. optimum spacings for the estimation problem in the case of the normal dis~ .
.‘ tribution, This does not appear to be trus in general, however, and the ) "}
£ rectangular distribution is a case in point, Runle
i NN
ﬁx Secondly, after grouping has been performed, whether by the methods out~ MWW
lined here or not, the eatimation of the mean and standard deviation will be AL

[ made by referring the observations in a group to some central value of that el
\". group, Ordinarily, Sheppard's correctione are applied during this step if N
W the groups are equidistant, These corrections may lead Lo inconsistent '\\{At.. ¥
H estimates for hotl the mean and standard deviation even when the grouping is ,"\\«
y equidistant, Consistent estimates for both the mean and standard deviation 1 \'

can be mads by imum likelihood according to the method outlined by !
G Jesddeback 87?(
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} 1 6. Summary, The uses of recent contributions to the techniques found in
e uvrder statistics have been applied in three instances. The first is in the

e cese of censored observations both with the normal and exponential distribu-
g tiens, The second application involves estimation of the parameters of the
. sare distributions using k < n of the sample elements. The final illustra-
o tion is of an application of grouping continuous date into frequency

»;'i classifications.
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PROBLEMS IN A PARTICULAR MILITARY FIELD EXPERIMENT

Kenneth L. Yudowitch
Operations Research Office

I should like to commence my remarks with the enunciation of the three
principles which I propose for guidance in the design of military field ex~
periments, the subject of this conference. The three principles are: (1) the
exploitation of ignorance; (2) the agglomeration of imponderables; and (3) the
balance of weights. In case these designations are not patently clear, I
shall attempt to illustrate each of the three principles.

I.

The first principle (Fig. 1)%* is rooted in the general technical ignor-
ance of our customer, the soldier, who might well quote from Sheridan's
Rivals: "Egad I think the interpreter is the hardest to be understood of
the two!" It is perhaps a horrid admission which should be classified, but
probably not one Lt. Col. per Pentagon ring can define a Graeco-Latin Square.
To illustrate the point, consider a simple statistical test which one might
apply to a soldier. We offer him a bet on the drawing of straws, demonstrat-
ing first a sample drawing of ten straws from a population of many hundreds.
The soldier is offered a fifty-fifty bet on the selection of a straw of his
choice — either long or short. lLet us suppose the demonstration drawing
yields six long straws and four short straws. As any of us here could tell
the soldier, all that he can reliably say about the probability of picking
a long straw is that it is significantly greater than 24 percent, This is
the customary acceptable lower 95 percent confidence limit on the probability
of picking a long straw. And yet our investigations show that the soldier
will accept the bet and select the long straw. What is further more dis-
couraging is that the soldier will take our money on such bets.

It is clear that the customer frequently ignores such refinements as
95 percent confidence limits. How to deal with such a barbarian? -- Search
out what his question really is before phrasing the objective of an investiga-
tion. Then design a test to answer only those objectives in the same language
in which the question was asked. If he is disinterested in the beauties of
symnetrically oriented test designs, let us exploit this ignorance (though
it pain our sensitivity) and make the crude minimum design required. In-
sistence upon revision of the customer's question to an extent which
eventually restricts our ability to answer his real-world question is
delusory of self-indulgence.

II.

The principle of the agglomeration of imponderables (Fig. 2) is perhaps
best clarified with an illustration from immediate experience: Some time
ago I was asked to design an experiment which entailed 180,224 sets of con-
ditions of measurement. The experiment requested had the objective of
measuring the relative hit probabilities of eight types of ammunition. Also
indicated was some interest in the particular effects of various related
parameters, such as qualifications of the subjects, positions of firing,
conditions of illumination, and a mass of variables associated with the targets.,

¥ Figures sppear at end of the articles.
Preceding Page Blank

.......
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‘q These target parameters are listed here (Fig. 3). Although obviocusly

3 in true context each of these parameters exists in a continuum, the range

X of variations must here be represented by a restricted few values, so we
begin agglomeration of these imponderables by arbitrarily selecting the

3~ numbers of values to be used for sach parameter. As indicated, the first

g four are represented by only two values each. The Justification for this

! limitation is that careful selection of two rather extreme values will

i permit recognition of the existence and general magnitude of effect of

' variation of any one of the paramsters, and probably permit rough interpola=-

tion.

o An immediate agglomeration is provided by the context for the last two

% of the half-dozen paremeters, when there is a marked interdependence in

iy these two. parameters. As both characteristios are presented in any one

S target, the number of the combinations of the two parameters is limited to
'+~ the number of targets.. A systematic attempt to.represent all of the oom-

. binstions of values indioated for each of the six (now. five) parsmeters,

f’ results in 352 combinations of parameters, which in this experiment would

A mean 352 different targets. It is clear, howsver, that the first four

n parameters, as well as the last two are also ultimately represented in each

P of the individual targets of the system, Our preliminary investigation also

revealed considerable. interdependence among all of these parameters. It is

N then perhaps the ultimate application of the principle of agglomeration of

ol {mponderables to dump the variations of all six parameters into one presenta-

b tion of the target system. As the facts of life limited us to 22 targets,.

b the application of the second principle results in & reduction of from six

o times infinity to 352 to 22 representations of these half-dozen parameters.

" Finelly then, all 22 targets appear in & single sequence which we call a run.

, In addition to the target characteristics, we are concerned also with

b characteristics of the subjents, the environmont and the test materiel.

N Grouped here are these several parameters (Fig. 4). The subjects come to
ue in four formal qualifications. From the variety of firing positions as

above, we selected two; similarly for the illumination, These three para~-

meters then yield a product of 16 combinations, Qualification varieties

o were cimply deleted from the experiment oroper, and four special runs pro-~
0N grammed for measurement of variation in this parameter.

o'.

D §

W The handling of the four possible combinations of position and illumi-

" nation is a nice illustration of a corollary of the second principle. The
1ittle block diagram (Fig. 5) represents the four possible combinations

(day and night, sitting and standing). If there is a degree of independerice
between variations in position and variations in illumination, it is quite
possible to infer the value for a fourth box of this square array, given
three. In this instance we elected to make measurements for both positions
in the daytime and for the sitting position at night. We thus obtained two
measures of score degradation, one for the shift of position from sitting
to stending, and the second for the shift of illumination from day to night.
Presumably the score for the unmeasured category (night standing) is deduced
by applying both degradation factors multiplicatively to the day=-sitting
scors., Thus we reduce 16 combinations of these three parameters to only

three.
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We come to the last two factors, the ammunition itself and variation in
subjects (Fig. 6). Our experiment has specified eight ammunitions. The
number of samples of subjects required depends on the anticipated variation
from sample to sample. As a compromise with practicality, four samples

. were agreed upon., This number seems sufficient to give a fairly reliable
Gl indication of the degres of variestion among samples: The average is meaning-  ..i\
) ful if the variations are small; and the opportunity for variation is adequate ;?' \
: to indinate whether a larger number of samples was required, There is no N
o simple means of agglomeration here, so that our smmunition and population '
parameters leave us with 32 separate experimentel oconditions,

number of combinations of each of the four samples with esach of the three A
position-illumination categories. In this case, instead of the twelve (i
, possible combinations, only eight of the combinations are selected so that ;§yz
Rl our ultimate number of rune is 3x32x8/12 or 64, In addition, the special ¥,
qualification runs consist of two ammunitions and two population samples, mﬁ!ﬁ
A meking a grand total of 68 runs (Fig. 7). We have reduced the number of Rt
f{ﬂ experimental conditions from a grand total of 16x16x32 or 8192 runs by a E
,Q& ‘ factor of 120, by application of the second principle, %

y é{ Finally, however, a further agglomeration is made by limiting the

. As a very heavy schedule permitted a maximum of & runs per day, the
gy achedule of 68 runs (1496 conditions) required 8 1/2 days in the field, .
e following preparational field work, It is of interest to note that if i
1! this same experiment were attempted without application of the second W
Y principle, whatever conclusions might have been reached concerning the N
ﬁ$§ . test materiel would be totally obsolete; as the 8192 runs (180,224 condi= ‘
B tions) would take four years of steady work to complete, =- This is based
on a five-dry week with Christmas, Independence Day, and Armed Forces Day

':I:‘ Off. &
b 111, ‘

Inherent in the illustration used for the second prinociple is the
‘) application of the third principle of experimentsl design, the balance of .
W weights (Fig. 8). Quite obviously among the 180, 22/, combinations of para- e,
SN meters possible in the illustrative experiment, there sre some combinations
- rather more important than others, It is essential that we consider not

o only the nicety of desipn for simplified analysis procedures, but that we "
'W conslder why we are doing the experiment in the first place. The customer Ll
i (who is the quite ignorant fellow we spoke of earlier) is unconcerned with —
statistical niceties, He is however very much ‘concerned in finding certain
answers which are vital for his daclsions, and somewhat less interested in
findirg certain other answers which will be of incidental utility in gulding
his decisions or activities. Thus, for example, it may be that the customer
is very vitally concerned with comparative capabilities of two of the eight
types of ammunition under study, and somewhat less concerned with compari-
sons involving the other six types. It is incumbent upon the experiment
designer to recognize this ditference in interest, and to respond to it

with appropriate distribution for weiehting of exnerimental effort.’ Any
refusal to conslder halanca’of weinhting &f exverdmental effort is patently o
Justified, as Justification for the noerlormance of Lhe emkire experiment e
sorinss-only from the interest of the customer. . Any waighting of dube <
enterories of Interecst nust in any honest exneriment he reflected in the '
exnerimental effort.,
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Sh Design of Experiments

A second, more technical factor also affects appropriate weights of
portions of an experiment. For example, note the 8/12's of the possible
combinations of population sample with position illumination which were
selected., The diagram (Fig. 9§ illustrates the eight out of twelve possible
combinations selected. It is cloar that emphasis has arbitrerily been
placed on the day-sitting runs; half each of the day-stunding and night-
sitting runs having been deleted. The logical attempt to Jjustify such an
asymmetrical procedurs is as follows: In the first place the reduction
from twelve is strongly urged by practical limitations on the total experi-
mental effort, One might, however, expect & more symmetriocal or uniform
mode of reduction. But a uniform reduction of the experiment threatens
that the resultant measurements may border on statistical unreliability,
merely because of the small sample size, The selection made obviously
permits all four population samples to be used with one of the conditions
of firing, providing a reliable measure for that condition. ThHe other two
conditions (day~standing and night-sitting) are less reliably measured.
This is justified, because it is much more importsant to determine.whether
the ammunition differences sought exist under any condition than it is to
determine the variations of this difference with the several conditions of
firing. : o
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I should like to close my remarks with a carefully. éonsidered ctate-
ment: "My immsdiate point is that the questions involved can be dis-
sssociated from all that is technical in the-statistician's oraft, and
that when so detached are questions only of the right use of human rsascn-.
ing powers, with which all intelligent people, who hope to be intslligible,
are equally concerned, and on which the statistician ‘as such, speaks with
no special authority." '
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HUMAN ENGINEERING EXPERIMENT ON TUBE TESTER TV-2/U

Harcld Zweigbaum and Donald Donaldson
Signal Corps Engineeraing Laboratories

The axtensive use of electron tubes in military equipments has led to
a wideapread acceptance of the conventional tube tester as a maintenance
tool, In the early days of siectronics, when the multi-element electron
tube was coming into general use, the adequacy of the tube tester to deter-
‘mine the quality of the tube was quite satlafactory. Overating freqencies
were relatively low, and emission or transconductance tests were made under
conditions that rather closely approximated the actual operating conditions.

_ Now, however, not only have the number of tube types increased by
several orders of magnitude but the applications have become more complex.
Operating conditions vary widely. - The use of a conventional tester which
‘allows but ono walue of plate voltige and two values of screen voltage to.

" be applied to the respective elements has not proven to be of value in

military depots. There the need has been for a tube tester that will allow
the application of variable voltages to the tube elements, so that a reading
of quality can be compared with the manufacturer's original acceptance dats.

This requirement was stalsfied by the devalopment of the Electron Tube
Test Set TV-2/U; featuring continucusly variable and metered voltages to the
several elementas 'of the tube nunder test. While the flexibility thus attalned
permits tube testing within the requirements of MIL-E.l, this desirable
operational feature has created human engineering problems, '

After the tube tester was built and during its preliminary use at the
Signal Corps Engineering Lab, it became apparent that, even though the
front panel was laid out in a logical sequence, the number of manipulations
required to perform a test on a tube was conducive to error,

In order to amcertain whether or not the operation of the tube tester
nlased undue reliatility on &perator ocapability, a statistical experiment
was designed, using the tube tkster and actual operators. (See the plcture
of the front panel layout of the TV.2/U at the end of this paper.)

4

Am we cun readily see, the versatility of the ™-2/) wae obtained at
the expense of an increased rumber of controls, switches, and monitoring
meters, In the more conventional tube tester used for simple maintenance
applicatione, about twenty separate and distinct manual operations are
required in order to check the condition of an average receiving tube;
this same type of test in the TV.2/U requires that an operator go through
about thirty-four separate steps, or about a 75% increase. In order that
we might sse what effect, if any, in the performance of an operator was
due to the increased number of manual operations, an experiment was
devisaed to provide data pertinent to the precision of measurement obtained
by a normal clacs of operatora,

In planning the experiment, certain controlling conditlons were evident.
It was necessary to select individuals whose performance could be considered
representative of that group. Further, since individual variation among
operators is to be expected, more than one individual was required in order
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) 4 el
i to permit a measure of the sampling variation. It was also necessary that : . %', AN
q the yquipment under consideration be tested across the range of 1ts intended L4
: operation in order to eliminate from the results any spurious homogeneity ' ‘.
N ocoasioned by too narrow a range of study. The standard for comparison . .
i;‘-! that was chosen was the set of measurements obtained by laboratory engineers X ’\\z (% ﬁ;'p;
& who Were familiar with the equipment and ite operation. i v§§
! ' . %
i The specific test schedules involved the cholce of twenty-five (25) §§‘;,\§.‘{_‘5§3§'
il electrun tubes, five (5) from each of five (5) generic groups, pentodes, il
triodes, voltage regulators, diodes and rectifiers, thus covering most of .':'-.; ‘
Kl the operating range for which the TV«2/U is designed. Thyratrons were v
i excluded from the schsdules. T™is group of tubes is one of the most diffi- IOt
i cult to test, and it was decided to utilise statistical data from other tube (;’Eﬁb‘;:%\;;?‘
o types in estimating operator precision. The premise of this decision was X
§-  that data from the thyratron tube type would be unnecessary should the results AR
from other types prove conclusive. : i
b . o . . o " A
;:e . The test procecure was established in three phames, First, the selected ?&f, '
3 tibes were measured by laboratory engineers (one of the two classes of opera= .
ﬂ-} tors) at Evans 8igral Laboratory on two test sets, and the data recorded. '
B Second, the test sets were transported to the Tobyhanna Signal Depot in .
i Pennaylvania. After the initial training of depot'personnel (the second of T
[\ the tWo classes of operators) in the use of the equipments, several weeks L e
4 were allowed for familiarization and actusl use, during which time these . e alu
[ personnel tested over LOOO electron tubes. The sample tubes were then M
”;f measured on each test set by the depot opsrators, on separate days and - - R %‘m
= under the observation of a laboratory engineer, Third, after completing mﬁ*
and recording these measursments, the tubes and test ssts wers returned to ol
.‘o';l ESL where the laboratory measurements were repeated and recorded, This ﬁ ]
i/ latter step insured against tube damage during the testing interval, We N
K should note that at no time were the depot operators aware that they were %
g,'. participating in the experiment. They were merely informed that the tube -‘f;‘ S
B testers were being checked for ruggedness under constant use. ~
'{E'&' In order to avold & possible influence of repetitious measurements on ) -:,}v:f'.'
& the data; ths measurements were performed by both classes of operators on 'é‘rf}“-éﬁnw
k- individual tubes, selected in a random fashion, 33&;:::::;
"X fiiet
% Analysis of the measurements involved an estimate of the sampling vari- %
e ance for operators within each of the classea, This estimate was to be b
iy derived from twenty-five pairs of measurements, the expected values of 'f sl
which were speclally chosen to cover the range of use of the tube tester. ' ;} ??‘
bl.J Each of these estimates of the sampling variance would then be used in an W” ¢
g F test to determine whether or not the ratio of estimate values was con- . }“,.?\55'
ek sistent with an expected ratioc derived from two random samples from the . A
= same population, The hypothesis tested by the F test is: there is no T
%Ss real difference between the use of the equipment by the laboratory engineers .': )
R3O and its use by the depot operators. After the depot data had been recorded, RN
K it appeared that the second depot operator possibly had received insuffi- %ﬂ " )
A clent training in the use of the tube tester. In approximately twenty-five {, Y]
B percent of his triale he waas unable to adjust the tube checker so as to ot
“ obtain a reading. Since the estimate of operator variability is obtained -"
"(‘ l ":‘C"r\
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Design of Experiments 75

from paired measurements on the same tube, the data from this twenty-five
, percent were discarded leaving the data from nineteen tubes available for
. estimating the variance for depot operators. The corraesponding figure for
- laboratory engineers is 25 tubes.

, It 1s to be noted at this point that this arbitrary deletion of data,
deviating grossly from the average, does not of itself invalidate either the
resulte or any conclusions that may be drawn therefrom. In the present
experiment it is recognized that the deletion acted to provide an indication
of higher reproducibility within the depot operator class than would other-
wise be evidenced.

The structure of the experimental design and its analytic procedures
have thus been preserved at the cost of reduction of approximately twenty=
five percent of the data by limiting the study to thome 19 tubes upon which
all four operators obtained readings. (8ee Figures 1 and 2,)
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As we can see by the chart, the only major contribution to variation
in results, other than that of tube variability whioch was deliberately
introduced, is that variation contributed by the lack of reproducibility
within the clags of operators. ,
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' Finally, an F test was ipplied to the data in order to confirm or
' deny the hypothesis of equal precision of classes of operators. (See
Components of Variance Table at the end of this p;por.g ‘

For eight .en degrees of freedom in each measure of variance, the
5 percent probability, or 95% certainty value, of F is 2,22, The value -
of F obtained from the measured data is 13,55, This result iy definitely
significant and denies the tenabllity of the hypothesis of equal precision
of the two clasmes of operators.

It was concluded from this experiment that the Tube Tester TV-2 is too
complex an instrument to be used by depot personnel with any degree of
assurance that the results obtained by these operators will accurately
reflect the condition of an electron tube,

The results of this experiment show us that in order to have a truly
effective tube tester of the TVe2 type, it is necessary to eliminate a
high percentage of the operator manipulations. The 8ignal Corps Engineering
laboratories have instituted a program to study the effects of applying
automatic processes to a tube tester. The study will take into account the
effects of the human engineering experiment and will be aimed at the practi-
cal embodiment of an automatically controlled tube tester that will be at
least as small, light, and acourate as the TV-2/U,
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0.94

3,317.399

3,196.653

18
18

36

57,539.33
61,305.05

119,444 .38

Within Lab. Operators
Within Depot Operators

Tube Variabllity

;;;;;

" . OADNAAD "
Nh\‘v')‘ L'& L‘\ h:.:.u:.‘..:.l

S

3,439.169
90.076
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METHOLS OF ESTIMATING LETHAL DOSE FOR MAN

Clifford J. Maloney
Army Chemical Corys

I, INTRODUCTION, It is of interest in medical_and biological researoch

to be able To estimate the dose-response curvesl for the mortality response
of humans to various infectious agents, Direct methodes of experimentation
are neither practical nor ethically permissible, therefore indirect methods
of estimation are required., It is the purpose of this paper to show how
two routine types of biological measurement can be combined in warious ways
to produce estimates of human mortality response to infectious agents, The
methods have the advantsge of being absolute determinations depending on

no unverified extrapolations, The types of measurement which sre required
eret (1) morbidity and mortality rates for man and other animals in natural
environments; (2) dose=responss experiments for morbidity responses in
humane and for morbidity and mortality responses in othar animals,

Morbidity statistics can be obtained for many diseases through routine
reports to heulth depsrtments of cases of infectious dimeases. Special
studles can be conducted to estimate the incidence of poorly reported or
non-reportable diseases, Adequate mortality statistics are ususlly avail-
able because death certificates, specilying primary and associated causes
of death, are filed for almost one hundred percent of all deatha in the
United States. If need be, the death certificate data van he supplemented
by special surveys aimed at greater accuracy and/or completeness. The
numbers of cases and deaths within a segment of the population readily ocan
be converted to rates on the basis of existing census statistiocs, on
estimates of the current population based on previous census figures, or
on specisl mample surveys or enumeratlons.

Good experiments invelving animal morbldity and mortality can readily
be conducted, assuming that the obstacle of funds to purchase and handle A
quantities of animals is overcome. It is moreover quite possible that o
animal experiments for other purposes csn be exploited. On the other hand, ﬁ"”“
the requirement of falrly large numbers of experimental subjects for the
proper determination of dome-response problt lines well may interfere
with the conduct of human morbidity experiments. Nevertheless, experiments
utilizing modest numbers of human volunteers can be mset up, so that desired
human morbidity probit lines can be defined, even though their parameters
may have more than demirable sampling error.
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Threa suggested methods, bamsed on the types of data described above
for estimating human mortality dose-response curves are given belows These
methods carnot be expected to produc. precise estimatem of probit parameters,

(e but they have an advantage over other suggested methods in that they utilize

e human data to produce estimates of parameters which describe human responses,

Y, rather than depending on non-human data for such estimates. One supgested

u solution to the problem of estimating lethal dose for man requires the o
‘ Joh
ﬁf T. HBee Section II for a discussion of dose-response curves. ﬁ:qu
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86 Design of Experiments

assumption that the mortality probit lines for certain simians, or other
animals, are "close" to those for humans. This latter method lacks logical
justification because we know that there is considerable variation ir recporses
to infectious agents among even closely related animals, i.e., the responses

to the same dose of an infectious organism by rhesus monkeys, by cynomologus
monkeys, and by chimpanzees may differ markedly from each other. The three
methods outlined below are logically unimpeachable.

II. DIGRESSION ON DOSE-RESPONSE REIATIONS. Biological material is notoriously
variable, This does not mean however, that it is subject to no law, but only
that the law has a statistical character. The response shown by an organism

to a hostile influence of physical, chemical, or bioclogical nature is there-
fore predictable only in terms of mean values over many individual responses.
The variability of the response to microbiological agents is greater than

that to chemical agents. The average response, of course, increases as the
quantity of agent increases. As the response cannot be less than zero nor
more than one hundred percent, a plot of the mean dose-response relation

would appear as:

Figure 1
Theoretical Dose-Response Relation
100%
Response
o N

dose

It has been widely verified? that converting doses to the corresponding
logarithmic values and transforming percent responses by the integral of the
normal curve or error usually converts the asymmetric curve of Figure 1 to a

straight line,

2. Finney, D. J,, "Probit Analysis," 2d edition, Chapter 3.
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Figure 2

Probit Log-Dose Transformation of the Curve of Figure 1

Probit

Iog Dose

It is of course true of this line, as of any straight line, that it is
determined as soon as one point on the line and the slope of the line have
been fixed. It is customary to choose for the point the one showing the
probit of 50% animal response, since this point requires less exverimentation
for its measurement to a given degree of accuracy than any other point on
the line. This point is known as the 50% endpoint and symbolized as ED50,
Infectivity response is then IDS0 and mortalitv responece ID50, It is clear that
several distinct curves could be plotted on the graph of Figure 1 and that the
same transformation would reduce them all to straight lines corresponding to Figure 2.

ITI. METHOD I. This method arose from the simple consideration that a dose

sufficient to kill must be sufficient to provoke symptoms. Hence, if a
curve of doses vs. percent showing any chosen symptom syndrome is plotted

on the same graph, the two curves cannot cross.

Figure 3

Hypothetical Curves of Mortality and Morbidity

symptom curve
% Response

death curve

dose

The only point to notice about the graph is that the death curve is bereath
the symptom curve at all doses. The probit transformation converts each of
these curves to straight lines. Now, as the curves did not intersect; neither
will the lines. Hence they are parallel. It is clear that the slope of the
mortalit line is therefore known because it is the same as that of the mor-
bidity liue,
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Figure 4
Probit Transformation of Mortality and Morbidity Curves of Figure 3

Probit of
%

Response

Tog doae

If the infectivity and mortslity probit liges for man for a particular
or tﬂilm are parallel, we can estimate the LDSO- if we haxg (1) experimental
0504 data and (2) case and death rates observed in rnature’, The following
stepe lead to an estimate of the parameters of the mortality probit lines

(a) ,m: g probit line (Y = a x £ b) to the experimental infectivity -
data. :

(b) Oompute the case rate in the population (CR).
(e) Compute the death rate in the population (IR).

(d) Using the equation for the infectivity probit line, compute
?he tgeoretioal infective dose for the observed case rute
IDCR).

(e) The eguation for the mortality probit line can be obtained
by using the slope of the infectivity probit line (as the
lines are parallel by the theory underlying this procedure)
and the intercept is defined by the equation DR = (IDCR)

\ a A b, or b= DR ~ a(IDCR).

T. Dose producing 50 percent deaths.
L. Dose producing 50 percent infection.
5, Using the route of infection which is of interest.
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Mgure 5 %
. U'T of Case and Death Rates to Fix Dose-Response Relation ‘
: Rpoonoa ;3“,
| i
Probit : Y = a x £ by infectivity line puistil
DR v " " e wm - ' ] :ii
, Y »ax /LR - a(IDGR)]; o
, | ~ mortality line ffw o,
m . :II':’ “‘n"r
Dose {W
The argument on which parallelism of morbidity and mortality lines is based }'§§, '
would not apply in the case of ancillary symptoms which do not lead to PN
death when aggravated. Hence, if such non-parallel lines are found, they ;}}: AT
might be used to separate the symptom complex into those leading and those o
- not leading to death, - x )
- ugh . . o o L .§
47 IV. METHOD II, The human dose-response mortality probit line ocan be K
- estinated by securing a minimum of two measurements of mortality at differ=- v
kY, ent measured dose levels, This might be done by measuring exposure and 5 ]
i mortality of (1) workers who work in an ogcupation with a high risk of MW
1nfeot1$n (for exumple, farmers and ornithosis®, animal fiber:-gorkora and vt e
.;,-‘n anthrax/, ete.); (2) laboratory workers exposed to an organism’; (3) groups e !}%
in the normal population exposed to relatively high doses of a causative \JC ‘!g
o agent (for example, people 1living near dairies in Los Angeles and revor9. r‘xi‘r

residents of Leavenworth County, Kansas and histoplasmosis, eto,)10, Esti-

£

)
- -
75
2

mates of the dose to which theae people are exposed could be obtained by

=%
- S

i intensive sampling of their environments. Cause-specifio mortality figures ‘,
';}“ could be obtained by routine epidemioclogical methods. t j.- ;
Rrd A
R The obmerved dusages and death rates would then be used to plot and/or L’\# e
(3"”. compute a mortality probit line. W
i) oy
- WAL DI
o 8, Karrer, H., B, Eddie and R. Schmid, Barnyard fowl as a source of human N2re,
j ornithosis, Case report, Calif. Med., 73(1950):5557. 33&‘.
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%0 Design of Experiments
Figure 6

othetical Determination of Human Dose=Respornise Curve
ploying Dose Measurements from Natural Envirenments

Probit 3 " Measured Pointe

=

It is well to point out that this technique is wholly unrelated to the _
exploitation of extraordinary laboratory accidents. In fact, such acoidentsll
due to recognizable discrete departures from the usual laboratory environment,
ars to be regarded as unweloome compllioating factors, so far as morbidity and.

mortality rates are concerned, though contributing fully to the: case fatality

rate determination. Instead of attempting to infer the dose actually received
by cases, the average dose level of exposurs both orvsoqotorn and of non=
reastors would be ascertained by sampling grgﬁ;:uroil s Then techniques for
computing biloassay with error in the doneds uld be used.

Vi METHOD III. Method II can be modified so ar to eliminate the requirement
of dlrect measurement of dosage in natural ernvironments, This can be done

if mortality rates at two unmeasured dose levels are known for both man and
for some other animal species, and if a dose-response mortality curve can

be obtained experimentally for the same animal species.

The procedure of Method III is as follows!

1) Measure mortality both for humans and for s species of animals at
each of two (preferably widely different) dosage levele, say A and B. Call

T TabtIn, A. B. and A, M. Wright, Acute ascending myelitis following monkey
bite with isolation of virus capable of reproducing diseases, J. Exp, Med,

59(193.k115,

12, Ibach, Martha J,, Howard W. Larsh, and Michael L. Furcolow, Epidemic
histoplasmosis and airborne Histoplasma capsulatum, Proc. Soc, Exp.
Biol., and Med., 85(1954)172-Th.

13« Maloney, C. J., Caloulation of median lethal dose when doses are subject
to Poisson errors, Unpublished.

14, Haley, David C.,, Estimation of the dosage mortality relationship when
the dose is subject to error. Technical Report No. 15, (1952), Applied
Mathematics and Statistics Laboratory, Stanford University.
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v Design of Experiments 91
{,3 the human mortality rates DRA, and DRBy, and the animal mortality rates DRA,
i and DRB,.

b

2) For the same animal species, conduct a lakoratory bloassay experi-

ﬁn' . " ment using animals trapped at the location under atudy, and calculate the

A - dose-response aninal mortality probit line,

\a 3) Ueing the animel mortality probit line, compute the doses at levels
Bt A and B which aorroapond to' TRA, and B, Call theae LDA and 1DB,

o L) Flot DRA, ve. LDA and DRBh vs. LDB on probit paper and connect the
g& points with a straight line. This 1s an estimate of the himan dose-response
e mortality curve. ‘
)
& ‘Figure 7 -
_ gﬁ' Hypothetioal Human Dose Responae Determination Using
P ' Natural Humen and Animal Data '
f% . A | )
‘l? mh s - - - o W W B e e e oW
“\1 .
. IRBp, o=~
ol Probit
\ Dma I ® W v
ue
DRB.I o o
b
" Dose
)
o VI, REMARKS. It is obvious that the preceding three "pure" methodm do not
- exhaust the various poesibilities, and that "mixed" procedures may be employed,
:] or that several methoda may be used and then combined to get a sironger over-
P all estimate than that offered by the separate procedures.
9
' On the other hand, these methods are only applicable provided the route
o of infection in nature is the route of interest.
.;' The hypothesis of parallel morbidity and mortality probit lines can be
o tested on humana utilizing ideas from methods I, II, and III, if we can
b obtain in the fleld human morbidity and mortality data for several dcses,
. and if we can either measure these doses directly or infer them from animal y
a responses, as in methods II and III. o
' Ky
b ' VII., INDEPENDENT ACTION MODEL. The probit tranaformation of the dose e
i@ response curve outlined in Section II and discussed in detail in Finney, iu
e
J‘
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92 Design of Experiments

not the only one which has been proposed. Berkson15 has suggested a modnl
based on the use of the logistic curve rather than the integrgted normal.
fii  Idttle practical difference exists between these two methodsl®, An alterma-
1 tive suggestion with enorpgus practical imporhnoo -has been proposed apparently
’ independqntly by Goldberg: et al, and by Peto . The suggestion had previoualy '
been applied to transmission of plant virusl? C and recently in connection :
with ths bilological effacts of radioactivity An early treatment was given
by Yulecl, A maximum likelil. gd proooczlura for fittinz .thiis curve has been
givon by Chernoff and Andrdws Poto?3 has shown that, if this model fits,

7 then every probit ctrve will hwe a slope whose numerical value is too
Y irrespective of the agent, host, and route of administration. It ie clear fog e. N
that if this model is corredt then nothing. As requirod for a complete deter=- 'oﬁ'g“a i)
mination of the dose response relation resired but the collestion uf cause .g%%"
. specific death rates. ;g:%!:,:@:.
Rt Tt
This consequence of the independent action model 1e so important that B
1t is essential to determine whether or not.the theory.is substantiated. s
An estimate of the extent of experimentation required to provide tests Bt‘ . N bg@ ;;4
this hypothesis has bheen furnished Aerobiology Branch at their request? v;ui,glf‘ i
CORERE
T8 Berkson, Joseph, Application of the logiatic function to bio;uay. Je A
Am, Stat. Asen., 39(19&&):357-365. - i
. ! o Gad
16. Haley, David O., Op. 81t cit. ' : - ot ‘::“,{
17. Goldberg, L. J., H. M. 8. Waﬂcim, M. 8. Dohvatz, N. A. Sahnm, Studies ‘ \
on the experimental epidemiology of respiratory infectiona IV, Relation= T

ship between dose of mioroorganisms and mbugu.nf, infection or death of . puian
a host, J. Inf. Dis,, 9);(19§h):9.21‘ B |

18. Peto, 8., A dose responase equation for the irvasion of microorganisms,
Biometrics 9(1553)1320~335,

19. Wateon, M. A., Factors affecting the amount of infestion obtained by
aphid transmission of the virus by Hy. III. Fhii. Tran. Roy. Soc.
?26, PP h57'h890

20, Kimball, Allan, The fitting of multi=hit survival ocurves, Biometrics 9
(1953)1201-211,

21, Yule, G. Udny, On the distribution of deaths with age when causes of death
act cumulatively and similar frequency distributiona., J. Roy. 8tat. Soc.
73(1910)126-38.

22, Chernoff, Herman and Fred Andrews, A large sample bioassay design, Tech,
Rpt. No. 17, Applied Mathematics and Statimtics laboratory, Stanford Univ.

23. Pﬁ'bo, 89, 220 9_1_.}_0 (ppo 329 ff)
2L, Statistics Branch Job No., 1699, Dosc response equation for microorganisms,

Experimenters Dr. Persichetti and G. Broadwater. 8tatistician SP3 Richard
Lamm, 1955,
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SOME STATISTICAL ASPEOTS OF FATIGUE TEST PLANNING

v. A. Didio
Watertown Arsenal .
" In studying metal fatigue cne is usually mest intervested in the
acounulated damage produced in a part or spedimen that is subjected to
repeated stresses. This. is studied experimentally by subjeoting specimens

to repeated cycles of constant stress or constant doflacticn and cbserving
the number of cycles at which failure occourss . b,  _,.

Tho atress upplied to tho lpecimon may bo,duo to ditforcnt typel of
loads, such as a compreasive on tensile load, bending, torsion, or a com=
bination of such loads; and, even though a constant stress is applied to a
numbexr of like apecimens under as wuniform a set. of conditions as possible,
there is:observed considerable scatter in the mumber of. oycles at failure, -
where failure can be:defined in various wayes . It could be considered as
fracture, or the. experiment . could be .stopped and failure ‘said tc have
oocurred in the .specimen whan some predetermined docrensc 1n utittno-u
is observede ~ .. I .

Scatter is inhorent 4n. the oxporimontll ronulta duo to tho nonhomogenoity
of tho material on-the microssopic and subemicroscopic. scale and localized -
textural differences such as machining and heatetreating effects, The onroful
experimenter tries, insofar as he can, to eliminate the possible causes .of
these variations by standardizing techniques in preparing. upcoimanl. Ho - makes
the specimens from the same bar, or at-least the same heat. He heat treats .
specimens under uniform conditiona. He machines and polishes specimens such
that residual stresses will not he introduced. - In addition, variability due.
to the fatigue mmohine and its loading is reduced as much as possibles ALl .
of these parameters lead to varying life apans for individual lpooimonn. -

88 well as. cauaing fraoturo at -different positions ulons the lpooimonn.

In apito of all ;these preoautions, the life. or one specimen differs
from that of the next such that results of fatigue tests show a much wider
scatter than the results of any othexr meochanical test, IDven if the metal
or alloy were free of all impurities or imperfections, a variability in its
strength values would éxist throughout ita volume, because of ilts orystal
structure, Variability cannot be eliminated and the mcatter inhérent in
fatigue tests ls accepted as & basis for the need of statistioal analysis.
The variation in number of cycles to failure of apparently similar' specimens
subjected to the same level of repeated stress obscures the results of many
fatigue testing programs and makes it necessary to run a relatively large
number of teate in order to obtain the desired information.

Theoretical explanations of the internal proceases in the specimen
which lead to fallure are many and varled, They range from consideration
of atomic dislosation movemsnts to gross slip in individual orystals. Any
attempt at a theoretical explanation of as complex a phenomenon as fatigue
must necessarily appear as an over-simplification of the behavior of real
materials.
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94 Design of Experiments

The results of fatigue tests are usually presented in the form of SN
diagrams or curves; i.e., the stress S is 'plotted vs. the number of cycles N
to failure. Usually these dlagrams are determined by a rather arbitrary

B proceas of curve fitting through a relatively small number of points, which

¥ pepresent résults of -individual fatigue teats performed at several streass

levels. They are obtained as "lines of best fit", in whioh case they are

assused to refer to the average ‘fatigue performdnce of the specimens. ' Such’
presertation 6f the fatigue tests la necesssrily inadequate, adince it nege
lects a very significant aspsot of 'all fatigue data, their scatter. Another

;. deficiency of these S-N diagrams is that they are valid only within the range

of ‘stress amplitude under ‘the repeated. application vf which s specimen

actu&liy,tamlnq-whilofougeintorqstﬁmiyibo-qllqwhvrbg-~ R
vBioauii bf-tho:;iri Eiéi#éi ét th&'ioltﬁorFaﬁd-itn‘oxp&qteduvariation

with the n@plioaaitrnl[{ampmttﬂdc,«rolultd'o&*ftﬁfguq"ttnbcrénn;MOﬁitrdotivod

B 1y presented only.by s Telatién between the ‘streéas; S, ‘the number 'of ‘cyoles;

N, and the probability,.P, that any speaimen subject to N.repetitiona of
_the stress amplitude; 8, 'will actuslly break st or before N cycles (moitality
finotion) or the probability that it will survive this number of oycles

(survivorship function). This can be acoomplirhed with statistical techniques,:

thus making & fuller use of the informatlon present in fatigue results, waile
presenting them in s manner that is more mesningful and acourate. '
T : L e e e TR o

. In-the design-of structures and rachine parts which will be subjeoted
‘to loads and vibratory strecsesy a reasonable safety from fatigue ‘fallures
nust be wnsuredy, indicating a special concern with very amall probabilities
of failure 'or large probabilitles of suivival, : These cannot be found direotly
by experimentation without testing a very large rumber of apeciemns. There=
fore, resulta of fatigue tests ave useful ‘only if oombinmbtions of (8N) can be
predicted. by extrapolation, ‘at which the prohability ¢f survival can be made
as 'close to unity as desired with respect to the speoified factor ‘of safety.
Such extrapolation heyopd the range of the actual experiment, however, requires
an adequate knowledge of the character of (SN) probability surface, and thus
of the statistical distributiono? N for oconstant values of 8, as well as 8
for constant values of N, partioularly in the vioinity of the endurance
1imit where the probability of survival approaches one.

|

T I

We are thus left with finding a mathematical approximationof the
fatigue phenomena as expressed through data collected by oxperimental
studies, If we suppose the existence of an exmct relaticnship between the
1ife of & specimen and the stress to whioh it is subjected, and approximate
it by some mathematical expression, it will be readily found thet even if
the approximation is not very close the number of tests necessary to reveal
the differenca between the exact and approximate relation will be surpris-
ingly large, owing to the wide scatter present in the obaerved fatigue
lives, An improvement of the approximation,either by changing the function
or by inoreasing its number of parameters, will soon bring us to a position
of being unable to decide experimentally whether or not there are any diver-
gences., As a oonsequence, there may exist two or more relationships of
different shapes that satisfactorily represent the data. Therefore, the
only reascnable way to act seems to be to choose a function which most
easily gives answers to posed questions and is still consistent with known
fatigue properties of materials.
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95

A distribution of fatigue life of spoeciuens subJect to a given stress
amplitude that represents the actual dictribution of test results rather
closel, iz obtained by assuming that, in each large group of s,ecimens
tosted at the same stross amplitude and subject to a number of load cycles,

. the specimen that actuslly falls at this number is necessarily the weakest
, apecimon. Hence, the specimens that fall at various numbers, N, of load
eycleo may be consldored as forming a group of the weakest specimens out of
(large) samples of the population tested; to the cnalysis of the distribu~
tion of N in this group, the theory of exireme values might therefore be
ni Tieds The distribution of extreme values can thus be derived from any
re. ooable assumpbtion concerning the distribution of the population from
wileh the oxtremes sre drawn. It muot be noted that the use of the extreme
volue distribution hes its stronpest Justificution in that it is, as fur
us can emplrically be esmtablished, u good approximation to actual test
resulta,

Az in mout experimental investizatlons, the probability functions are

netually determined from the test results. The direct determination of
tho freyuensy distribution would require a much larger numbor of experl=

. nente than can usually he performed., There is also avallable an extremal
probability paper on which o gruphloal indicutlon may be obtained concern-
ing the possibility thiat o varduble has un extreme value diztribution.
This would be shown by a straight line relationship between the vuariable
and a reduced statdsticul variate, similar to the use of normal probability
® L'kp 6348 E

Undor certain assumptious concerning the theoretlcal processes that
produce fatipgue, the fotigue life of the population at a partlculur stress
lovol cun be shown to be logarithmic normal, so that the dlutribution of
log,~ N in the population of specimens cun be expected to be nortal. Uhis
nor%glity of log N wius firat notloed in the rasulta of experimental toasta.
The apooimens that actually breuk at given values of loc;l N are thus the
wenkost specimens in samplos of the normally diastributed %opulaticn of

,'ﬂh fatigue lives,.
! v|
?- In decling with the exuet distribution of extremen, many difficultioen
~$g are encountored in numerically evaluating 1t, coven when the initial dis-
A tributicia is known. Lo ovorcome thiixfbmtaole, agymptotic distributions
S valid for lurpe sunples were derived“¥ . Thewe agymptotle distributlons vary

N depending on the initial digtributlon from which the oxtremes were taken
y anhd whothor or not the varlate boing considered is limited or unlimited

" in the direction of the extrems Ledinp considerced. When the lnitinl dige
™ Lribution 4 of the exponantinl type, no for exuiple the Normal Distribu
'\i: tran, we have the fiirwt equation, whileh is the asymplotic prokability of
'kﬁ tue amdlest value x. y iz o reduced varigte anslopous to the standarilzcd
o variate used din normal distributions. o 10 a me wure of dispersion, and A
:ﬁy i the wode of the divtributlon of x.
[\
i
P
‘;k (I} “Guabel, B. J., "Statistical, Theory of Extrenie Values wmnd Somo Practical
Ve Arplications"s N,B.S. Applied Muth., Serien #33.
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96 Design of Experiments
1) B(x) = exp Eey_]
where

¥y =a(x -4)

(2) P(x) = expf-é{_:__:'_ly}

X ZW A >V,

The function reprosented by the second equation is for the extremes
of smallest values, where k is a measure .of dispersion and variate x now has
a lower limit. This function can alsc be derived from the first equation -
by a logarithmic transformation of the variate and is known as the third
asymptotic probability function.

Before analyzing our survivorship function, we must make assumptions
concerning the existence of an upper or lower limit of ‘the function, which
must be bazed on experimental facts, This will determine our cholce of
analysis, for while we usually are more interested in the endurance limit
of a specimen there is also the problem of whether or not there is a minie’
mun life for this sample, i.e., a certain N at a stress level, S, such that
failure will not occur below this number of cycles., In &tigue tests, the
stress is kept constant and the number of oycles to fallure N noted for each
group of specimens, implying that such an N exists and is greater than zero,
although this may not be true for soft metals. Thus, since our variate N
is limited, we use what is referred to as the third asymptotic probability
function.

Our design of the experiment will also depend on what particular aspect
of fatigue we are interested in-wendurance’ limif, hinimum life, or median .
fatigue life, This will determine the placement of the various numbers of
stress levels that we will usze. The streas levels should be sufficiently
far apart to make the test results significantly different, but near enough
to aliow us to construct a survivorship function. |

In particular, the object of most fatigue programs is the determination
of the endurance limit of a specimen or part, The true endurance limit is
the greatest stress for which the probability of surviving an infinite number
of cycles equals cne, The estimate of the true endurance limit cannot be
checked, since we cannot let the testing machine run for an indefinite number
of cycles, For this raason, it hac besn customary in teating steels to
replace infinity by 10’ cycles andto define enduaance limit as the largest
gtress for which the probability of surviving 10° cycles at this stress is
one, At this stress level, failu.s bacomes indepandent of N-~that is,
the (SN) curves become parallel to the N axis.
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" onaw
bl Estimation of the endurance limit based on a specific interpretation RN
iy of the existing data by using probabilities of survival and statistical }‘$
Lnd . theory. If an analytic expression for S as a function of N could be derived AR
. from physicel considerations, its extrapolation for N =29 would lead to .
€. knowledge of the endurance limit. Since no such expression is known, the
) ;%h endurance limit stress has to be estimated by extrapolation from the proba-
23 bility of survival valid for large values of N. For this purpose, we need
;fﬂ a specific distribution theory. '
a
Theoretical consideratlons such as those which led to the extreme value
Tt distribution can lead us to approximations of the observed physical phenomena. N
) These approximations muut be tested against experimentul results, experi~ -
o mental results which are sufficient and acecurate to enable us to arrive at
&ﬁ some conclusions or to give us indications on how close our spproximation
s stands to reality. Our need now is for verification or alteration of our
. premises by experimentation,
-gi The tool for our estimation of the endurance limit is the probability
s of permanent survival, which is a funotion of etress. This probabllity will
Jﬁ be estimated from the number of specimens that failed and the number that A
) survived at different stress levels. These will be analyzed with the help Lk
- of the assymptotiec theory of smallest values of a non=negative variate and, P
A'i . in turn, will 1eadrgg an estimation of the endurance limit. Available L}v
R probability tables " for the analysis of extreme-value data aid us in e
! determining our parameters and in estimating the endurance limit. kﬂ
i e
\ The probability of permanent survival is usually determined from Wi,
o experiments performed in the following manner:
) A number of specimens is subjected tc a conatant maximum stress during 3§.g
'g an incrseasing number of cycles, N, up to failure. The number of cycles at ’% '
failure, N, is recorded, or if no fgilure occurs the experiment iz stopped FJ
b at a high number, say N = 10' or 10, Specinmens are usually tested first el nd
) at a stress lovel such that either all specimens feil or a small proportion 1555!
;Q survives. This experiment 1s then repeated for & number of different Oy
o stresses. Fronm these results, we can deteruine the probability of survival -ﬂﬂﬂ@.
iﬁ as o function of the variate N for each value of S tested, noting that for lﬂﬁ;f
f: conatant N the probabilily of survival increases as the stress decreases. Z{?f;
\" oy,
§ Theae probabilitics could aluoo be detertiined by subjecting a number "!.!
o of specimens to n fived stre.o, S, and stopping the experi.ent at a pres- }}} :
‘y: deternined number of cycles, noting the proportion of survivers at sach iii
wﬁ stress., This would be repcuted for the same number of cycles at lower ﬂ:ﬁ
O and higher stresues, such that the range of variution of the atress reached S
S from the low stress where 21l apecinicens swrvave up to the hipgh astress where ke
od ' all specimens fail for Lle swmae number of cycles. These results would
-:‘ ceritble ua to detersne the spobabi ity of survival as 1 Cunction of 8 for s
}: constant number of cycles. N, where the stress, S, uow takes on the role "
{: of o slatistical varwte, although 1t 15 constanlt withiin each experiient.
s f?T_-"ProbuBIljty bles for the dnalysic of Lxtrene Value Data'; N.B.S, Nz
! Applaed fhth, Serren g2, [. "
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o8 Design of Experiments

Thus, for a constant value of the probability of survival, there
corresnonds a series conaisting of different numbers, N, as a function
of S, or 8 as a function of N, such that, if N is plotted on the abascissa
and 8 on the ordinate, (SN) curves are cbatined where 8 docreaaeu for ine
oreasing values of N for any constant probability,

These three representations of fatigue data are linked; each one must -
be compatible with the other two, making it unacceptable to use an empiri-
cal relation for one of thése functions if it contradicts the theoretical
properties of the other two funoctions. Also, any conclusion drawn from

‘an ‘alleged discontinuity of an (SN) ourve must be wrong, since there is

no reason to doubt the contlhuity of the survivorahip functions.

In Figure 1 we have a schematic (SN) diagram whore each curve corroa-
ponds- to a-fixed probability of survival. The top ourve. gorresponds to. &
small probability of survivel and, for all combinations of 8§ and N abovo
this curve, failure is practically certain.

The middle curve is for a probability of survival 1l/e = 0/36788, The
S and N values for this curve are called the characteristic stresseéea and
number of cycles to failure, reepectivoly. These values arise when~yu- 0
in Equation ()e : ‘ : :

The lowest curve in Pigure 1 oonaists of 8 and N valuoa. before which
no failure ocours, From this curve we can find our endurarnces at any °
number of cycles, For values of 8 and N below thiu curve, survival is
certain in a prcbability sense.

5 Notice that the (SN) ourves become parallel to the N axie as N approaches
10°. The stresses at this number of cycles are used in estimating our irue
enduranog limit stress, which we have defined as the largest stress for which
the probability of aurviving 10" cycles is one..

Our disciission has centorod about the tail end of the distribution under
study, aince establishment of an endurance limit is important to continued
studies of variables that appear in fatigue teasting; but such information
is no better than the knowledge of its accuracy, This is not only a statis-
tical problem but alsc one of lack of sufficient fatigue data adequate for
statistical interpretation, which shortage ahould be allevinted since its

xiatenoa is now so evident.

There i1s still much research needed on the characteristics and hehavior
of various extreme value distributions. We especially must increase our
knowledge of their behavior for small sample sizes, Also, the optimum number
if specimens that should be tested at any stress level is still a matter
to be decided, due to vur lack of knowledge of the distribution of our
estimation of the parameters.

Knowledge of the parameters, their distribution, the effect of sampling
errors, confidence limitas, etec., are essential before we can start on another
aspect of fatigue testing, which should be the ultinate aim of the study of
fotigue, i.e., the determination of a theory for predicting the behevior of

et el
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Design of Experiments : 99 ???
materials under repeated stress. There are various theories seeking to ex-

. plain fatigue from the viewpoint of englneering principles. These theories
. develop under controlled experimentation and achieve what validity they have
by being statistically significant and physically consistent,

' Succesafui study of such variables as position of failure, effect of
size tad shape, the freqguency of load cycles, temperature=~all are dependent
to various degrees on the determination of the endurance limit,

Here, statistiocs has a two=fold job.,

Jt must aid the design engineer in the design of parts or machines by
giving him a criterion concerning fatigue life or endurance limit on which
to base his analysis,,

Then, it must develop as a tool which will enable the engineer and
metallurgist to better understand the phenomena which is now referred to
by the general term, brittle behavior, and allow him to evaluate the effeota
of introduced variations on metals. -
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THE US: OF A $PECIAL SYSTEMATIC LESIGN o
FOR SURVEILLANCE TESTING \

Robert M. Eilssner
Ballistic Research Laboratories

In testing field artiliery ammunition in order to evaluate its bale
listioc quality, i.e., its exterior and interior ballistic characteristics,
range and veloocity, separate loading ammunition presents us with a dif=-
ferent provlem from that invelved in testing fixed or seml-fixed ammunie
tion. In fixed or semi-fixed artillory ammunition, or any artillery
anminition as that matter, we have what is called & complete rounds This
complete round is composed of & fuze, a projectile, & propellant, and a
primer, all of which are packaged, stored and issued as one unit and can
te loaded into a weapon in one operation. A group of these units with
certain restrictions imposed upon it, e.g., being manufactured under
similar conditions within certein time periods, using only one propellant
lot, using not more than two primer lots and fuze lots, and using empty
projectile lots from only one manufacturer, comprise a complete round lot.
When a sample from this complete round lot is fired in the field, it can
be eald that the measured range and velocity are characteristics of that
one, and I repeat one, complete round lots Thus each complete round lot
ae such in storage has a range and veloclty. However, with separate
loadiny ammunition such is not the caces As might be suspected from the
name, each of the components, namely the shell and the propellant, are
packaged, stored and issued separately and are also loaded into a weapon
separately. Thus, since any propellant lot might be fired with any number
of projectile lote in the field and vice versa, the concept of a measured
range and velocdty for each complete round lot of separate loading ammunie
tien in eborape does not exist. The propellant as a separate item of
ienve hag 1ts characteristie, veloclty, and the shell as a separate item
of iszue has ite characteristic, range,

Now in survelllance testing it it desired that the quality of each
lot in storage, whether it be a lot of fixed ammunition, semi-fixed ammunie
tion, ceparate loading projectile or propellant, be evaluated. To do this,
periodically lots of a piven type of ammunition are campled and fired
in some manner in order that thote characteri:itice range, velocity,
funetioning, cte., which are needed to accertain the quality of a lot may
be obtained. Upon obtaining these characterictilcs, say mean range, standard
deviation in range, mean velocity, standard deviation in velocity, number
of duds, number of low order functlconlngs, etc., & lot may be ai.signed one
of four grades by using a cet of previously established Lot Quality Stand-
ardss Thus, in this manner the quality or grade of the individual lots in
storage may bve evaluated. However, in addition to this 1t 1s also desired
that over-all esgtimates of the round-to-round and lot=to-lot dlespersions
for a particular ammunition type be obitained. Such information is of
great benefit to the using field forces, those people invelved in preparing
firing tablee, and thoee people involved in weaponc syeteme analyses.
With thir brief description reparding survelllance tecting of artillery
ammunition, the problem invelved in tecrting reparate loadimg ammunition
may be clearly escen, that 1s, how can we fire an economical!y fearible
test and stil) get the derired results mentiloned previously?
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104 Design of Experiments

In answering thie question it mst first be realized that it is most
difficult, in fact almost impossible, to control all the extraneous face
tors that may affect a ballictic test. In no way is a ballistic test like

A

)
)

e

a laboratory experiment where most of the factors can be rigidly controlled.

Weather conditions, tube conditione, etcs, once a test has started Just
cannot be controlled. Consequently, in a surveillance test, we must be
gure that we're getting the unblaced estimates of the parameters needed
to grade a lot, i.e., that we're getting estimates that actually reflect
differences in lots and not differences due to methods of test or other
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extraneous factore. We want to be sure that we will not penalize or down-

grade any lot for any other reason then inferior performance.. Fér. these
reasons then it is necessary that we make use of designed experiments
and/or reference lots or standard lots as they are oftén called. In this

. 8% SR

SETEC ) G

way we hope to eliminate or minimize any extraneous factors and to emtimate

the parameters for each lot with equal precieion. Having all this infore

mation, ‘there are two geheral ﬁzthddé”ot‘tost‘ﬁﬁdﬁfcin‘bé'gmﬁ}éiﬁd'iﬁ,orﬂtpl

to get the desired results-~thoee in which test propelling charge lote and
test shell lots are fired in the same program and those in which test pro=
pelling charge lote are fired with reference shell lot (the reference
thells all being loaded to the prescribed standard weight) in one program

and test shell lots are fired with the reference propellant lot in another.

One word here on what ie meant by a'ﬁdférpnpe,ahell lot or & reference
propellant lote A refersnce lot is that 1ot which has been standardized
and fires a known or firing table value when fired under standard condie
tione, i.e., standard meteorclogicul conditions, new gun tube, standard
propellant temperature, etc. Generally extensive firings uiing a number
of different tubes on each of several days have been conducted on these
reforence lots in order that the greatest possitle amount of information
about the lot is available. Now getting back to the methods of test, the
first method, the one in which the test propelling charge lots and the
test shell lote are fired in the same program, is greatly more sconomical,
In fact it involves only about half as much firing es does the second
method, In addition it also more nearly approaches actual field firing
conditions, where & mixture of propelling charge lote and shell lots may

be fired during the same mission although they are not supposed to be fired

in that manner. The s=econd method, however, is a less complicated proce=-

dure and gives ectimates of mean range and/or velocity and standard devia=-
tion of range and/or velocity better sulted for surveillance pwrposes,
iee., groding of the individual lots, It is also the procedure generally
followed in the acceptance tests of the ammunition.

Now that we have given these general descriptions of the two methods,
let us discuss them in more detall. For programs of the first type,
various combinations of the different shell lots and the different charge
lote are made into complete rounds as defined previously. Included among
the different shell lots is the reference shell lot and includcd among the

different propellant or charge lots is the reference propellant lot. These

reference lots enable us to tie in the results from thls test with those
from previous or future tests They serve as a control lot and theoreti-
cally take out any day-to-day or ocoasion-to=occasion effects. Getting

back to the design, two complete rounde from each of the possible combina-
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N Lesign of wxperiments 105

\ tions of charge lots and shell lots--by this I mean each propellant lot is

5 combined with every one of the shell lots and vice versaw--are fired in .

Y paire as a two factor experiment. Diagrammatically the design for, say,

four test lots of shell and four test lots of propellant looks something - T

like this: NG
[y

_,
o

AR T

' 4“._

Refs Lot Lot ot | Lot e
Shell 1 2 3 g ot

) Reference . .
) Lot A |22a, 22b 2, 2 Ta, T 12a, 12b | 17a, 17b
Lot B 18a, 18b | 23a, 23b | 3a, 3b Ba, 8b | 13a, 13b
B Lot C 1lha, b | 19a, 19b | 2La, 2Lb La, Lb 9a, 9
Lot D 10a, 10b | 1lba, 150 |20a, 20b | 25a, 25b | Sa, 5b

B The number shown in the cells refer to the sample round number.
§ For example, samile rounds la and 1b consist of the refesrence shell and y
1 : "~ reference propellant, sample rounds 2a and 2b consist of shell from lot 1 &
By and propellant from lot A, etc. Regarding the order of fire, the first :
group of ten rounds (Nos. la thru Sb) are fired first followed by the ,
Y seoond group of ten rounds (Nos. 6a thru 10b), eto. until all five groups it
I of ten rounds are fired, Within each group of ten rounde, however, the K
; sets of two samples are fired in & random ordere For example, the first fo
; group of ten rounds could t fired ae followst 3a, 3b, 5a, 5b, 2a, 2b, LV”
[y la-, lb’ ha, )-l»bo 3

" At first it was intended to fire the program as a Latin Square. As ;
you oan see, shell lots, propelliant lots, and order of fire would be the |
2 three factors. However, the order of fire for any groups of pairs was f
randomized thus dectroying one of the underlying conditions of the Latin ;
Square design--that each treatment occurs once and only once in each row b
and each colum. This was done in order to preclude any poesibility of
a memory efiect that may come about from an ordered design. To digress
once arain by memory effect 1s meant the effect on lot B due to the fact )
that 1t always follows lot A in the firing sequence. These memory effects, !
which usually invalidate the data for a program, are constant hazards in
any ballistic tect since they may be caused by any number of seemingly
unimportant factore, for example, emall changes in the chemloal composition .
o or web size of the propellant. Two clasulc examples of such memory effecte
. occurred in the 9Omm pun. CUne case occured cduring World War Il and was
) caused by the addition to the propellant of a small amount of potassium .
3 gsulfete which had been added to supprecs flashe. The effect of this small -kf'ﬂ“
: change was that when a sulfated propellant and a non~sulfated propellant N
were fired alternately in a rel-tively new tube the non-sulfated rounds (
H were depressed from the normal by about 20 £f/s in velocity vhereas the AL
! sulfated rounds fired correspondingly highers Since propellants are :
accercod in this manner, i.e., alternately firing the test propellant and
the standard propellant, the accetsment or the charge weight that will e
enatle the propellant to fire the required or service velocity of many e
90mm non-sult'ated propeliant lots was in error Ly about LOf/e due to the
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IS 106 Design of Experiments
oM ]
fact they were assessed against a sulfated reference propeliant. The ' {
:' ; second case occurred during the Korean War and was very similar in nature. o
e It involved a 10% change in the web size of the propellant. The web size _ _ \

' of the test propellants was increased by 10% whereas the web size of the e

';,f;w,, standard propellant was not changed. This too resulted in spproximately N
R & LOf/s error in velocity for the test propellants. In case you're interested :
both situations were remedied quickly by standardizing a new reference

t:, , propellant which had the same physical properties ac the test propellants A
el being produceds - ' . (i
- . : . ‘ B Syt
ol " Now getting back to cur discussion, for programé of the pecond type, - “M(
S the different propellant lots are assembled into complete rounds with the ogflg,&‘
g;? reference shell lot when propellant lois are being tested and the different h
Eogm shell lots are amsembled into complete rounds with the reference propellant
i lot when shell lote are being testeds These complete round lots are then VM
fired in a series of five round grouwps in a manner determined by the nunmber TRRT
O of lote being tested, For example, if three test lots are being tested the M,
i firing sequence would be reference lot, test lot 1, test lot 2, test lot 3, ’1\
"% reference lotj if four tests lote are being tested the firing sequence would e
%3; ] te the same as that above except that four groups of test lots would be . b: ,
SO fired batween the reference groups; if six test lote are belng tested the 3’* o
o firing sequence yould be reference lot, test ldl, test lot 2, test lot 3, g
i, reference lot, test lot L, test lot S, test lot 6, reference lot; etoce O
:;‘\ In each of these cases the sequences would be fired a second time in order
3 :; that ten rounds from each test ldt would be fired.
e In firing each of thesce designs certain other control mechanisms are LM
used in order to minimize any extraneous effects that would bias the results. v
Lo These mechanisms include the use of only one gun tube throughout the prow ' o
o gram, storing the ammunition at a constunt temperature of 700F for spproxi- /$ :
§ mately 2L hours prior to firing, firing conditioning rounds of the same
¥ type and composition as the test rounds before any of the test rounds are N
2 fired in order to get the gun tube in the proper frame of mind so to speak, AN
) using the same lot of fuzes and the same lot of primers throughout the Kuailng
Ao 4 program, and firing any one phase of the program on one day without cessa- S
“T.é: tion or any undue delay. ol
y \ ) :"‘ ¥
b 'C With this deseription of the practices and procedures inwlved in the F‘h 1
! ballistic testing of ammnition you have become acquainted with two methods Gl
K of testing separate loading ammunition=ethat method which we shall call L
W Method 1 where test charge lots and test shell lots are fired in varioue RSN
}:-\:Z combinatione in the sames program as a two factor experiment and that proe .

ol gram which we shall call Method 2 where the test shell lots are assembled O
R:.0  with the reference propellant lot and fired in one program and the test oty
! propellant lots are assembled with the reference thell lot and fired in v

Lk anothere. The first method better simulates field firing conditlons and is t

_"{;‘ more soconomical whereas the second method is more eaesily accomplished and

;..E, gives results better suited for surveillance purpoees.

'}. In order that we may make a comparison of the two methods of test a

}. progrem hae been fired involving four test lots of MLUAL 155mm Howltzer "

:",,in" =
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Design of Experiments

propelling charges and four te:t lots of HE MLO7 155mm Howitzer shell,

Ten rounds from each of the tect lots were fired in each of the three zones,
III, V, and VII, In firing Method 2, however, only that phase involving

the firing of the test propelling charge lots with the reference shell lot
waes conductede. For this reason then only the characteristic muzzle veloclity
Comparing the results of the two
methods after analyzing the data from each we have the followings:

is considered in making the comparison.

CHARGE III

Method 1

Avge Vel 873.0{/s
Rd=to=Rd Stde Dev. 7.98 £/s
Lot=to-Lot Std. Dev. 6.71 £/8

: CHARGE V

AVB. Vele 1 . B
Rd~to-Nd Stde Dev. Lel? £/8
Lotwto=Lot Std. Dev. 2.87 £/s
CHARGE VII

Avge Vel 18040 . 8
Rd=to=Rd Stds Deve Lel0 £/s
Lot=tomLot Std. Deve 1.11 £/8

In each of the charges it is observed that the average veloclty of the
lots obtained from the first method is larger than the average velocity of
the lots from the eecond methods In fact in each case the average veloclity
obtained using method one is significantly greater. It is likewise observed
that the round=to-round standard deviation in veloclty obtained from the
firest method is greater than that obtained from the second methode In this
case, however, only in Charges IIl and VII is the round-to-round standard
deviation obtained from the first method significsntly greater. In no case
are the lot-to=lot standard deviations significantly different,

Having ohserved these results the question comes to mind why are the
results from the two methods different? Just why should method one give
larger round-to-round diepersions than those of the more commonly used second
method? In an attempt to answer this question we will further analyze the
firet mcbhod since by the nature of its design, ar opposed to the simplicity
of the second method, it more readily lends itself to extensive analysias.
Analy:ing it firet as a two-way clasiification with two observations per
cell it was observed that in all three chargee there was a hiphly signifi-
cant shell and propellant interacticn effect.
since the tect had been designed under the supposition that any such effect
would be negligibles To investigate the oselble causes of this interaction
effect and also yosslbly throw come 1lipht on the diff'erences in the results
for the two meti.ods, we made several correcctions to tho data. Tlhese cor-
rections were made to account for lnown differences between the two methods.
The first correction made wae that for differences in shell weipghtse Ilt's SRR
remembered that in the second method relerence shell all loaded to the pre- E--’éﬁ*':.
seribed standard welpht are used whereas in the first m:thod test shells L

.....
At “

This was rather surprising

107

Meggod 2

0L/

5020 f/a
5.03 £/

1218.5 £/®
L+ 00 f/!
1.65 £/8

184448 £/8
3,02 £/8
2,11 £/8
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108 Design ol Experiments

loaded to various weipghts are used. Thus corrccting each velocity for the
variation of the shell weipht from the standard weight would take out any
effect due to shell welght. Making this correction we found, as expected,
had no aignificant effect, in fact hardly any effect at all, on the results
of the two-way classifications The second sorrection was that for veloeity
trends As more rounds are rired from a tube the velocity level of the tube
usually becomes lower. This is generally more true of high veloeity weapons
and is not considered of too great importance when firing the smaller caliber
howitzers, especially when n iiring only a fifty round group. However, since
we ave interested in investlgating all the possibilities, we estimated the
velocity trend using the analysis of covariance and then removed any tiund
found from the data.  Dolng this reduced the interaction effect in each

case and in some cases mven made it insignificant. Dased on this result
then the velocity trend evidently did cause some of the interaction. Howw
ever, nelther it nor the shell weight correction had any effect on the
round-to-round standard deviation and very little effect on the average
velocity.

Thus in view of thome resulte no light can be shed as to the reasons
for the larger dispersions and higher velocitles of the first method other
than that of the differcnce in the experimental errors in the two test
procedures. Therefore, unless some physical means of evaluating the
magnitude of this difference 1ls obtained, the only way the first method
can be used in order to assign grades to ‘the individual lots without
unnecessarily penalizing them is to have the Lot Quality Standards and
Criteria take into acoount such inoreages and be based upon experimental
data from tests of the first types In this way then the more economical
first method could be used and individual lot grades could still be assigned.

To summarize, having glven you a brief desoription into the difference
betwsen separate loading and fixed and semi=-fixed ammunition and also having
given you the main purposes of surveillance testing, that of grading in-
dividual lots and providing over-all sstimates of dispersion for different
types of ammuniltion, you were made aware of the problem involved in surveil-
lance testing separate loading ammunitione-how to economically and realisti-
cally test separate loading emmunition and stdll get results that may be
used to achleve the purpoces of survelillance testing. To accomplish this,
because of the many extraneous factors that may affect ballistic tests,
the use of designed programs and reference lots had to be used. Two such
kinds of programs were givent program or method one involved firing test
propelling charge lots and test shell lots in the same design, whereas pro~
gram or method two involved firing the test propelling charges lote with
the reference shell in cne phase and the test shell lots with the reference
propellant in the other. Programs of the first type were more economical
and more nearly characterized the manner in which separate loading ammuni-
tlon was fired in the fleld; programs of the second type gave results which
veres better sulted for grading individual lots. The results from a program
comparing the two methods were given. Thesc results showed that programs
of the firet type gave in moct caces sipnificantly larger round-to-round
standard deviatlons and =ipnificantly greater average velocities. No
explanation for these Increarer war found althourh veleoeity trend avpeared
to play a eienificant role with reepect to the interaction. ‘herefore,
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b Loeim of seocadnentbe 109
$%9
‘V':? based on the findings of the special program, it was concluded that the

,t only way in wh’ch the more economical and realistic first method could be
% used in order to aseign grades to the individual lots without unnecessarily
. penalizing them was to have the Lot Quality Standards and Criteria take

G&% into account such increases in experimental error and be based upon experie
% ' mental data from tests of that typee
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A STATISTICAL DESIGN FOR A SURVEILLANCE TEST

Boyd Harshbarger*
Redstone Arsenal and Virginia Polytechnic Institute

T i S

An example may serve to show how the problem of surveillance can be
attacked through statistioal desipgn. We will discuss a portion of a well=-
designed experiment carried out by the Rocket Development Group at the
Redatone Arsenal., The varinble concerning us in this talk is the time to
spontaneous ignition in the sample tested. This was one of several vari-
ables measured in the study. The other variables were strand burning rate
and X-ray diffractometric analysis of oxidizers on the surface of the
sample. A study was made on the sizes of the variances and meana before
and after running cach test, This study served to detect a shift in the
means as well as to measure variability due to the techniques, equipment,
and personnel,

The observations follow the usual linear model,

Tigun "Rt Oyt gt e (wr)yy + (aB)yy + (¥8) g + (avB)y g * €y g

where‘p is the overall mean, o, is the added effect of the i¥ sample,
is the added effect of the 3“ week, 3, is the added effect of the ki
. oﬂvironment. (cw)1 is the added effoot B2 the interaction of the i¥ sample,
, and the jib week, .;. s and the g are random exrrors, 1n2?pendent1y and
normally distrdibuted with zerec miaﬁh and aommon variance o The important
things to observe here are that we are dealing with fixed or nswed elffects,
that »ur model is a linear one and that the model includes a factorial, In
a fuotorial experiment, the offeocts of a number of different factors as
well as thelr independence are investigated simulteneously, In reality
the environments are further mepsrated inte helium and oxygen and each at
two different temperatures., All thia modification dcem t6 the model 1la to
add several terms,

It is easily shown that the least square solution of the linear model
glves estimutes of the various effects and alao provides the basis for an
analysis of variance, This analysis of variance provides a test of aigni-
figance in which one compares the random error with the treatment and
interactlion effecta.

The chemists see the objectives of the experiment as:

(a) To compare the behavier of the busic aamples designated as D and
U over a poriocd of time.

(b) To establish the week=-to-week trend, if it exists.

(¢) To compare the effects of two different teats of environments,
helium and oxygern.

(d) To inveutipate the effects of temperature.

* The author acknowledges the help of Lt. E. L. lombara and the suplying
of the data by Mr. R. L. Rudolph, both of Redstone Arsenal.
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112 ' Design of Experiments
(e) To study the interaction or independence of the main effecta,

The data that were gathered to answer these questions are given in
Table I. :

- The statisticlan attempts to show a mathematical model and analyses
which will enable the chemist to answer his questions oi a probability
basis. In general, this involves the setting up of a number of so-called
null hypotheses, which may or may not be rejected, . '

Table I gives the time in seconds to pponthhﬁéua ignition for the
asamples tested, : o .

TABLE I
Time to Spontanecus Ignition for the Tosted.Samplea

\

‘U D
ENVIRONMENTS . ENVIHONMENTS .
Helium Oxygen Helium  bxygen

e e ne® gt ar® b n® ad
APTER 86,6 k.5 85,9 73.4 | |
ONE 89,9 03,7 86.8 7h.5 88.8 92,8 B86.2 8hy7
WEEK 85.5; 90,0 . 91.0 77.5 94.1 92.2 .9233‘ 83,6

2,1

AFTHR 89,4 88.3 84,3 73.6

w0 805 90. 8006 ?lh“‘ 8905 960‘* u8
0 783 75.4 89.ﬁ 9&.}' 8

g‘i:
ik
&
¥*
g
%
i

90.2
90.2 86,9 83.4 76,2
THREE 8607 9209 8201 67.7 9148 9?03 9000 8408 :'\
WEEKS gg'z 37.8 30.7 70.3 5’2'3 6.5 gg.l gg.o v ‘\
T 5. 52%7. 3242 .&3 ;Z"'E "'"§91.o %5"3 . f:si A i

90.2 81,6 79.7 67.3 A
AFTER 90.5 89.1 77.2 65.5 BV
FOUR 88.1 87.4 78.9 6601 95.5 -91»1 8605 7106 > ‘:':
WEEKS 37.3 ggog 8[2‘_.2 2209 9"'.012' 1.1 8109 z;ct -:.‘
1 9%, Y

X 83"'5 5.2 ZE"? 7 Ez"‘gs. 93.7 91.9 &b, '9'"571.
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s The usual calculations on the data from Table I are now made to give

; the analysis of variance. Under the column, "source of variation," are
shown the several types of variation and opposite these names, under the
column headed "moan square,” are given comparable estimates of these vari=
ations, The guantity opposite "error" under the mean square is an estimate
of random variation. Comparison between the "error!" and the other mean
squares is used to produce a test of significance, Table II gives the

analysis of variance,.

TABLE II

Analysis of Variance of Time to Spontanecus Ignition

Degrees of

Sum of

Source of Variation Freedom Squares Meag Square
U vs D 1 817,20 817,20
Weeks: 3 388,57 129, 52¢
Linear 1 325476 325,76*
Quadratic 1 27.57 27,57
Cubic 1 3525 35.25*
Environments: 3 5116.17 1705439
Temp's 1 504483 504,83
He vs O, 1 364k 445 36k , 45*
o Temp's x He vs 0, 1 966,59 966,89+
v U vs D x Weeks 3 34,53 11,51
h U vs D x Environments 3 58,11 19.37
) Weeks x Environments 9 i, 96 R
Eﬁ Weeks x Temps 3 172,30 57,43
:‘ Weeks x He vs O, 3 256.80 85.60
f Weeks x He ve O, x Temp 3 15.86 5429
:\ U va D x Weeks x Envrs 9 6l , ok 7.22
Et‘ Error 96 534,92 5,57
3 TQTAL 127 7459 .40
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114 Design of Experimente

Means are presented in Tables III, IV, -and V. Table 1l gives some
indicatiop as to the significant trends of these tables and also indicates
wiich treuds can be dismissed as purely random varlation.

Time in weeks seems to affect both samples, U and D, in the same manner.,
The environment, however, shows that they vary from week to week in a _
different manner for the separate conditions a, b, ¢, ‘and d, Temperature .
affects the time to spontaneous ignition differbntly in helium than in air,

The week-to-week variations show a linear trend but not sufficiently
that the remaining variation is nonesignificant. The two samples, U and D,
gave different times to spontanecus conbustion. By looking at the analysis
of variance table, one can see other variations that are significant.

TABLE III

Weeks

I, JII Il IV Avg

U 85.3 83.4 82,7 79.8 B82.8
bveDd

D 89,0 88,3 89.4 85,4 88,0
Avg 8697 8502 8502 8109

TABLE IV

Environments

2 b oo 4 Ar
I 89,0 91.6 88.4 7.7 86.7
1T 88.5 92,5 B83.1 76.8 85.2

-‘L_ . !' 1r"'-nc

Weeks
IIT 89,3 91.0 84,3 76.3 85,2
IV 90,6 88,4 80,8 67,9 81.9
Avg 89}3 9008 84.1 7“07
RS S SR S 1._&x\%uji?wltﬁu;l@ﬁiiJf}f,\;;xi-ﬂifﬁt?;ié;i“;i?lﬁjz5€1§
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§ TABLE V

?_' Environments

p

g‘. "

E a b ¢ d_ Avg

y v 87,9 88.7 82,6 72,0 82,8

. UvsD '

A Avg 89,3 90,8 84,1 74 b

By extending the analysis of Table II, mome revealing facts can be shown

\ as indicated in Table VI,.' '

é TABLE VI

: # Y

h Source d.f. 1Y M8 ~ F

[} .

h

1 ) . .

[ UwvsD 1 817,19 81719 246,710

[y o

k Envirenments 3 511617 1705439 306,174

ﬁ Temp with He 1 37,21 37,2 6,68

) Temp with Oxy 1 134,51 W3h,51 257,54

Gases 1 3644 45 3644, 45 65, 30%#
(Helium vs Oxygen)

: Weeks within a 3 18,68 6.232 1.12

\ Linear 1 12,38 12,38 2,22

Quadratic 1 6.0k 6,04 1,08

Residual 1 .26 .26

E: Weeks within b 3 75,08 25,03 b bger

g Linear 1 50,06 50,06 8.99+*
Quadr-tic 1 232 24,32 Iy, 37
Residual 1 69 69

G
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. TABLE VI (con'd)

p—

Source def, 88 MS F
[ Weeks within o 3 241,87 80.62 1k pen
! ~ Linear 1 185,98 185,98 33439+
R quadratis 1 6494 6494 1,24
y Residual 1 48,95 48,95 8,79%4
g Weeks within d 3 h97.91 . 165,97 29.80**
4 Linear : 1 357,30 357430 Gl 154
l Quadratic 1 113,63 113,63 20, ko**
. _ Residual L 26,98~ 2698 Bl
U va D x Weeks 3 34,53 11,51 2.07
'3 U vs D x Envr 3 58,11 19.27 LTI
¥ ye D x Veek x Bavr 9 649k 7.22
, Error | 96  53hk.92 5:57

Total 127 7459440

In Table VI, the variation is separated so as to show separately the
" variation of weeks in the four different environments. Weeks within envir-

. . onment (a) is not significant, but when heat is applied to produce environ=
: ment (b), ‘a variation between weeks is noted. Weeks within emvironment
R (¢), which is at ambient temperature and in oxygen, ia greater than the

variation between weeks within environment (b) but is still less than the
i variation noted for between weeks within environment (d) which is at the-
. higher tomperaturo. The pattern for this analysis of variance shown in

o Table VI is useful in many factorial experiments.

. The analysis of variance was run on the logarithms of the estimated

variances (s°) caloulated from the within sample variations for both sample
U and sample D, There was no significance noted in either analysis variance
of variances, '

There may be scme objection to considering the mean square with ninety-
six degrees of freedom as an ‘experimentml error in as much as it has many
characteristics of a samplipg error. A more realistic experimental error
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Design of Experiments 117

may be obtained by using the first and second interaction terms. This
error would involve the interaction of weeks, environments, and the second

. order interaction of weeks and environments with the differences between the
samples. It asppears reasonable to assume that the interaction of weeks
and environments with the differences betwezen samples will be a random
variable and thus given an estimate of true error, For Table VI the error
term would be 10,50 with nine degrees of freedom. A chenist is primarily
interested in the types of curves and the estimate of residuwals from these
curves, It can be seen that in the environment with helium, linear and
quadratic trends account for most of the variation. In oxygen there is a
different picture, as no mpecific trend appears and the significant varia=
tion between weeks is accounted for by the results for the last week,
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E? MONTE CARLO AND OFPERATIONAL GAMING IN ORDNANGCE RESEARCH
3%
e L. M. Court

SN Diamond Ordnance Fuze Laboratories

It has been said that the proper role of a meeting chairman i= to
serve the needs of his audience; he should not obtrude on the speakers
or the discuasion but confine himself to listening. Briefly, he is a
sort of program traffic firector. If thim 1a the case, then in submitting
this "poat mortem" comment on what went on at one of the messions, the
writer is sinning against the code of good conduct for chairmen., His
only excuse is the: importance of the torlius to be touched on: Monte
Carlo and Operational Gaming. This and the fact that operational gamirg
is the heart and subatance of the first of the three papars presented
under his chairmenship, and ths fact that Monte Carlo 1# the technique
that resolves the central problem of another paper,

Both Monte Carlo and operational gaming have burgeoried in the sra
since Von Neuman and Morgenstern wrote their classic on the theory of
games and the modern high speed electronic computer became a practical
operating device; indeed, Von Neuman himself, in company with another
mathematioian, Ulam, is responsible for the Monte Carlo idea in its

modern version, as it ls currently being exploited by physicisis and
operations research analyets, although the ancestry of the ides can be
traced back at the very least to the time of Buffon and his celebrated
needle problem. Allowing for the brief decade or so that Monte Carlo
has been pursued, a not inconsiderable literature has grown up about i,
although the bulk of the published material busies itself with actual
examples rather than broad theory. Would-be enthusiasts, who recognise
the power of the method but are otherwime uninitiated, Justly complain
that a satisfactory introduction is hard to come by, The truth is that
Monte Carlo is in its sheerest infancy, and many problems remain to be
resolved; 6.g.;, what is the full gamut of mathematical and physiocal
phenomena that, although not intrinsically stochastic, or at first sight
80, are somehow reducible to this form? We know that Laplace's equation
can be approximated to by & linear diff'erence equation reprementing a -

N random walk problem in which the probability that the particle will move
H& from any grid point to any of the six neighboring grid points is the
kdq same, rendering the equation amenable to the Monte Carlo treatment;
T aleo that Fermi suggented long ago (as measured in "Monte Carlo era"
o time units) that this technique be applied to the wave equation, which
?ﬂ is essentially a modified Laplace equation. But does every differential ,
$§ equation have to be linear if it is to submit to the Monte Carle technique, Ay
;Qﬁ etc.? The question we have posed is a eweeping one. The truth is, once ﬁ{{{{
Y again, that Monte Carlo s wo young that any innovation is to be valued, iﬁ}ﬁ@
t}: even when it is not strictly new but merely "mees" already familiar matterm Lo
) in a fresh light. ,
pn
-g% A great virtue of Monte Carlo, apparent to its innovatore, Von Neuman
e and Ulam, is that it provides a means for subduing complex problems
0N (including some whose formal mathematical solution has been accomplished)
e that perplex us on the practical, application level because if traditlonal
iﬁ; "hand" methods of computation are applied to them, numerical results are
o unconscionably slow in forthcoming. Monte Carlo is thus a scheme for
}'}\1 L W '. PRI ) o \
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120 Decign of Experiments

bringing the enormous power of the electronic computer to bear on problems,
There are other such schemes. A given machine has certain potentialities
for managing problems, these being determined by the avallable schemes for
tlaying out" problems and the engineering of the machine, and by the two
in conjunction. The simpler of theme schemes were probably in the mind of
the machine's derigner when he was diagramming its circuitry, but whenever
a new scheme 1s invented, it may enhance the potentialities of exiasting
machines as well a®= those yet to be constructed. Monte Carle furnishes a
grand strategy [or attacking a certaln species of problems, the processes
bullt into the machine being the tactics for realizing the strategy.
Viewed in this fashion, Monte Carlo is a more generalized form of coding,
more powerful than orthodox computer coding because, in the sequence of
devices leading from a problem's formulation to its practical solution, it
comes earlier, and the "leverage" a device provides is roughly proportional
to its priority of applicatior. .
Another virtue of Monte ( .lo is its abllity to pams in review before
our eyes a vast variety of configurations emanating from a manifold process;
configurations which, because of their diversity and numerousress, would
take us years to experience in the real-life setting of the process. It
is this property of the method that Professor Morse of M.I.T. values so
highly for use in Operations Ressarch., It is the amazing rapidity of the
electronic computer that makes this a practical possibvility.

To summon up the configurations, the proceas ia analyzed into its
elements, out of which the intrinsic ones, those from which the process
can be reproduced without doing violence to its nature, are singled out
for consideration., As a matter of practical computation, the number of
these intrinsic elements whould not be excemalve, since they Join by
combination to produce the configurations, and we krnow that in the com=
binatorial arithmetlc applying to such situations, numbers mount very
rapidly for small changes in the values of the controlling variables.
Thus even if the number of distinoct "forms" or "manifestations" that
each element can assume is only two and thers are n intrinsic elements,
the resulting number of configurations is already 2" (already 102 when
n = 10). Actually, each element is, as a rule, capable of many more
"manifestationa", often a continuous (infinites array of then, and there
is a frequency dlatribution specifying the probabilities wi.h which they
are assumed, In the usual case the mode of combination of the intrinesic
elements to form the configurations is interdependent, so that these
univariate distributions (strictly, their random variables) are not
statistically independent, but conditional probability is always
troublesome to work with, and as & practical measure we can overlook this
dependence if it is rot too large.

The procedure is then as follows: for each elament we use an inde=
pendent game of chance (a table of random numbera, if you will) based on
the elament's underlying distribution to plok the particular "manifestation"
that is revealed at the moment, the different simultaneous "manifesiations®
being combined to give a particular configuration. By continuing to "spin"
our roulette whesl or game of chance, the great vaeriety of configurations
will sooner or later come up, and this with the same relative frequercies
that they would be renerated by the process in real life. (Subject, of
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course, to the approximations we have allowed -~ the substitution of a
. small number of intrinsic elements for the totality and independent
a o distributions for interdependent ones.,) In practice we are embarrassed

-~ by the richness of configurations thrown up and an electronic computer
- is required to keep track of them. If some mode or average of the cone-
] figurations is required, the computer can obtain it for us while

I "auditing" them, : .

'The orgfing of operational gaming are distinoct from those of Monte
Carlo, Traditionally our military establishments, the Army and the Navy,

have conducted war games. not only to train.their personnel in the handling

of equipment and their own persons under circumstances more nearly resembling
the conditions encountered in combat, but aleo to reexamine for the benefit

of the general staff old methods of warfare and test and develop fresh tactics.
It is the method of uasing a "material" model, scaled down several steps

from the phanomenon it is used to represent, to enable the human mind to

work out ideas that are too complex for it to retain. The architect uses

1t when he makes a plaster of paris model of the capitol ar museum he is
designing. On a more active level, that of design in motion, a football

coach usea it when he puts his men through their paces in the field, evolving

a new attack formation,

Pl ¥ i~y

i g M el =

- Although the writer did not consciously intent to develop the point,
J thers is conasiderable identity of form and function between the football
; sltuation and the war games of the military. As he sees it, the most -
) important aspect of operational gaming is this introduction of the factor

. of human paychology, particularly as it operates under conditions of stress
b such as oompetition, into a model that otherwise represents & purely
: mechariical or purely natural situation, l.e., a situation in which the
A human element is abment. If we are to rely on simulation devices, under
p which category operational gaming must be insluded, there seems to be no
i other way of lntroducing the human element than by the use of human parti-
olpants. A theory of human behavior, especially in the area bearing heavily
on the problem under study, could be employed in place of active, living -
human beings; but then whatever might be true of other levels, there would
be no simulation on the human level.

The first of the papers on the program that the writer chairmanned
had this property of combining meshanical means with the human element as
provided by living beings. It might he better, in order to bring into
relief the particular interplay of the human and mechanical factors in
this paper ("The Differences in Iixperimental Data® by A, J. Eckles, III),
reproduced elsewhere in these Proceedings, not to talk about it directly
but to give the giat of a telephone conversation the writer had with its
o author.,

e .. -

The problem of measuring the effectiveness of a means of destruction,
which for simpler weapons is reduced to that of calculating a hit proba-
o bility, is an old one, If a new rifle was invented, or & new tyvpe of hullet,
, theclaggical” method to srcertain ite hit probability was to set up a
‘ statlonary mount or screen and have it shot at from a firing line a fived
. distance remnved. The number ~f hits would then determine the hit probability,

)
.
L

»
"
FE—— Loam LIS PRI D R LI P e LY
“u\"‘ s . 4 " CO TR T ) AEANIE WSVt |

R R e N T P A T S SR R e (SRR X . . RPN RN N',"..‘ .'x_",,- e A
f S R R T A el e Lt e e et e et ORI e e e e e T
. . a, - % ) VR N e . ..\- . - . R W Coat, e . e N X B M o
4 \.\‘J‘!"‘\T"n"."u‘- '\A.j:\ ‘n'\‘u‘\ st el &'ﬁ‘d'ﬂ‘..‘l\..'ll’:‘n:\ -\7 A -L.‘,...L (P L N O S ¥ 2\ ol ‘.W
- e e W e @ -
e T T T R T T e = CRaN o8 T LTI IS I MR 8 2 g ) TN M R I
L T T R T TR I T T T e e T oy
LN LAt el R PSR it Rt
AT GO o L s S O B SR Rt A oy
- N . N - N L) " o a 3 o .,
ARG AR SO ST b "-'.J".. .“\.:n - ‘c L Y
N )

e
o

,'Jn 2o
ALY



.
)
e AT e e e e ettt i .
. TR P TR . Wt ..‘. LTuN [ G _.
‘ e taten ’ PRV W A
) 1 ,
T T R .
T PJ‘: v T -
"l " 3 'S KU AN < Ny > ool ! ] N A
, *. Vil . . ) f
» ; NS NIRY] » o M e R | ‘“r _“.
b ) B aj, h-i. "-."n"“ X » "
2 Ot W il 4 ) ey ; RVVA Ty x 2N \
AR N TR e R
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Little or no attention was paid to the circumstance that saveral neighboring
holes in the screen might represent the injury or death of the same soldier,
and the problem of overkilling was thue largely neglected.

A more grievous error, fundamental in character, was to assume that an
estimate of the rifle's damage capabilities under the static, unruffled
conditions of a firing range could be equated to its power to damage on a
battlefield. One could make theoretical allowances for the kaleidoscople
changeability of the hattlefield and the impact on the infantryman's
nerves of the bustle and fire, a sort of theoretical simulation, but might
it not be more acourats to introduct these factors deliberately into the

‘model, to a degree compatible with safety considerations, in the form of

mobile human participants, moving target representallions, etec.? Simple
mechanical factors can continue to be corrected without simulation; e.g.,
one can qualitatively decide that a boat-tail bullet, which was superior to
a flat-base projectile on the testing grounds because of the extra 1000
yards of range it gave, was nevertheless inferior in actual battle where
the variety of obstacles reduces the importance of range, and it is in-
commodious to replace the rifle barrels that are constantly being worn out
by the heavier bullet.

A first approximation, still quite crude, to the realism of the
battlefield, suggested by this line of thought, 1s to substitute irregularly
moving mounts for the stationary ones that are ordinarily used to detemmine
the kill probabilities of simple weapons on a firing range. A target must
enter one's visual field and be "centered" there before it can be fixed
st accurately, and the adjustments that are necessary for a target popping
at one suddenly are altogether different from those demanded by a stationary
target at which one will be firing away for some time. ' o

Eckles and his group at the ORO have been making more realistic
determinations of the effectiveness of a tank, as determined by the training
of its orew, the construction of its guns and turrets, etc., by having it
ride down a trail and face "targets" that show up suddenly and then dart
away, If these "targets" are "anti-tank guns" engaging in this limited
war game according to certain rules, a conception of the effectiveness of a
particular species of tank ageinst anti-tank weapons is obtained. 8Still
more realistically, one can have a tank platoon engage "enemy tanks" and
rinfantry" in a mock battle in the day or at night under given terrain
conditions, the friendly platoon being essigned a =pecific objective to
be taken with the assistance of a given quantity of aerial or artillery
support.

Such simulated tank encounters have been used by others before., What
distinguishes Eckles' efforts is the extreme lengths to which he has gone
to achieve realismj the electronics laboratory at the ORO has wired the
panels representing enemy tanks so that they light up to simulate opening
fire, continue "firing" while they are intact, and burat into flames when
damaged by armor-piercing rounds. One would imagine that the cost of
conducting such an experiment, other than symbolically on an office checker-
board, is excessive, which it would be if one had to stage set it in the
countryside from scratch; but the Army repgularly conducts maneuvers that do
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not differ immensely from this conception as part of its training program,
and as Ecklea points out, if engineers and scientists are willing to enter
into a cooperative relationship with it, they can obtain a massive amount

. of information useful both to themselves and the military at little addi-
tional expense.

The other paper which will be commented on has to do with the applica-
tion of Monte Carlo to compute lethal sreas, "Lethal Area™ is un old
notion in ordnance research; it is that portion of &an "initial™ area in
which an appropriate target will be incapacitated by a weapon system whose
properties are known; the ratio of the two areas gives the probability
that the target will be incapacitated when placed at random in the "initial",
larger area, so that "lethal area™ is properly a probabilitistic rather
than purely analytic concept. This ratio is a kill probability with a
geographic reference, Besldes the area and the location of the weapon -
system in relation to it, there are many other parameters inherent in the
system and the partlcular use to which it is being put at the time, all of
them subject to probability distributions of their own, which determine the
ratio.

We have already seen that the Monte Carlo method is able to evoke the

myriad manifestations (configurations) of a phenomenon hy playing a game
of chance on each of the phenomenon's intrinsic elements. By using a

' table of random numbers to decide which value in its distribution of

' values any one parameter is to assume at a particular time, we can deter-
mine the form that the lethal area takes at the time; the aforementioned
ratio is then determined automatically. We cannot go into the further
details of Dr. Ehrenfsld’s paper, which was classified, "confidential",
since we desire to keep these remarks unclassified, A point in his favor
is that there is provision for estimating the ratio of the lethal to the
"initial" area by means of confidence intervals,




!
4

g
e
'y

- o
~

A
e}

TIen
. 4 R S

[ I
[ty

AR S

e ARt ar£ 4 1

P Sl R

et X

R el
Pl T
Lela e lnl

R e

- A\A'
D

S8OME DIFFERENCES IN EXPERIMENTAL DATA

A. J. BEckles, III
Operations Research Qffice

Perhaps the title of this presentation is somewhat a misnomer. But I
do hope that it is not too misleading. Essentially, T would like to talk
for a few minutes about some of the different types of experiments as I see
them, and the necessarily different techniques of design, analysis and
control which are required., I will not refer to technicalities such as the
choice between a greco-latin square vs. & partial factorial, or whether we
should use non~parametric or parametric techniques of analysis, In essence,
these are vnly the tools of our trade, and should be adapted to the situation
at hand, However, I might imply that the most suitable designs presently
available for military field experimentation are the more simple ones, and
the best techniques of analysis which meet the necessary assumptions (or
lack of assumptiona) in this type work are non-parametric,

I would first like to mention some relevant background material., The
primary purpose of conducting military research is to provide us with data
from which we can predict, with some degree of acouracy (upon which our
lives, and perhaps even our freedom might depend), the outcome of future
combat actions in which a variety of weapons systems are used. Once we
can do this, it ie then a relatively simple matter to select those systems
vhioh give us the highest probability of success,

Now we attempt prediction by a variety of devioue means (short of
actual combat) in which we construct models, extrapolate from performance
characteristics, etc., until we finally reach conclusions and make recommend-
ations as to the relative value of a particular weapons system. '

But here we are faced with a major Aifficulty! Just what sort of
performance data for each weapon system shall we use in our model? It
is quite evident that if our models approach reality then they, too, will
be affected by important changes in performance characteristica for the
various weapons systems, We could, of courme, ascribe a particular set of
desirable characteristics to a new weapons system, and then determine the
effectes that such a system would probably have on the outcome of a particular
type of battle. To a large degree this is done in the better grade Science
Fiction novels, where we carry this extrapolation one step further: (there-

fore becoming more realistic) and ascribe a particular set of characteristics
to our human actors.

To be quite frank, I have been thinking of doing thie as a preliminary
step in the night-fighting program at ORO. But in this case, of course,
I would prefer to dignify the process by giving it a different name than
"Science Fiction"-probably just dropping the word "fiction" would help some.
We could set up a particular battlefield situation in which the action takea
place at night. Then we could examine the outoome of the battles if the
opposing forces were variously equipped for night combat., For example, if
the enemy had IR and we had white light; or the enemy had nothing and we
had far IR imaging equipment; etc. After many machine hours and several
volumes of reports, I could probably conclude that the better the perform-
ance characteristica of our fighting equipment and personnel combination,
the higher would be our chances of winning a battle.
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126 Design of Experiments

But we etill haven't solved the problem of exactly which performance
characteristice we should use in order to obtaln a desired level of per-
formance in the field or in actual combat.
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When a new weapon is in the "drawing board" stage, the designers feel
as though they have at least some idea of the future performance character-
istics., We can say with some assurance, for example, that an automatic
loading device in a tank will provide us with a higher potential oyclic
rate of fire than nanual loading; or that with a suitable rangefinder
system we can obtain range dats accurate enough to hit a man size target at
1,000 yards quite consistantly.

However, I'm proposing here that we can never hope to extrapolate
from drawing board characteristics, manufacturer's specifications or
even "Army Board" or "proving ground" type data and predict the relative
effectiveness of a particular weapon in a combat situation. If we do this,
we must be certain that we acdd the term "fiction" behind our endeavors
in "Science" to avoid misleading our audience. In other words, we have
at best hopelessly limited ourselves to a system of arm-chair philosophy
becauss we choose to ignore the all important interactions between the

so=-called '"human variable" and the weapon, and the higher order inter-
actions between the man-machine weapons system and the conditions under
which the actions take place,

Now I'm sure that it is not necessary to further justify to any of
you the need for realistlic experimental data upon which to base our pre-
dictlons for the future. But the question I'm trying to bring out im:
which of the many types of experimental data should be utilized in order
to answer questions of importance to the Military?

I would like to present one example which will illustrate the nature
of the problems we face. First, consider the selection of a rifle for
combat. We can experimentally measure such factors as rates of fire,
accuracy of the weapon when fired from a machine rest, barrel life, etoc.
These studies would not be what I would call Military field research.
What the military is really interested in ie the over=-all casualty produc-
ing effectiveness of the man-machine system when various types of weapone
are used, For example, the number of target hits (as different from the
number of targets hit) is not a measure of a weaponis performance in the
military situation unless we are willing to equate the killing of one man
ten times with the killing of ten men one time each,

And while such factors as rates of fire and potential accuracy are
undoubtedly related in some presently unknown and undoubtedly non=linear
way to the combat effectiveness of the rifle-man weapons system, the only
manner of actually predicting the effectiveness of such a system is to
conduct a field study in which we use a suitable realistic criterion
measure. And this is, I belleve, at the present time the area of military

research which presents the greatest problemst the development of realistic AR
criterion measures which can be used in the conduct of field experiments. bl

It has often been said that in order to conduct "Field Experiments®, Lﬁfﬁ

the scientist moves his "laboratory" out into the "field" to collect his L.

data. This is perhaps true in the non-military types of field studies o3
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. B such as those currently being conducted in rocket research, lethal radius

T of burst from projectiles, barrel erosion, etc. But when we become in-
volved in military research, which includes the utilization of military -
units with all the concomitant problems of man-machine interactions, -
and the host of differences attributed to the human variable, we must admit

that the problems faced in field research are vastly different from those i
faced in the laboratory.

ro In the laboretory where we examine the relatively simple phenomenon S
oo (such as the fluttering of a relay, the time of projectile flight, growth slodld
of corn, behavior of rate; or the performance of memory), we can afford to i
indulge our whims and use complex experimental designs and their necessary '

ﬁxf techniques of analysis. However, in the area of military field research 5
o where the important protlems are highly complex, we usually find that our Tl
: ;}t requirements are much more efficiently met by quite simple designs, and 3

o even the simpler techniques of data analysis (primarily, of course,
because these simpler techniques ((euch as non-parametric statistics))

&*J require that fewer assumptions be made about the conditions of data ﬁ ;
o collection), S
‘! ’_,‘

;ﬂ} Now I appreciate your being patient with me as I may have wandered !

s around the proverbial barn; but I felt that it was necessary to present

. some of the problems which have forced us to try a relatively new method
U of attacking the problems of military field research. In addition to the
e problems I've mentioned above (i.e.,, adequate control, suitable criterion v
i measures, etc.), we also have the very vractical problems of expense, both X
YR in money and in man-hours and equipment. We just have to face the fact iy
e that 1t is difficult to conduct the large number of field studies which 3
_ are urgently required. (And here I would like to refer you to a talk e
-t tomorrow which will be made by Lt. Col. Clement, which will give many Y
N practical suggestions for urgently needed research.) o

M So in order to find a practical solution for obtaining roalistic DS
o data, we are going to try and develope what we call a working symbiotic
h] relationship between ORO Field Teams and Army Post-cycle training programs. ey
We feel that at the present time there is a large source of data in the ARy
Arny Training Programs which is going to waste simply because we have not o
yet developed sultable systems and techniques of data collection. By KRR
; using such techniques there will be no shortage of experimental subjects, {Qgg
o and our samples can be as large as we wish. The supplies and equipment i
D available are, compared to previous field studies, inexhaustable. The n
NS only "resl" cost to obtain this data is what is required for instrumentation S
S and researcher salaries. -

-/;% What we propose is truly a symbiotic relationship, not a parasitical ;
LN one, for the military gain as much from these techniques as does the t
- research worker, and in most cases even more. Their direct gains are -
: primarily in the form of increased realism in the training program, and RN
the concomitant increase in troop motivations. L

In essence, this technique requires that we superimpose simple ex~-
o perimental designs and data collection techniques over the Army training

haa R S
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programs. Of course, the designs used must be simple to follow in the

. field to minimize the control problems and interference with necessary

b military proceedures. And in order that the resulting data have greater
value, the instrumentation must not detract from the normal operations, but
rather increase the realism where possible,

4

¥ Before spending a few minutes describing one application of this ) 8‘ i
; symbiotic relationship, I would like to discuss some of the differences ey
‘& betwesn duta obtained in this manner and data which might be obtained F %
from the conduoct of a specific experiment, Essentially, we would find
the following differences. o ! '

% 1. Our control is not always what we would like. In many cases we LR
are in the position of astronomers who can 6nly record the events as ' oy
ge’ they happen, but are limited in the manipulations which they can perform.

In other cases safety precautions force us to utilize situations which are

ke unrealistic. o
W 2. In compensation for our lack of rigid controls, however, we are . 4
) sble to utilize contimiing cycles of training, thus increasing our sample !
\" size far beyond what we could expect to demand in a specifically conducted ' ﬁ
- experiment. . - . P !}_. d
" v 3 . y
S 3, We-have time between runs to "Debug" our program, improve our R
:}';ﬂ data collection system, and build our design as we progress. (Though this 3
.l might violate some of our current’ thinking; i.0., that we complete our ex~ R
et perimental design, including the methods of data analysis, prior to the L L
| conduct of the study.) ' - B i
\ T would now like to mpend a few moments in giving you a brief descrip- HU\ ,
Ll tion of how we plan to utilize this technique of "Symblon" in order to k[;'k.f-}ii:'
o5 collect one type of experimental data. t‘j:l'\:-';.\‘.}.
'fc -I‘.;f:l‘..
) Fort Stewart, Georgia, is presently conducting as part of their m ,
e regularly scheduled training program a problem which involved a tank platoon . \
"\‘ in a night attack, using live ammunition. This problem was called the ;-t‘
1 ’j T.2 exercise, Hssentially this was a free-play exercise in which the ;-'\'3,'\;‘.-
(!, platoon leader was assigned the mission of taking his objective by a iy
e night attack, when the objective was defended by enemy tanks and infantry. AU
' In this attack he was supported by a 60-inch searchlight., -The enemy tanks N
4 were represented by the standard 6x6 panel targets, and the enemy infantry m
e by the standard Type E targets. The attacking platoon would be notified WA
f by radio that they were under enemy fire at an appropriate time during ‘ fﬁ‘:j“' |
< their advance, and they would then undertake to fire upon the targets Y
.*“_: until all of their ammunition was expended. "-)';.,\ R
o It was the normal conduct of this T-2 exercise and the close coopera- S—_—
W tion by the officers and men of Fort Stewart which have made it possible XAy
}'.q for the ORO field team to design and conduct the present research project RN
rd in night fighting., On the part of Fort Stewart, they have permitted the Lo
S use of their training program, with the necessary modification, to change e
' the T-2 exercise into a veritable "laboratory-in-the-field." This has, ‘
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of course, required additional effort from both the officers and supporting
personnel, and a willingness to put up with the needs and desires of the
scientist. But in return for these additional burdens, the scientists
from ORO have added realism and meaningfulness to the training program.

For example, the Electronics Laboratory at ORO has designed and supplied

a new type target to simulate the enemy tanks, These targets, rather than
being simple, passive panels, initiate the engagement by simulating open=

ing fire upon the attacking platoon. The targets then continue to "fire"
upon the platoon being tested until they are hit by an AP round (small arms
fire and small fragment hits have no effect)., When finally hit by an AP
round, the newly developed ORO targeta stop firing and burst into flames

to simulate a burning enemy tank.

Throughout this rather realistic engagement, the field team from ORO
is busily collecting and recording appropriate data which will provide a
measure of the platoon's effectiveness in night combat.

Over a period of several months, by testing a number of units equipped
with a variety of night fighting equipment - such as tank mounted fighting
lights, infra-red equipment, pyrotechnicas, etc. = this joint ORO-Fort
Stewart project will not only better prepare these units for night combat,
but also provide us with the answers to a number of questions about our
present capabilities for night operations. Questions sush as the relative
fire effectiveness of armored platoons when equippad with various types
of equipment, hit probabilities, and rates of fire of our tanks under
various types of illumination, etc., will be at least partially answered
by the first phase of Project SYMBION.

In summary, then, I've been making a plea for more data of the type
which is obtained from operationally realistic field experiments, in con-
trast to the type of data obtained in most "laboratory-type* or "proving=-
ground-type™ studies. And I have proposed a possible technique, "SYMBION®,
for obtaining this type of data with minimum expense. In fact, ORO has
designed such & program with the cooperation of the Officers of Fort Stewart,
Guorgia, which will begin this October (1956).




THE APPLICATION OF DESIGN OF EXPERIMENTS AND MODELING
TECHNIQUES TO COMPLEX WEAPONS SYSTEMS

E. Biser and M. Meyerson
8ignal Corps Engineering lLaboratories

1, Purposs. The purpose of this paper is to outline a conceptual plan
and Tramework that was used to establish a Design of Experiments for a

weapons system, Further, the paper will indicate the application of a

model for analyzing the system. '

2, Background. During World War II, it became apparent to antiaircraft
experts gﬁaf, although individual antiairéraft gun batteries wers .
relatively effective against single targets, the defense of a critical
objective, as a whole, against large target ralds, was relatively in-
affective., Consequently, military reguirements were formalated for an
integrated system, wherein all the processes of AA defenss could be
coordinated, resulting in an overall increased system effectiveness.

A system was proposed by the Signal Carps Engineering Laboratories,

Fort Monmouth, New Jersey, approved, developed, constructed, installed
and readied for test. This paper described the processes which were
involved in developing the teat plan, some of the general teosts, and

the final consideration of the efficacy of this complex: system.

Although the system has been completely tested, broken down to basie.
sub-systems and given to other agencies for research and 'development,

it has served this purpose well, and the concepts described herein have
formed the basis for evaluating all other systems of this type, under
Army Signal Corps cognizance, o

3. Discussion.

& Dosign of gggorimantg. Although many definitions exist for this
term, a most appropriate sne for the purpose of this paper might be that
depicted in Figure 1.% . Here the system is shown as & series of
symbols depicting the man-machine combinations and interactions, all
combining to produce a desired objective. The purposs of the axperd ~
mental design, then, is to adequately define the desired objective (or
objectives), test the system to measure that objective, and then to/
determine the contribution of each system block toward the desired
objective.

In the light of the basic objective, we were confronted with the
fact that we had a new system that would obviously be compared with an
existing system prior to the time Army Staff might accept it for standard-
ized issue. Hence, we considered it advisable to analyze and to clurify
the following semantical equations our goal is to measure the improvement
of this newly-proposed Weapons System over existing Antiaircraft Defense
! Systems., The smentence can best be investigated by symbolizing "Improvement"
1L . by (1); "Newly Proposed Weapone System" by (2), and "Existing Systema" by
] (3), as follows: .

-f, ' (1) Improvement: The following relevant questions naturally
-Q: present themselves concerning the concept of improvement:
-.

* Figures appear at end of the article.
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132 Design of Experiments

a) What is meant by improvement?
b) What are its criteria?
¢) What magnitude of improvement is to be discussed and
analyzed?
: dg What is the optimum method of measurement of improvement?
N Who has to be convinced that the method of analysis and )
é especially that the design of experiment has ylelded significant and worth- :
% while results regarding improvement:

%ﬁfﬂ. l.. ovement? Thare are two main
ww“h‘ areas where.improvemon needed ae Iollows:

o : -

@51 & Rational distribution of fire. By this 1s meant

“ﬁ% a firing dootrinc or rationale that optimises minimum damage to the defended

e area, atirition or pnovention of penetrntion by apreading AA fire over the
e, ~entire attacking raid. S
i b, I roved intellizence on air raids, i.0., with
i respect to detection and % ; '8 .16 rational distri-
.\%’ bution of fire is readily given to quantitative evaluation, improved
.@ intelligence, although contributing preatly towards overall system effecw
¢ tivenese, is not easily quantifiable, It should be noted that it may not
W% be possible to evaluate the measure of rational distribution of rire with- .
;@% out taking cogniznnce of 1mproved intelligence on air raids,
s o
i%ﬁ Here, the test designer quantifioe ‘the basic
ponh test objectives, for which all following concepts and the actual tests
e will be designed. ,
e . 2, What is to be the criterion or oriteria of Improve-
y nent? This is a vital Guestion since earing on

Type of defense index to be quantified. The criterion of improvement may

coneist.of the optimization of defense per dollar spent. This conocept can
be further narrowed down and particularized to the following quantifiable

parameters?

‘,' Y 'a‘

Iéhﬁ a. Least damege to the defended area per dollar spent
o on antiaircraft defense for that area. 1nis indicates that eﬁe alm of

,gﬂ Bullding a defense mystem 1s to prevent damage (i.e. physical, psychological,
f§ﬁ productive, et al) to a defended area above a predetermined minimum. Here
;b damage is the independent variable and is established at a value above which
ﬁ}ﬁ the war potential of the area is meriocusly or complstely hampered.

2%

o b. Maximum damage to enemy raiders per dollar spent
'£§ on antiairoraft defense, This stresses that the objective of bullding &

3 efense system ls nsure a predicted maximum attrition (i.e. the loss

,ﬁf, to the enemy of his attacking aireraft and consequent destructive

:\u% potential) for a given area. Here attrition is the independent variable

7REE and is established at a value above which a certain number of potentially

B destructive enemy aircraft would elude the defenses.
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y ¢, lowest probability of penetration by ene
’ raiders into the defended area per dollar spent on antiaircraft delense.
This states that the goal of building a defense system 1s Lo insure the
prevention of a certaln percentage of enemy penetration to a defended
area, Here prevention of penetration im the independent variable and
is established at a value below which & certain number of potentially
destructive enemy aircraft would penetrate the defenses.

xS

|

Here the designer offers some food for thought
for which the objective may be measured.

3. Magnitude o§ %gprovomenta It is necessary to aseign
a measure-number to the concept ol improvement, since this number will
tend to give a decisive indication of the efficacy of this integrated
defense system. It is estimated that the following magnitudes of improve-
ment of the newly-proposed system over existing systems might be expected:

a. For low kill probability weapons in the system

subjected to saturated types of raids, a amall improvement might be
expected with respect to the three parameters mentioned above, since even
coordination of low kill-probability weapons does not materially inorease
their overall effectiveness (determined by allied studies). The contribu~
tion towards this overall improvement is due to rational diatribution of
fire, as well as to lmproved intelligence on air raids,

In the came of these low kill probability
weapons, however, because of their low kill probability, improved air raid
intelligence, though not rigorously quantifiable, appears to contribute
most to overall improvement with respect Lo the aforementioned three
parameters, In the light of these considerations, it would appear that
experimental research could better be concentrated on improvement of

intelligence, and analytical research pursued in the area of rational
distribution of fire for these weapons.

Here the designer actually éecommenda where
tests and analysis could best be utilized for maximum economy.

b. For other weapons, becaume of their higher kill
probability, it ia antlcipated that a greater improvement with respect
to the aforementioned parameteras could be attained. In this case, for
reasons alluded to previously, it would appear that exverimental and
x analytical research should be equally apportioned with respect to rational
distribution of fire and improved intelligence.

Here, again, the designer indicates the type
of effort to be expended, but for different weapons.

% Optimum Method of Measurement: The consideration of
optimum (but practlical] methods of measurements and comparimon of the
newly-proposed system with existing system= entail the following two modes
of comparison:
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a. Comparison on a similated basis, with only the (it

output (i.e., weapon battery firing) being simulated. This means that NI
air-craft will actually be flying and effective kills calculated ona Ca{#ﬂ
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Y
Il

elmlated weapon bnttéry riring baaio. | .

b, OComparison of- syateme by simulating both the
input (Thrget Simulator) with airoraft not flying, and output, (AADECAR- -
Antiaircoraft Defense Effectiveness Gomputer and Recordor) with weapon
batteries not firing.

Here the deaiznor specifiea the nnturo of the
test und evgn aomo or ths mnjor bast nquipment to bo uaed

R Fersbnnel Intereatad in Anal sis' and Flndin 8t
2l  Three dirteront pr mary agencles and : -
- - results. or tho annlyeiu And the rindingu of thd okperimdntal designa

L n. Ar Antiuirornrt Command, - ‘the ultimate user of-
the: oQuipment, is intereated from'the atnndpoint of operability, reliability,
and overall effootivnnese, a8 a taetictl woapons ayatom. '

Co b, Oontinontal Armv Command, An the experimontal '
arm of the Armw for systems of thie type, is doncerned with the verification ‘
of operational concepts set forth in the military characteristics, as well «
as with operability lh& reliability.

.3ignal Corpe, as‘the tochnioal sorvioo, 19 ¢on«
cerned with obtaining ?bchnioal data or all significant factors whieh' '
affect the ovorull syotem doaign. .

Hero the deuitner has indicltud that tho rintl
test rcnulta must be in such a form as to be readlly understandable 6 -
different agencism, with different interests, all of whom will draw
conclusions regarding the uyatom orfioaoy.

(2) The Newly Proposed S8ystem. Since the system is not a static
model, it is worth noting that a description of that system falls Into
two categories as follows:

(a) The present installation consists basically of detection,

identification, data processing, tactical evaluation, assignment, acquisition, Pﬁﬁﬂ
tracking and engagement functions, with interconnecting communiocations i{i\@
(further detuils will not be revealed here because of the classification (Qx%ﬁ
of the information, and since it is not partioularly germane to thims i¢§¥1

discussion). C I

Here the designer actually desoribed the system, so that
the eatablishment of the mathemal ical model, and the ultimate conclusions
’ regarding the contribution of each of the major system blocks will have
the same meaning.
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VN, R
N (b) A short term improvement version of the present instal-~ St
ey lation with improved technical, tactical and operatinnal facilities (again AN
Ny no further details are necessary here). Y
i Here, again, the designer recognizes the logical progression
~fly . to a slightly improved model which will aleo be covered by thies evaluation.
i?ﬁé (3) Existing Systems: The existing system is used as a reference
N system with respect %3 which improvements are to be measured. This system
! is then defined (not in this paper) in the same manner as was the newly
e proposed system.
“}{ With the foregoing clearly established, the designer would
'gf' then focus attention on some of the cruclal factors that are likely to
s affect system effectiveness, Some of the following factors, singly and

severally, were considered as follows:
;i‘ Broad Factors?
. (f“".:“,

Q? Performunce of man-machine system suhjected to saturated types

W of raids,

n Performance of man=machines under conditions of jamming and clutter.
el Performance of data processing equipment in response to diverse

‘&f} . &nd complex ocourses.

he Capability of human operator to perform assigned taske under adverse
X conditions of complex and saturated raids.

r.] !
T
' Detailed Factorss
\]
f;i, Rate of entry of targets.
oy Reliability and resolution of identification sets in the system.
O Effeot of radar resclution at ranges of primery interest on the
el operation of the system.
) Resolution and readability of displays and boards,
‘ Effect of battery acquisition time on system effectiveness,
a.‘-"y}
J3§ Having thus established the conceptual framework for the test, the .
o next step was to model the system mso that it might best by &nalyzed. “a
A“'\_l Y ; ) ]
%%g o. The Modeling Approach. o
o Although no stranger to science, no term is more frequently used Ny
P in ocurrent llterature on operations research than that of model. Indeed, REA
L the concept of model has come to connote the hallmark and canon of scientifio %ﬁ*@‘
s method and intelligibility. Scientists have given substance to the ideas PR
y ﬁ embodied in their theories by meanms of mental pictures or phyeical modelo, ~ :
Ny such as models of ships, railroads and sirplanes (to study flight character- R
T istics), Just to mention a few static models. }};L'
] u".. . '-‘r\' Wil
idk The questions naturally ariret! what is a mathematlcal model, and lﬁﬁé,
Z;i how is it helpful in deacribing the functiona of a large mcale man-machine ‘{"*
' ke
o s
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eystem? what is it purported to do? what are its constitutive elements?
how is 1t constructed, etc.?

One word eingularly expresses the moat essential meaning and
significance of modelsit is the term bols A symbol is a representation

of an event. This term, then, is the key to the following compac ' \{"f;
deTinition of & mathematical model. A mathematical model is a symbolic ok
representation of & system (the domain of pheromena under Tnvestigation). NG

(1) Weapon System:

Before analyzing the structure of a model, let us pause
briefly to review the peculiar nature of a weapon system. A weapon
system is an organization of men and equipment designed for operation snd
use against a class of entities known as targets. In order to oarry out
1ts overall funotion, it must also carry out: many complex subfunctions. P
The function of the system can be funotionally subdivided into many ooy

different activities, depending upon the kind and types of aotivity to i
be carried out. BEach functional activity requires certain quantitative R
inputs to be converted by this functional activity into another quantity ‘Q?n{
called output. ' j‘
: A Weapon System, for instance, consists of observation units, . :fq'
information processing units, and action units. It contalns communication , ygéﬁ
Teollitles to handle classes of information such as weapon information, s
target information, etc. , #%?“
ok

The concept of Model is predicated on the asesumption that it é’ﬁr

is porsible to abatract, from a complex system, certain persistent and

dimscernible relationshipe and to mathematize and quantify these relations E Ny
with a view of desoribing the behavior of the system. The iritial etages '%}Q
of modeling consist of devising concepts that desoribe the purpose, %-yi
functions, operations, pertinent parameters or state variables, all of [;T:

which go toward erecting the frame of reference for the mathematioal
model to be operative. This was accomplished in the earller portion of
this psper. The goal is to construct a model mo that, by studying its
characteristics, it will be possible to deduce the state of the system
(the output of the uystem) under varying conditions (rald configurations).

(2) The Objectivet

The main objective is to construct a theoretical-experimental

model, hereafter to be referred to as a mathematical model for evaluating
the efficacy of the weapon system and to evolve intrinsic and comparative
oriteria and measures of effectiveness. The aim of the model is to establish
& theoretical-experimental structure within which the large scale man~
machine system is to be evaluated with respect fo certain predetermined

Lo criteria of effectivenems, such as maximum defense, maximum attrition,
o etc, The point of departure is that the best way of describing and
(ot evaluating the large scale system is to construct a model involving

' quantifiable parameters to predict the dependence and variation of each
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Design of Experiments 137

pertinent parameter on each functional activity of the system. The model
should exhibit how the various functions of the system, such as detection,
identification, data processing, tactical evaluation, assignment to

' weapons, acquisition, tracking, engagement and weapon characteristics
affect one another, i.e., how they are interrelated and interconnected.

The model envisaged here is not an aprioristic one,
namely, one totally divorced from test data and superimposed on the system,
without recourse to test data., It is not an axiomatic model so character-
istic of abstract mathematical systems defined implicitly by a set of
axioms without regard to any significance and meaning attributed to the
symbols used, (The significance of the symbols, in an axiomatic model,
is governed solely by the linguistic rules laid down by the axioms.) The
model to be operational in the experimental sense is not to bYe construed
a8 a mathematical scheme, or as an ensemble of apriorli concepts to be
arbitrarily impesed on the operations of the system.

Such concepts untested and not subjected to experimental
control would be sheer intellectual ghosts without operational efficacy
and meaning., It is clear that the importance of test data cannot be
gainsaid. Nor can they be dispensed with in the modeling approach. It
is & realistic system (or a class of structurally similar systems) whose
behavior, output and time response are to be described and predicted by a
theoretical model. The weapon testa (with live and simulated inputs)
will provide date that, when properly reduced, will provide unbiased
statistical estimates of significant parameters. It is these parameters
that are to form the basic structural elements of the model,

The teat data will provide the quantitative empirical

data to fill out the model and to validate the model experimentally., It A
X is the model, through its predictive efficacy, that ims to describe and @%G\g
3 to prgdiot the response of the system to varying inputs (raid configura=- ﬁ}jﬁ;
. tions), el

(The flow chart in Fig., 2 profiles, by block diagram,
. the distinctive, logical, and sequential steps involved in system
¥ modeling.,)

{E (3) The Mathematical Modelt The Weapon System is functionaliy
N divided into the following activities or units:

& Detection, identification, data processing (manual und/or
. automatic), tactical evaluation, emmignment of weapons to target,

acquisition, tracking, firing and ultimate kill. The partitioning of the
overall function of the mystum into these subfunctions was made advisedly

'E consonant with the concept of a weapon-complex as a dynamic or a time-
Wl response gystem, It was natural to undertake measurements of time
' ntervals !EIme delaxa) corresponding to these functional activities.

These time delays are to be described as mathematical functiona of input
parameters, such as range, radar cross sectlon, velocity, ete.
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The model is mtructurally isomorphic to a logical :%;?
;ziggvgirmigewgightﬁzeoﬁtszemi:stﬁgecm%%%ﬁsi::TiSgﬁi:hgaEQEEE?;ioézztic
description of a system has important implications. The conceptual ‘acheme:
input = system = output

can be expressed as followst

output reggonee characteristics of the a¥a ems, ; -
expressad in the Iollowing symbollc equatlont ' b ‘ ' I
. t : N ‘ 0

X5 (8) = 8 () op Xy (t) a ¢

e il

a2
I

B

X
“-‘" 5!1 to - . .
Mfﬁ" this is symbolically analogous to an integral equation,
x{ Xo (%) £ the set of output responases of the system (to be des=
gﬁi oribed subsequently) .
N -
f“ﬁ x1 (¢) 8 the set of inputa to the ayatema. » _ v
R 3 8 (t)  the set of tranafer functions characterizing the system, o0

=

op. £ +the coupling of the inputs to the system.

==

With this in mind, the model is to conuist of the following
structural unlits!

(a) Model Parameters: These consist of elevan (11) functionally
defined time delays In fact, these parameters are probabilit
distributions of the %1me 1n%ervala associated with various functions o
the systems., It iz to be noted that the term "parameters" is not to be
construed as a statistic such as mean, variance, eto., but ams functional _
variables which are in turn to be related to input variables. X

The boundaries of the time intervals, t's, are functionally {‘
defined as followst *

Functional Definition

t1 8 time target entered system time® of the beginning of telling
(detection and identification) the first early warning plot for a
new targel from higher headquarters,
(or the facility simulating it) to
this mystem. Recorded on magnetio -
voloe tape, Ll
!
{
{

o # Buperscripts are explained on
‘ Page ; remaining symbols are
explained on Page .
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Design of Experiments
Functional Definition

ty & time target entered a track-
while=scan computer,
(data proceseing)

t3 3 time when track-while-scan
computer first establishes
a amooth track,
(data processing)

t), ¥ time of first height informa-
tion received by track-while-
scan computer from height=
finding radar.

(data processing)

tg # time target was assigned
to & battor§
(assignment

tg ¥ time target first examined
at battery.
(assignment)

ty = £ time of target designation
to battery tracking radar.
(acquisition)

tg = = time of target lock on by
battery tracking radar.
(tracking)

tg 2 time of fire
(engagement)

St 3&‘&*& &

- output.

time

139

time5 of firet variance in track-
while scan computer IBM output.

1) time® of first x punch for
each target assignment t6 a
track-while~uscan computer,

2) time® of apbeorance'bf white
1light next to channel number at
the left of the Engagcment Statua
Board.

1) time® of height dota on tactical
display and background height report
to confirm that height was not

antersd from early warning infor-

mation,

2) time® of first verisnce in

track-while~scan computer recording
Punch out and background
height report to confirm that
height was not entered from early
warning information.

1) time® of appearance of battery
letter on tactical displly.

2) tim¢50f Hon" signal in battery
recording for the first time for a
target-battery combination.

timol of firat "on" punch for each
target=battery combination.

1 of first "on" punch for each
target-battery combination.

t..ime1 of first "on" punch for each
target-battery combination.

1) time! of first "on" punch for
each target-battery combination.

1., 1.

o
--------

)
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f*i 2) time® of the appearance of red
kv firing light on Engagement. Status
e Board for each target-battery com-

N bination.
oy - o
éﬁﬂ t10 5 time of missile impact timel of first "on" punch for each . t‘ "
ﬁ“% (engagement) - target~battery combination. . AL
o t11 = time of battery "ready" tinel of first "on" punch for each

, "~ for next assignment. target-battery combinaticn.

o (transfer time) : &
yidye . A
' - . ,’l‘ v
L 519 = time the next target is timel of first punch for a target- T

Sl “  designated. battery combination which is &
3%&% (transfer time) preceded by punches in any column b

referring to another combination.

-ﬁ%ﬁ} The superscript 1 and 5 indicate time measurements with one and five

%ﬁ%t seconds acouracy. The time intervals Ty (i = 1 to 11) are accordingly \
#ﬁﬂ defined as follows: ‘ f
b (1) # T3 time of entry of each target into system from early warning L
oot information to time each target is entered into a track-while- -
f;%. scan computer (ty - t,) (detection and identificatdion).

‘&X (2) * Toj time each target 1s entered into a track-while-scan computer to f} y
2N time of first smooth narrow gate tracking (t3 - to) CA
y (data processing). 5

3&%@ (35 * Tq3 time of first smooth narrow gate tracking to time height infor-

i mation is first available from height finder for each target

oy (t = t3), (data processing).

l: B .

f)' (4) % T3 time height information is first available from height finder

N to time target is assigned to a battery for each target and for ,
o any one target, each battery (tg - t)) (tactical evaluation). y
qﬁﬁﬁ (%) Ts; time a target is assigned to a battery to time target is first

Aﬁﬁ; examired on Battery Commander's PPI for each target combination

g battery (t6 = tg) (assignment),

;ﬁxj (6) T63 time target is first examined to time target ias designated to

e tracking radar for each target-battery combination (t7 - tg) o
e, (acquisition). ngEf
AN R
g'ﬁﬁ (7) T;; time target is assigned to tracking radar to time tracking radar oo
T T locks-on target for each target-battery combination (tg - t7) o
-,ti: (acquisitiong. ;%\
;i%i (8) Tg; time tracking radar locks-on target to time mimsile is "fired" E%i;
o for each target-battery combination (tg - tg) (tracking). e
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Design of Experiments 1

(9) T9; time missile is "fired" to time of mimsile ™mpact" on target
for each target-battery combination (t19 = tg) (engagementg.

(10) T90; time of missile "impact"on target to time battery is ready for :
reassignment for each target-battery combination (ty; = t1p) o
(transfer time). k*y.

(11) Ty73 time battery is ready for reassignment to time a new target is f
designated to that battery for each battery and for each new ,
target (t1p - t13) (transfer time),

# Currently the a§ut.m instrumentation does not permit explicit separation
of Ty and Tys If they cannot be separated implicitly, or through a X
minor inetrumentation change, they will be carried in the analysis ae it
Ty + T2. The same applies to T3 and T). i

MODEL PARAMETER INSTRUMEN TA TTON ’
o ),f!

51 a1, 82, Ry 0, n, R, of targets, \
Aiao target number, trackewhile=-scan %

computer number, EW (early warning) volne
and plots.

' Ta ..l’v. 2 Rr, Cy 1y Ra of ta?“t’o
Also AF target number and trackwwhile~scan N
computer number. %

T3 ..&" &ﬂ Rr’ 0,, n, R’ Of “r‘.t’.
Klso AF target nmumber, track-whilewscan . "
computer number, early warning hoi;ht, kg b
track-while-scan output (x, y, h, X, and §) i

), &1, 85, Ry o, n, Ry of targets. e
80 target number, track-while=-scan l

computer number, battery number, order of

assignments to batteries, correlation time A

for each target, track-while-scan computer :ﬁﬁnf

output, Command and Status signals. ':VQ;

TS a}, ap, Ry, ¢, n, Ry of targets,
Also AF target mumber, track-while-scan —
computer number, battery number, whether this fﬁm
1s the lst, 2nd, etc. target handled by a b
given battery, track-while-scan computer et
output, Command and Status signals. &;1”9

Tg, ay, 89y R.. ¢y, ny Ry of targets, 5

so target number, track-whila-scan Iﬁﬁn

computer number, battery number, whether it
thirs is the lst, 2nd, etec. target handled f{
by a given battery, track-while-ascan o

..‘l
-
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o MODEL PARAMETER INSTRUMENTA TION R
h e
3' computer output, any track data by other LR
‘ batteries on target now being assigned to i
. a battery radar during Tg, Command and S 5
& Status signals. B

'% T7 a., a s G, N, B of targets.
iy : KF tirget number, trackdwhilenscan
computur rumber, battery number, whether

o this 1 the lst, 2nd, otec., target handled

j by a given battery, track-while-scan com-
§ puter output, any track data by other

o batteries on target now being assigned to a
" battery radar during T, Command and Status
signals. .

& T 8y, & s Cy n, Ry of targets.

W 8 A}ao iF Eirget numbgr, track-while-scan

$ computer (target) number, battery number,

§ whether this 1s the lst, 2nd, etec. target

handled by a given battery, track-while-scan

computer output, battery track, Command and )
& Status signals. '

‘ T9 ‘l, aa’ Rr, O, n, R of ‘barge‘b!.

Also AF target number, track-while-scen
computer (target) number, battery number,
whether this is the lat, 2nd, etc. target
handled by a given battery, track-while-scan
computer output, battery track,

v ‘ﬁ'jtlm

wtav e lalml Al

b T , a » 65 n, Ry of targets.

10 EF %ﬁrget numb:r, track-while-scan
computer (target# number, battery number,
whether this is the 1lat, 2nd, etc. target
handled by a glven battery, track-while-scan
computer nutput, battery track.

» P o
! . I N S S

11 a;, a5 R, ¢, n, Ry, @ of consecutive
x targe%a hindled by a given battery. Also &
L AF target numbers, track-while-scan computer C oy
0y numbers, battery number, track-while-scan r
) computer output. ;

g where

%, 7 c =
x, 7y h = target position coordinates n = number of targets

aspect to battery R.= range of resolution
aspect to operations center R = glant range of target at
angle between radius vectors initial point of time
from a battery to consecutively interval.

Y handled targets (plan view). L‘ﬂ{

target velocity components concentration tﬁ%
’
r
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Design of Experiments 15

(b) Input Variables: The input variables constitute those RN
characteristics and features of raids that go to determine wholly or in R
part the effectiveness of an AA defense system. The input variables include AN
height, velocity, radar cross=~section, early warning information; resolu-
tion range, path of the target, etc. It is to be noted that the mathema-
tical relation of the input variables to each of the model parameters, the
delay intervals Ty, Tq), is of paramount importance to the creation of the
model.

(¢) 8ystem Configuration Parameters: These include the
number of batteries, thelr location and relative distance among them, and
the number of operating batteries. Although these parameters yprimarily
refer to the geometry of the system, they include weapon characteristice
such as kill probability curves, maximum and minimum giring ranges, etc.

(d) System Logic: The system logic essentially describes
how the system operates on ﬁnput data, what the operators do, how

assignments are made; under what conditions open fire commences, etc.

The system logic thus refers to the operating procedures with respect to
a fixed set of input variables; it contains standard operating procedures,
as well as assipgnment doctrines.

(e) Measures of Effectiveness: These constitute criteria
that give an explicit measure of the extent to which the defense system is
attaining ite main objective, The concept of measure of effectivaness,
in effect, implies that the goal and operations of the system are clearly,
significantly and explicitly stateds In fact the model in its entirety
is built around the measures of effectivensss which, in esmence, define
the goal of the system. These objectives, as defined by the oriteris
of effectiveness, must be self-consistent, since it is impossible o make
consistent fundamentally incongistent goala.

An index is a number, a measure-number, and this number
can hardly be conceived without criteria by which the effectiveness of the
weapon system is to be agsessed. An index is a measure-number indicative
of the effectiveness of the system with respect to predetermined criteria
of effectiveness. A Defense Index is the selected criterion quantified
to measurs the output of the defense system. Thus, there is no index with-
out selected criteria and without operational data (test data), For
example, if maximum attrition (the maximization of the expected number of
targets destroyed) is the criterion ciosen, the system subjected to a given
class of raid, may have an index of 0.3 with respect to this criterion.

It is evaident that the primary objective of a defense
system is to "score" aguinst enemy planes. Hence, it follows that the
statiatical digtribution of planes destroyed by the system would yield all
the information needed to assess the capability and efficacy of the svetem
against enemy targets. Such a distribution will contain the expected
number of targets destroyed (E). the rrobability of non~peretration (P..),
i.es, the probability that all the planes in the raid are destroyed, the
probability that, at mos«t, a enecified number of nlanes survive, etc,
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The nathematical model envisaged cannot be committed exclusively to the

criteria of maximizing P or E, the concepts of maximum defense and

maximam attrition reapec%gvely. In fact, it is desirable to devise a

more general class of criteria, (in view of the advisability of considering

all poseible enemy strategies containing maximum attrition (E) and P, as .
Mimiting® eriteria, Without unduly belaboring the point, it is worth noting

that realistic situations may change to the extent of requiring the

maximization of expected number destroyed and, under varying conditions,

the maximization of P,,, especially if the damage to the defended ares is

catastrophic if one orpsevernl planes penetrate the defenses.

In short, given a kill probability density function, a
damage function of the number of enemy targets penetrating the defended
area, it cannot be stated categorically that damage to the defendsd area
will be minimized by maximizing either E or P,,. In order to minimize
the expected damage to a defended area, the engire distribution of the
number of planes surviving (or destroyed) and not merely P,y or E (T),
the expected number of targets destroyed, needs. to be-auporgmposed on the
appropriate damage functioni. .

To return to the conceptual scheme!
input - system = output _

We can see that equipment, system logic, and system donfigﬁfﬂtion
constitute the system and its operation. The output im given in terms
of the multinomial distribution (P4), the probability that exactly i
targets are destroyed in & raid, 1 = o, ...n, where n is the number of
at‘bnold.ng aircra.ft; Pi? - (PO’ uoPi, ooopn .

Py = Ppp = the probability of non-penetration.,

This distribution, together with the criteria of effectiveness, will
determine the desired output (with respect to the selected criterion).

To summarize: The mathematical model consists of the

(1) model parameters, (2) the input variables, (3) system configurations,
(L) system logic, (5) and measures of effectiveness.

¢. The Monte Carle Technique:

With the multinomial distribution, Py, as the primary output of

o the Model, the question naturally ariases how this distribution is calcu-
T lated., It would indeed be desirable to determine analytically the exact
distribution of the planes destroyed. At thie stage, however, this goal
is well night impossible of attainment. It should be noted that this
Model is a probabilistic one because of the stochasmtic nature of the
- . model parameters and weapon characteristice. The Monte Carlo method is

ax eminently sulted to estimate the distribution, since this method is

y L essentially a sampling experiment making use of large tables of random
numbers. The term "Monte Carlo" is descriptive of a whole claas of

b, .\n._. "
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\.> 4
calrulational techniques called stochastic because of the use of random ibx}

. '\‘-'
numbers. A0

‘ The aim of this technique is to find a stochastic process that
has a distribution corresponding to the physical situation under inves-
tigation. (Strictly speaking, this method cannot yield the entire
distribution.) , .

A high speed digital computer is utilized to implement the
substitution of a stochastic procedure for an analytic model of the system,
What the computer is actually doing is to sample from the exact distribution
in order to estimateé it. The eéxact distribution of the real situation
is approached moré and more closely as more runs are made on the computer
(this is bassd on the law cf large numbers). Representative samples are Er
being followed through their historles to obtain an approximation to the
entire distribution.

At :
P ot D A e
B  58 o 2R ) K

-EE"T}; 2
o el

Fre

=

The computer samples in a randnm manner from each of eleven _
time-delay (Ty) distrivutions: For a given raid donfiguration consisting,
say, of n airoraft, one value of each T, is obtained for each target.

Thus corresponding to target A7, Ty up %o Tq1 are obtained (some T's may
be zerc if the target fails to transit the entire system). .

by 0 T T

A, t+ Ty e ™

A given raid will be rerun between 50 to 100 times, These runs will
produce samples of T; to T. (inclusive), The factorial design consists
of 96 blocks with four rep}ioationa in each block making a total of 38k
data.

The faster the computer program, the larger the sample =ize,

the narrower will be confidence intervales for the estimated distribution
parameters., The sampling distribution is multinomial with the following
parameterst P, Py ..., P, where P; is the probability that exaotly
1 planes are destroyed, n is the number of planes in the raid. A finite
number of raids will be selected to facilitate the correspondence of the
response surface of the system (in terms of kill probabilities) to the
imltidimensional space of input variables,

E, b
=

MEVELTRS .  Soerason

(4) The Nature and Efficacy of the Modol:

PR

-
Pk

This is a stochastic (probabiiistic) model, since distributions
of the model parameters (the time delays) are involved. Corresponding to
a sample of size N, of each Tj, there is a regression equation:

!
*
o

’ﬂ{ Ty « Ty (vy hy Rey ¢y 0, Ry, a)
VTH The parameters v, h, etc. are randomly varied in order to obtain samples.
:23 T,, say, may be given as:
3 Ty = 373 v + 4672 b + 5,734
. f The mean of each Tp is estimated for given values of the parameters.
“s
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Corresponding to each raid sample of size N, there will
result frequencies for P, Py; ..o Pp.  These constitute the response
surface (with the aid of 1nterpolation) of the system, with respect to
a raid of a specific type.

A raid configuration is characterized by the input values
of (v, h, Rg, ¢, n, Ry, a). A set of values, one for each parameter,
(v, h, Rgy, ¢, 1, By, 5 is defined as a rald vector. This is the input
vegtor. '

There are N samples of each input vector and consequently,
at most, N values of P,, P eee for each vector. Thus, there is &
one-to=one mapping from each raid ?R to»ita corresporiding response

surface: ‘ |
Rj "'» (Pi)d
ort (V. h, R', ty n, Rr, G)J -—"?(Pop Pl, ose pn)d
wheres Ry & £ (v, hy Ry, ¢, 0, Ry, ')d

‘The ultimate goal is to find explicit expressicns of the
output response surface (Po, Py .os P,) in terms of specific raid inputs

wheres
' Pi - Pi (V, h’ "1 ¢, nh, R-r, ‘)

The aim is to obtain a regression equation of kill proba-
bilities in terms of height, veloeity, range, number of targets in a raid,
etocs This is possible only if a class of admissible raids is treated as.
one ensenmble.

Lo Summary and Conclusionsi

. The initial design of experiments established the conceptual
framework eround which the model was derived and the test designed., It
stated the test objectives, the test criteria and the generally anticipated
results.

be A stochastic (probabilistic) model of a weapon system wap con-
structed to describe and predict the (time responseg output character-
istics of the mystem for given inputs (raid configurations)., This was
accomplished by partitioning the overall functions of the system into
subfunctions and their corresponding time delays, the model parameters,
end finding mathematical relation of each time delay in terms of input
parameters (the raid characteristics), The model parameters are estimated
by the Monte Carlo method which is cssentially & combination of numerical
analysis and sampling theory.

The model contains a fixed physical system, and assign-
ment procedure, weapon characteristics, and a standard operating procedure.
The primary output of the model 1s the probability distribution of targets
destroyed for a class of admissible raids. This distribution ylelds the

m“ u"ﬂkf‘t l"{? thi'u ’:Hazi.'-‘(" ‘.‘::f.*' "B’i :"l\\f.x Vi \\) ".. RS {:f'\n. AT \3;1'.%,&1'
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probability that exactly i targets out of a rald of n attacking targets
are destroyed for each 1 < n. All possible effectiveness criteria are
expressed in terms of the primary output.

The model contains & flow chart of a computer program
which can be coded for any computing machine, so that, glven the character-
istics of a given raid and an assignment procedure, the corresponding
system response, in terms of kill probability, can be computed.

The model is flexible: as the system configuration para-
meters change, the distributions of the time intervals change accordingly.
It is thue possible to gain insight into ways of improving the systen.

It 1s to be noted that these parameters include kill probability curves.
The model will make it possible to predict the behavior of the system
when one (or several) of the time intervals are incressed or decreased.
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. APPLICATIONS OF SELEJTTNG SAMPLE SIZES FOR F-TESTS
;) 1t, E. L. Rombara
g Redstone /.rsenal
:, ' Often times in rockelry it is necessary to conduct environmental
by tests on newly developed rounds, For example, it is important to investi-
A gate the effects of high humidity on the time required for a certain type
' of rocket to travel 1000 yards, In addition to determining whether or not
Q: high humidity affects the mean time to 1000 yards, it is very important to
0 know how the variance of this time is affected.
k! In the early stages of testing tho desired experiment is a very simple
{ one. A certain number of control rounds (exposed to a standard humidity
§ and a number of treated rounds of the same type (expoaed to high humidity)
k are to be fired,
The foremost problem confronting the engineer is that of determining
& how many rounds he should fire in order to obtain reliable answers, He
Y desires a test that will closely predict behavior of the entire population
1 of rockets, but at tho same time he can afford to test only the absolute
%i . minimum number needed to obtain the required precision of results.
\{ .
f' It will be assumed that samples large enough to compare itwo variances
I are adequate for comparing the two means, | |
¥ A well-known method of determining samplo sigeg for comparing two
. vari:geos with specified a, B, and ratio of of to a% has been developed,
be the true variance of the treated rolinds, &nd let 0% be the true
vari ce of the control rounds, Based on requirements of thé parameter
j in qnontion, it is poss blo gg select & value that is actusally not sccept-
8 agl- r the ratio of such that tha problbility of agoepting H ¢
u a% is B. Let us d%fino his valuo :5 Now if 02 the engineer
i win?u 0 acoept the treated rounds. >oé he wa.nts to r%,joct the
b treated rounds and redesign, Given a and By %ho theory for obtaining sample
sizes is as follows:
‘ The null and alternate hypotheses are
K, L2 2
§ Ho' % < ay
0 ng Oi > dg
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where :i has y ., degrees of freedom, and 32 has v, degrees of freedom. }-\--I..-I:"

Using F-Table, vy, andV, and, hence, n, and n, are found by trial and il
error, Curves havelbeen gbtained for n,"= k n,“by plotting sample size ﬂ!'?
against A< for several values of a and a and s%veral values of k. Where Kol
& and B are not the same, the curves have been constructed with B less n’%
than a. This was done because it is very frequently true in rocketry {%ﬁ?m
that the error of acecepting bad rounds (those having high variance) is tk‘t‘
more costly than the error or rejecting good rounds, Notice that ny iﬁnz ‘ i
will produce a smaller total sample size than any other combination. ;Q;I
e
Two different applications of choosing sample sizes are ﬁ%f.
A
1. Suppose o2 s chosen four times greater than nz. The engineer E,gx
1s willing to let & bs as high as 0,20 but desires B t3 be no higher pl

than 0.05. Also, he would like to fire threes times as meny control rounds
as treated rounds. To do this, he should refer to the curve for n, = 3n,,
a = 0,20, B = 0,05 (n, will always be the nuiber of treated rounds“in this -
type of problem). Th¥n for o%/cS = A2 w J, the ourve gives n, » 12, and

n, = 36, Curves are not yet ivaflable for k = 172, 2, 1/4, akd 4, but
1Enenr interpolation between two curves will suffice for these cases. -

2. In setting up an environmental test, it is desirsd to compare means
by testing for s source of variatlion, of, among the batches of rockets making
up the control rounds, Assuming that a batch consists of m rounds, it is
nscessary to find the number, b, of batches, The analysis of variance will
be of the form

Source d -z M8 B(M8)’ S

Betwesn batches b =1 sg of‘ * mc%
Within batches  b(m - 1) ui of

Total mh - 1

The hypotheses are
og -0

Hl : o% - yaf, Y0
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¥ 18 to be chosen in a manner similar to that by which A? was chosen in
the preceding illustration, Now

n(‘a) i

(s,

in gppréxi;ition for k in the relation n, = kn1 is given by

Kk = !ﬂ!t%?.JLJL.==: m-1

where b » n., . Having found h? and k, and having chosen o and 8, b = ny
can be found:from the curves at the end of this paper..

To give a specific illustration of this type of problem, gupposse. the
engineer chooses o¢ = 20°, That is, v = 2, If, for example, he chooses
m = 4 rockets per Batoh Pthis value is arbitrary), he obtains .

A2 =1+ (4) (2) =9, and k=23, Also, suppose he chooses & = 0,20,
B = 0,01, Then referring to.the curve for n, = 3my, & = 0,20, p = 0.01,
he finds that for A* = 9, b = n, = 8.

_ The reverse procedurs of finding m for a partioular value of b can be
accorplished by trial and error. That is, given specified values of a, 8,
and v, different values.of m can be selected until the desired value of b
is obtained, The curves given here are useful up to values of m = é.
Tables 8.3 and 8.4 in Reference 1 may be used for larger values of m and
saller values of o, ‘

For additional discussion of these two types of problems, along with
operating characteristic curves of the F-test, see Reference 2.
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SE RECOMMENDATIONS FOR THE DESIGN OF EXFERIMENTS
- FOR ESTIMATING QUADRATIC REGRESSION

g Pvt. Faul G, Sanders
;. ‘ Redstone Arsenal

i INTRODUCTION, The following problem is treateds A total of N cbserva-
yg tions, ¥is Yoy ses o Yy Ay be taken at any locations, %y in the range x
4 to xp. The y, are uncorrelated and have common variance V,. The relation

between y and x is
h E(y,) = a + bx, + oxi

where B ( ) stands for the expectation or mean value of the symbol in

s . brackets. It is desired to select valuss of x at which to cbserve y so

- that certain specific questions about the relation, Eq. 1, may be answered

gﬁ as effiociently as possible, Best spacings of the x are given for the

ey following situations:

i:, , 1. Intorpolation. to minimize the maximun ntandarod error of the

= estimate $(x) in the range x; to X

fﬁ ‘ 2, Extrapolation, to minimize the standard error of ?(x ) for some

‘ 'g xO ? xﬂ.

E”i ' 3" Testing HO: ¢ =0,

" The situation demoribed is one frequently encountered by experimen-

fﬂ : ters in engineering or laboratory work. The variable x often represents

f%v pressure or temperature, with limite X and Xy presoribed by equipment

5 restrictions.

_‘) The ectimation of the constants, a, b, and ¢, is made by least

7 squares methods which provide expressions for the standard errors, each a

: ﬁﬁ function of the x's selected, that are needed in answering situations 1, 2,

" and 3, The least squares estimates are denoted by the symbol” .

f: The recommended spacings (set of x's for an experiment) depend upon

‘$§ a result of Garzal which implies, for our problem, that exactly three dis-

i tinot values of x will muffice for any problem like those above. Thus, all

“‘ki : of the best spacings consist of three V&luﬁff xl, Xy and x3, satisfying

., ' X, & %) < Xy< X8 Xy with.nyy n,, and Ny (Zn = N) observations of y at

Jat

P the correaponding values of x, Values of n‘_j will generally not be integers;

- ‘._:'."' . care must be taken in rounding caleulated spacings off to integer values.,
For smal. N, a fine~structure study may be required.

n\h‘l { ™, SI.L-).J-J \_)L-\Lt.\-.l.. ‘ﬂ.'\ u'\. JLﬁ'—\'ﬁ-'\\k'.\'n\‘d.&. :J\ ‘.l‘-.\"-l.!* ’
4. 1.* 4! 1.> A0 \.’ e : ¢ !'“‘
B SR ; Y .._-.‘,'_ - e, . - ‘..:"'\,."‘ Y.‘_:'_.‘r.\fﬂt \ -\l \ \\g'\T
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. 168 Deaign of Experiments

e This result simplifies both the problem of selecting a spacing and the i
;‘A actual calculation of the constants in a given experiment. Denote by ¥ ; the o
arithmetisc mean of the n:j measurements of y and x,. Then it can be shown . ‘!7:'5'
;: that the least squares estimate of Eqe 1 passes through the three po:!.;ta . ?
; (xj, y .‘l)' 3 =1, 2, 3, Thus the least squares estimate can be written in ' l\-fr
_t the Lagrange form \}f :
e A . Eexxex)  _ (xex)x-x,) ’
B y(x) = Txy = x00x, = %) Nk, - X3) T2

;:i , + (X - xL)(x - ::j)_‘f - (2)

(xy = %)) = x50 °3

” which may be written . _
{;;3 Fx) = 3_‘. 1,0, o ¢ Y) e
o : o d=1 ' kr‘?\-l &
%_A with an obvious notdtion. We have at once s

var [F(x)] = v, ,i [r,a]% o (4) .

= ] n J ‘
{ We. now proceed to consider the three problems separately. T
W INTERPOLATION. In this case, we wish to know Eq. 1 as well as pos= RN
a5 sible over the rango-:.L-to in‘ This may be done by finding a spacing which
‘ , minimizes the maximum Var [y(x)]- =V for x4 x< Xge A simple deriva=
j.;: tion of this spacing wa; given by Garza~, Note from Eq. 4 that
“ Var [;(x:j)] = iﬁf vmnx ‘I
e v
{{ ? Then 3
K S Ly (5)
.[' 3 = nd - _;Mx
:, The minimum value of Z 1/n J constrained by an = N is 9/N with
i ny W et
" Hence,

3 - =
ﬁﬂ Pémnv (6) \

N e

N
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Design of Experiments 169
Now if the symmetric spacing x, = x;y X, = (xL + xH)/a, Xy = Xy and

By =ny=ng = N/3 is used, Eq. 5 has a differentiablemaximum at Xy equal
to BVO/N. At both x; and x., Eq. bk is increasing as the end of the inter=
val is approached from within, and Eq, 4 is equal to 3V0/N at the ends,
Therefore, Vﬁax = BVO/N. Henoe the spacing is the desired one since it
produces the equality of Eq. 6. Thus the best spacing for interpolation
is to take N/} observations at each of x, (xL + xn)/a. and X

The problem is solved, but a few comments are in order., An important
objection to the "best" spacing is that it offers ne information about ine
adequacies in the nodel, Eq. 1, Thus we wish to examine the sensitivity of
the best apscing to variations which allow tests of the adequacy of the
quadratic model, Consider the spacings 8. and sa, where X = =1, Xy = 1 are
used for simplicity and Py = nd/N.

1

R 1/8 w1 1/
x4 -1z 0 1/2 o

g p 3./8 1(8 1/8 1/‘8 1{8 1{8 1(8 1{8
2 x W3 w37 oAl Y7 ¥ s/ 1
The ratlo of the standard errors of the two spacings to the standard orror
of the best spacing is shown for several values of x. (Standard
error = JVar | 3(x)] )
x 0 fo.2 o 0.6 o8 Iio
8, 0,93 0,93 0.95 0.7 .05 L1l
sz 0.87 0.87 0.89 0.97 1.20 1.37
It appears that Sl compares quite well with the best spacing, but 82 is
exceedingly weak at the ends, This indicates that for large N the often=
used practice of taking observations an equal distance spart sacrifices

much accuracy at the end points.,
In oconclusion, the recommended procedure is to use a spacing which
will allow detection of inadequacies in the quadratic model but which does

not greatly inorease vmax'

QNI A SO L LR L RS o
q\\.} :bx"‘ }'&mtﬁ\ rL " h..'f'um‘t‘..\\\.ﬁmmi‘ﬂmla .1:\“\‘ X
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!\ h‘\\"- '
EXTRAPOLATION, If the experiment is performed to determine the estimate ﬂ:"w‘ ,
‘?(x for X, outside the interval (xL, xH), the problem is one of extrapola- . tﬁi&;
tion. We' shall assume that x >xn, but tho solution tor X, < Xp.oan be ‘ ~

obtained eaaily from the dolution for Xy D xn. :
A brief justification is given for the reaults. Equation 2 becomes

Yx) = .' )

vhoro
Then

Then nJ' which minimize Eq. 8, are

2 [

The values of x can be mhown to be, again ,
:I * ﬁ g C i
Ml A B Rl "% o 0 Qo)
Thus, . to winimize Eq. 7, nd ia determined from mq. 9 with xd gmn by . 10,
As an example, suppose X ® % w 10, x, Xy » 20, Xy = 15, and

q = 25, Then s

C EEES iye ' e

- - \ 3 - x: ':

. ‘ | .;r

AW A

' nz Ld 00428N - A “ ’.

Dy ‘ 3 ] O 429“ .E:’:

i,;'5§' Then, from Eq. 8 | }{K

: [' :_1 )

% " [y(x >] ) .'-:."«S

T If we want this oqual to, say the variance of a single observation, V,, R —

E:{'\‘-i then N = 49 observations will be required. This number seems quite large .
s\ when it is remembered that the same precision can be attained from X to

&j Xy with just three observations.

::C ﬁﬁ)\“—fﬁ'fﬁﬂ’\g\r ﬁ:&I%\tﬂt’bn ) .mﬁx“ﬂ&xﬁé@&ﬂm SRR




Disign of Experiments 171

In summary, in planning an experiment where extrapolation is unaw
voidable, even the best spacing often requires a large number of ohser-
vationay simple caloulations like thece should be made to determine before-
hand what may be expesocted from proposed extrapolation.

TESTING THE KYPOTHESIS ABOUT oo For large x, Var [7x,)] approaches
its dominant term, Var (c)xu Hence, for large xo, when Var[ y(x ] is
minimized, Var (¢) is also minlmi rede Iwstting x grow large in Eq. 8. we

find

Bl f2al of Q1)

A
This is the spacing that minimizes Var (c); hence it yields the best test
for hypotheses abogz ¢+ The minimum value of Var (33 is

v

Var (3) m =l (22)
NCxy = %7)

SUMMARY, Best spacings have been given for three common situations in

' quadratic regreasion, The upaoings are often different from those commanly

wsed, They depend on obtaining several indopohdont $bqogvationa at thp

sane value of x, Where the cost of an observation is independent of x,

these spacings are minimum cost spacings. More general considerations in

the design of regresalon experiments are found in References 1, 2, and 3,

Reference 4 gives best spacings for estimating straight lines, Reference 5

glves some of these results together with a discussion of rate of subsampling.
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A WIDE BAND TELEMETFRING SYSTEM

R. A. Parkhurst
Diamond Ordnance Fuze Laboratories

In making chaff reflection studies several methods have been employed.
As examples, one method synthesizes chaff by using randomly spaced pins in -
waveguide, Another involves dropping chaff piece by piece in still air,
making reflection measurements and integrating all such data into the
composite signal which would occur if all pieces were dropped simultaneously.

Reflection studies are not only difficult due to the problem of synthe-
aizing chaff acho signals but are also further complicated by the type of
signal being reflected. If a cloud of chaff is in the air and a Pulse radar
beam is swept through it, the echo amplitude and stretching will be one
amount when the beam is aimed directly at the chaff, but when the bean
strikes only the side of the chaff cloud, the stretching and amplitude will
be of a different value,

" In the event that ow is used instead of pulses the reflection will
vary with respect to the position of the chaff in the antenna pattern, or
the rate at which the chaff is passing through the pattern.

To synthesize such conditions in the laboratory is quite diffiecult,
if not impossible, and mathematical analyses bescome so complex that they
produce little mors than very general results,

Two methods are available for obtaining genuine reflections from
chaff. One of these is to use a supersonic sled facility, several of
which are available at test stations throughout the country. In this type
of test a fusze is mounted on a sled which im driven By rocket motors
and reaches speeds up to 2000 feet per mscond. Various targets may be
placed along the side of the track and signals from them will be tele-
metared to the receiving station. For chaff studies, chaff may be dis=-
penued over the track, sither by aireraft or by mortar shell.

W

Boveral oomplications are involved in this type of test. The main
one ig that the fuze must be made insensitive to ground echos. This
requires altering the fuse radiation pattern on the ailde towards the
ground which may cause distortion of the signal either by general
nishaping of the pattern or by producing erroneous signals in the fuze
due to the imperfectiocn of the shielding material used. Multiple
reflections generated between the chaff and the ground may also be
present, and these can also ocreate errors in the data obtained,

The most realistic method of obtaining chaff reflections is to fire
a test vehicle past chaff in the sky. Tests of this nature have been
performed and good results have been obtained, These tests were set up
for a specific purpose; namely, chaff reflections as seen by one type of
fuze, and so the data obtained generally is applicable to only one type of
fuzing. The method used in setting up and performing these tests is quite
similar to a regular missile flight test except that special fuze tele-
metering is employed, and a drone with a chaff dispenser is used.

o v_v
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a2 Figure I is a diagram of a typical arrangement for a chaff test. The '::;.}.‘\\_"
L shaded area is the ocean firing range. The control stations, telemetering o e
g ground stations, and landing fields are located on the land at the right. ) @Jiﬁ
kit The target plane flies the marked course, It's air speed is 310 feet per dii&
%% second and it carries what may bo,oalled 8 standard chaff dispenser. . -
ol , . ﬁ ‘:,
;*;j Me launch aircraft follows a similar course and thus makes a.tail - - g%ff
¥ approach to the target. Ite velocity is up to 660: f£t./sec, and the timing. §¥;z
"N check points ave to assure proper location of the planes. during the test. g;i;
v;“". The plane locations are plotted on radar plotting boards at the control o
* . station, and if either the drone or lauyicher is not at the prescribed’ oy
B2 point at the proper time, corrective directions are given to bring them back

Y on. course, Both planes fly at 8000 feet altitude, and the misesile is

AN luunohod at the point,markod 0 time, about 3,500 ynrdu tromlthn targot.

Wl I A R Y B
QNG

A camera pl;ne rliea 2, 000 reet to. the lott ot the launch aircrurt and
" slightly down and to the renr. This plane carries cameras which are bore-:
b sighted with the planes guns, thus being aimed by the gunsights, Other
' ”Q " oameras take plotures through-the windahiold, and in mome cases hand: hold

%?; cameras are used for extra oovurngo.“

B

$¢“ Te launch aircraft also has several cameras. One has a tol«photo

3€¢ leng for olose up piotures:of the intercept. One is boresighted to the ‘

S\ launcher on the plane and. sees the migsile and target with)rolpoot to that :
a angle, A third covers the operation through the windshield, - ;

When a test is performed, the drone, launcher, camera plane, and other
tent airoralt take off at =30 minutes. A T check is made with the |round
_ stotdon, and a dry run.is made agsinet the target.  The planes are then:’

w repositioned and the test proceeds. Positions and direotion |r6Woallcd'out
ﬂ%- by the radar control station. ' At =i minmute a final posttion oheck is made
i ard if all is weil, all operation personnel are notified.: At -6 ssconds-all

calibration purposes. Cameras are also placed in wing pods on the drones
to obtain more precise intercept data.

R ™ equipment is started in the ground station. At =3 seconds the photo

)‘ plane cameras are atarted and the chaff dispenser in the drone is turned on.
e At =1.5 weconds the launch plane cameras are started and at O time the pilot
R fires the missile. At +15 seconds the photo plane cameras stop and at +25
RY, ssconds the launcher cameras stops A post launch ocheek is made with the
N 3 launsh plane making runs agsinst another drone with a pilot in it for radar
‘
)

: -k;:ﬁ. 2

The physical execution of the test is only part of the entire

Y
-

.

2 e v

;} operation. BSuccess or failure depends on successful operation of airoraft
LY and missile, skillful performance of operating personnel, and proper opera= XA

;“i tion of a rather complex telemetering and recording system, O
w,n’ In order to obtain signale from olouds of chaff, a test vehicle with . ;:'

:3;3 a fuze must be launched and guided through the chaff dispensed by the target 223
t;{ﬁ airoraft. As the missile passes by the chaff and target, any signal . iy
o delivered hy the fuze receiver is fed to the telemeterine system. Thus, e
:;&f on one test, echos from several clouds of chaff and one target are obtained. g;ii
b L ' T end of the articl B
.‘.‘,:t' gures appear at ena o 6 article "I‘
1oy | 3
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\\,‘* A special telemetering system is used which transmits the signols to the 1\‘ :
DN ground statlon. Calculations have shown that frequency components from o
Y do to 100 ke may be present and that the T system should have a bandwidth
wne. as wide as this. Not only must this relatively large bandwidth bs accommow s
£ dated, but the airborne portion of the system must be able to wi. atand i
;';7‘ ) violent vibration. The transmitter, when subjected to vibration equivalent o

to that expected in flight, mast not fail mechanically, and it must not 1 1
) generate spurious noise which could be confused with the desired signals, ) )
o In order to meet these telemetering requirements two approaches were
“s'nﬁu rossible, One, to develop an entire system which fully met the require- ‘)\‘x e
BN ments, was rejected as being too time consuming and expensive. The other .
-;% A was to select and use any commerciully available. equipment which moet nearly {\%
Jzu.!:{ met the needs. - A e : o v 25
. Figure 2 shows a standard multichannel FM-FM telemetering system whieh “
v ,, was investigated for usable components and techrniques., This system consists n
s of a orystal controlled VHF transmitter which is either phase-modulated or AT
“\j frequency-modulated by subcarriers, The transmitter accepts modulation up o 3
o to 100 ke, and the subcarriers have various frequencies ranging from a few RS
e hundred cycles up to 70 ke, Each subcarrier is frequency modulated with a oy
= signal which is to be telemetered. The subcarrier frequencies are chosen ¢
S so that then each is deviated + 15§ from its center frequency, none of the o
| modulation sidebands will interfere with the subcarriers adjacent to it in N
| the spectrum, Also, any harmonics generated by non sinusoidal subcarrier o
A oscillators are filtered out before applying the signal to the transmitter [
in order to avoid interference. ‘ ' v

- . : . - B ;l
'-' The ground station has a VHF receiver which is tuned to the transmitter »53'\ ~
% frequency, The output of this recelver is fed into a bank of filters and N
W disoriminators so that each subcarrier is separated out and fed to a dige E b
;.{ ; oriminator tuned to its own center frequency. The discriminator demodulates I
' the subcarrier, and in thls marnner the information spplied to each subcarrier e
errri is recreated in the ground statiorn. W -r_
ol s
R The center frequency of each suboarrier more or less determines the Q'g; b
Lo bandwidth of the sigral which may be applied to it. (For instance, if a 1
W LO ke subvarrier is deviated * 15%, the modulation frequency allowable for hn
et an index of 5 would be 1,200 oycles. Deviations of greatsr than + 15% would e
o create side bands which would interfere with adjacent suboarrier signals, ]
R and to maintain low signal to noise ratios it is advisable to keep modu- i
e lation indices above 5. Thus, in normal usage the maximum frequency Y 2
s applied to a LO ko subnarrier is 1,200 cycles.) The greatest bandwidth t“:':':c
c" available for a subcarrier ic de to 20 ke. This may be obtained with a R
! 70 ke suboarrier and using a modulation index of 1. T™ie not o ' :
F lowers the signal to noise ratio considerably, but requires modificution DY
\}\4“ of the subcarrier and the subcarrier discriminator. n) x
b el

This maximum of 20 ke was not sufficient for the chatf tests, =0 it ::\‘f.r‘,-.
W was decided to investigate direct modulation of a transmitter. “N
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#;ﬁ A phase modulated crystal controlled transmitter was checked for A
I suitability. In a transmitter tested, a crystal oscillator ran at about Y
- ) 20 mo, and this fraquency was multiplied up to the desired carrier frequenocy ' Pl
: Yy - several multiplying stages. One of the multiplier tuned oircuits was T b
5 tuned by & reactance tube, the reactance of which was varied by the modus i
;{} lating signal. This, in turn produced a phkse lead or lag in that parti- A )
u?k cular stage and thus phase-modulated the carrier at that point. The phass x%—?
Lk modulation was then multiplied along with the carrier until the output at .ﬁJQ
k{ﬂ the desired frequency was obtained with its phase varying proportionally ‘ e
with the modulction signul. P
Wy Lt -
ﬁa In this type of trcnamittor, if a lineuriy riains eignal is Appliod };%%
'MQ* as modulation, the phase will advance continually at a' linear rate. If %@@%
g}k the carrier is observed during this period,’it will be noted 'that ae long Qﬁ )
h%ﬁ as the phase advances, the frequency will be increaped, That is,.'the . hﬁﬁv
. carrier will be some steady valus above its normal unmodulated froquenoy. '
o If this signal is detected in an FM disoriminator or ratio detector, we NIk,
ﬂ%ﬂ will get a constant voltage output. The modulation applied, however, is : W"E
KU & savtooth, or linearly rising signal, so' it is apparent that s phase~ L
g \ modulated signal, when detected by an FM receiver, will bo dirferuntiatad. . RO
\‘% ‘ k\‘
' A further axample. or this would be to apply & sqQuare wave to the . : e
tranamitter, When the input changes from its negative value to its pomi-. oM
tive, the phase of the carrier is shifted by some amount depending on - ‘ -
the wmplitude of the applied signal. As long as the input: voltage T :
remains constant, aa during 1/2 oyele of the square wave, the carrier - - A
remains at ite unmodulated frequency, but advinced or retarded in phase. ' A A
, In this case, a disoriminator or ratio detector would wee the same frequency Lo
o at all times except when the oarrier was shifting from one phase reference N
P! to another, During these shifte, the disoriminator would deliver pulses B
«KJ propertional to the rate of change in phase, Thess pulses are, again, the b‘ N
v derivitive of the spplied modulation eignal, - Figurs 3 shows clearly this - ]
.ﬁj‘ differentiating action between the input and output of a FM tranmmitter with §hni
) square vave modulation applied. In normal FM«FM usage this differentiating - —
action is of little imporiance since the information being conveyed is - et
strictly the individual subcarrier frequencies and not their waveforms. ﬁ&k\
For wideband purposes, namely in the desire to preserve wave forms, this % ﬁg
characteristic is quite a hinderance, thﬁ
R
Figure L shows arother feature of PM transmitters; namely the sloping Ry
fraquency response curve. Since the frequency generated by shifting the O
carrier is what the receiver detects, the slower the phase is shifted, the ) \~§\
lower will be the effective deviation. This, in effect, holds the modulation K#
index constant, which resulte in the characteristic that as the modulation &Iitf
frequency decreases, the amplitude of the detected signal descreases. This . Q'?ﬁ

creates a frequency versus amplitude response which is quite poor when .
compared with that of an FM transmitter. The frequency response below
one ke is generally too low to be useful, and applying larger input voltages
at the lower frequencies results in severe distortion. This diagram shows
. flattening of the response curve above 10 ko which im due to an integrating
7 network across the input. This effectively attenuates the high frequencies,
b thereby reducing the modulation index as the frequency is increamsed. One
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Design of Experiments 177

method for increasing low frequency response is frequency-modulating the

. crystal at low frequencies. The crystal can not be "pulled" very far, but

. dc response has been obtained and a curve as shown by the dotted linc was
achieved, Frequency modulated transmitters of the non-crystal-controlled
type were also tested, In the past, TM squipment manufacturers have
produced many FM transmitters for use in FM~FM T systems. With more and
more tests being conducted sinmultaneously and more and more data on the
air, crystal control to keep nne transmitter from drifting into another's
channel has become a must, and non-cryqtal-controlled transmitters have
fallen into general disuse. .

For wideband use the major drawback in these transmitters, aside from
lack of crystal control, war their lack of rigid construction. In almost
all cases when the transmitters were subjected to vibration such as to be
encountered during the test, noime would be generated in quantities egqual
to or greater than the signal heing telemetered. 8everal transmitters of
this tyre have heen strengthened mechanically and vibration tested, From
a small group of mechanically sound transmitters several test records have
been obtained which have not been bettered by any other transmitter. Figure
5 is a response curve of an FM transmitter. The frequency response of an
FM transmitter is quite good. By modifying the input circuitry, de response
can be obtained in some models. _

' Figure 6 shows that phase-shifting of the modulating signal is quite
low and that pood output wave form fidelity is maintained. The square
wave response of an FM transmitter is shown in this diagram, Thie good
frequency-response and nhase-response also applies to crystal atabilizcd
tranemitters, which are more desirable for both mechanical and stability
reasons,

In a orystal stabilized FM transmitter, an omcillator on the order of
30 me is modulated with a reactance tube, and ita frequency multiplied '
up to VHF region, At the point where the orcillator frequenscy is
doubled, a portion of it le mixed with a signal from a cryntal orcillator,
and the difference frequency is fed to a diseriminator. The output of the
discriminator 1s returned to the modulating reanctance tube and thur tries
to kaeep the difference between the transmitter oscillator and crystal
oscillator at a fixed amount. The output frequency im thereby maintained
fixed at almost crystal acouracy. The degree to which the oacillator
frequency is held constant depends upon the frequency response of the

N correction network from the dineriminator to the reactance tube, If a

L:ﬁ . very long time constant is employed in this feed back loop, it will take
L a relatively long time for the discriminator to shift the oscillator

~;¥ back to ite center frequency after n de step has been applied to the
Mo medulation terminals, With this tyre of system 1t im evident that do

R ' responre can never be achleved, but rerponse down to a few cvelem is

3@ readily attained.

j“‘ : The particular tranmmitter tested war quite insensitive te vibration.
fé} 0f all types checked, i1t had the nnmt desirable characteristics with a

\‘ ¥

minimum of extra work neceassary. This tyne of ftransmitter war selected
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170 Design of Experiments

.t for use in the final T system. One drawback found later was that in the A
:‘C transmitter selected, the tubes were run over rating and thus had a oA
o considerably shortened life., This didn't matter toc much during tests since \ NAR
a flight lasts only a few minutes, but during the hours of ™ calibration )
and checking, at least one transmitter has been run beyond its useful life. T 0

Other factors involving the selection of tranamitters or, for that Efﬁ {

! matter, any item, is the enviromment in which it has to live. An example Ny

by of what can happen is pointed up by a transmitter build ty DOPL and flown N,

e in a 5" rocket. It was not at all ruggedly constructed and when flown, was

ol surrounded by one inch thick foam rubber. This transmitter produced almost

i) noise free records from many rocket firings, yet when tested on a vibration
\ table under conditions expected to be enoountered in our tests, it was not

only extremely nolsy, but rapidly fell apart.

The vibration test given to all tranamitters was ten g's in three
ot ‘planes from 20 cycles to 500 cycles. The output of a receiver tuned to "
R the transmitter frequenoy was observed during the shake test and, with no N
i input, the output was to remain at less than 5% of the output observed with o8y
) & maximun allowable modulation signal, If more than 5% noise was observed, CoR
Qﬁ the transmitter was rejected, ‘ .

After selecting the orystal stabilized FM transmitter, it was necessary ‘
to find suitable ground station equipment. The receiver was by far the ‘
easiest part to choose in setting up the wideband ™ mystem. A standard !
VHF telemetering receiver was checked for frequency response and found .
to be good from a few cycles to 100 ke. In the event that do response is
:vcgtg;lly :Ptginad in a transmitter, the receiver can sasily be modified

o deliver do. .

™ After transmitting the signal to the ground and detecting it, the .
o problem was to record it so that it could be regenerated electirically. W
R From photographic film, this is quite impractical, if not presently v
' impossible.

Wideband tape recorders are made for standard FM=-FM systems and are
available with bandwidths from 200 cycles to 80 or 90 ko, A typical tape
recorder reeponse curve is shown in Figure 7. As video recorders, these
0 machines produce a differentiating action similar to a PM transmitter since
! when a tape is played back, the voltage generated is proportionsl to the
- rate of change of flux on the tape. Figure 8 shows a tape recorder phase
e distortion. There is also a more or less mechanical phase distortion; ' .
o this is produced by the phenomena that as the recording frequency is L
increased, the position of the maximum flux in the recording head gap will '

! move in its relative position, locating itself physically closer to one of N
the poles,

The net result is that although a tupe recorder has fairly good ) }
frequency response, and can be modified to go down to 50 cycles, it has - ,j\g
relatively poor phase fidelity and will distort wave forms with high Py
N harmonic content rather severely. Wy

b ‘\A‘
. - P
[ e e h '..vt'.’-'. RN I

L T R T L L R D 4 S iy T 0
'1\:;. ,‘"-.. \‘ir Lo Q‘J«\-1'.-\‘n*'A.1';.;‘;.&”..%.@@%‘(‘3‘@.}:&‘tﬁ\. A l:‘-mf-&h\ Al ft‘tﬁ.‘\.&:\

s & ® W & “® 0 0 .

N R A P P AT T R
ﬁ\'c : " 1~F,:f:‘::i.:&::E‘f@: {\.’L “ ot g ) o .

o, i 1‘ \

v

n C
W L N », « K L3
A \ I n

E ke & N & ] L Y, X ‘ :
o l\.- ﬁh ﬂ'f'_ll L\h.b".'( 9 ¥ '.’ G“ ‘v- L 1 by _I'n T ¢ 0

3 .‘ . u"'




Design of Experiments 179

{4 There are avallable carrier type recording systems which frequency-

20 modulate a carrier and record this carrier on the tape. This systenm

Y produces a practically flat response from dc to 10 kec. By altering .
. existing units and sacrificing some of the LO db signal to noise ratio, 3
bandwidths up to 20 k¢ can be obtained. S '

[
. recorder designed for televieion use. It has a flat frequency response %
G from 20 cyclss up to L megacycles. This device, using a one Mc carrier 3
system, for instance, could easily record from dc to 100 ke. At the time I
o of our testing, the video recorder was not available, and the previocusly -
5 mentioned carrier system did not have enough bandwidth, so & stardard 2
oy FM-FM system recorder was used. The signals received turned out tc be low ' ?
W in harmonic content, so it was felt that little distortion was present. - %
R Also, the lack of dc response was partially compensated for by recording the Ko P
signal at the receiver directly on film. Thise gave & vimual record of the TRRET
signal down to the low frequency limit of the transmitter. Film records Fh
are also made for visual inspection of signal wave forms, During the test R
the signal from the recelver is photographed on both high ¢peed.and slow - t
speed films. e

)

Y . .
3'% 3 ' A very promising device in.the recording field is a new video

:

[}

Lo x_Y,
o el SR
5

There are problems encountered in attempting this direoct recording. Bt Y
. First of all, if fair resolution of the signal is desired, the film speed ¢ '
must be a minimum of LOO inches per second. For good resolution the speed k
must be greater, approaching 100 feet per second. In this event, to cover [
@ ten-second test, a 1000 ft. camera capacity would be required, and avail- ARG
able Fastax or Eastman high speed cameras hold anly a hundred feet of fiim. Xt
Perhaps with extremely accurate timing, the precige second of encounter : Lo
could be recorded, but no reliable method for starting the camera at the C Y
right moment is available. ' é??\
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A Miller high speed oscillographic recorder is available which records 0y
on photographic paper. This device has a paper speed of LOO inches per T
second and a capacity of 12 seconds running time. Although the speed ia o
lower than that desirable for good visual records, usable records are R T
practically guaranteed with a minimum of timing problems. This machine is ;\ i
presently being modified to run at 800 inches per second, and the film i éﬁ
magazine capacity is being doubled. LR,
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Records are also made on 35 mm. film running at 60 inches per second. b
These films show overall characteristics and existance of signals, but are -

not of too much value for anything else since wave forms cannot be distine ﬁitf
guished, frequencies cannot be measured, and they can not he "played back" ot

electrically. Wl

b = Yy Ay, = R
Nt s -

A of a crystal stubilized FM transmitter which is modulated with the signal
"™ from the fuze receiver. The particular transmitter chosen waes sslected

! for its geod frequency response and freedom from microphonics. The o
3 receiver s a standard TM receiver. The signal is recorded on tape for ey
h~ playvack analyses. It i1s also recorded on high speed film for +visual YRV

Figure 9 shows the entire wide band telemetering system. This consisto L_“"
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AW

»\ waveform analyses and on slow qpeed f:le for visual inspec'oion of general

bl overall envelope structure, Can ‘

‘”,A? L, . i oAt . .
. h Good results have been obtained from aevaral flight teste in which

R, characteristics of chaff echos have been easily discernible from 'airoraft - ‘
3.:' echos, Unfortunately, since these differencms in characteﬂ.atics npply to

W spscific nusea, they cannot be diacunod in thia paper. ,
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BerAmi Blau
Human Engineering Laboratory
Aberdeen Proving Ground, Md.

In choosing a topic for discussion, I sought a subject which I felt
would be of timely interest, relatively clear cut, and generally without
a great deal of controversy about it. Frum a layman'e point of view, the
topic of automation seemed to £ill the bille I was extremely naive in my
choices Fortunately I chose to deliver this presentation in a clinical
gegsion of thisc conferences I do so utilizing that definition of clinical
session which allows the prementation of a problem area with no answers or
solutions requlred from the speaker.

My interest in automation is in the man-machine integration involved
in a complex system. Contrary t¢ the layman's popular conceptica of awtow
mation, which is esutentlally the pushing of & start and stop button in
response to a red or green light, there may be a more intricate relationw
thip involveds With thie thought in mind, I diligently began what I in=
tended to be an intensive literature review.

Much of the published literature ¢n automation 1s corcerned with seman-
ti¢ arpumente of definition, economlips, and the pros and corns of the effects
of elther a benefactor or monster on soclety, depending upen whether manage-
ment or labor war speakings. Only one point of commonality appeared to
exigt, The major portion of the material in the literature began with a
definition. 'he definitlons were varied and not always in total agreement,
As examles, some of the definitions weret

1. Automation meane automatic centrol. (1)

2+ The substitution of mechanleal, pneumatic, hydraulic,‘eleotrical
and electronlic devices for human orpane of declcion and effort.

3+ ‘'he solence and art of manufacturing products with minimum labor,
effort and cost, and maximm efficiency.

s The elimination of repetitive, onerous, dangerour and trivial labor,
mental or physical, from the realm of hunan endeavor.

5¢ The way to a soclety in which lakor is necesrary not for the
physical needs of the body, but for the creative needs of the soul.

In a final definition for purposes of thls discusslion, a distinction is made
between mechanization, which replaces or amplifies miman krawn, and automaw
tion, which supplements the human brain through the inclusion of feedbacks
or self-correcting devices. (3).

Following the establirhed pattern of defining the term, an operational

# After 1F Februaery 1957 the author will be asscciated vith the International
Businecs Machine Corporation (Endicott, New York).
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200 Design of Experiments
definition for purposes of discussion ls proposedt

Automation - the substitution of a mechanical and/or electronic
device in a man-machine system for a function previously
requiring human percéptuel, cogndtive, memory, declsion
miking capabilities or psychomotor responses -

‘This paper's interest in automation is from & man-mahoine integration
standpoint. The type of sutomated systems of prime interest are weapon
pysteme, - These fall into the category of fire control and guldarce systems,
primarily for guided miseiles. Automation, ueing the operational ‘definition,
is an inherent component of all of these systems. The question to be raiesed
at this time is how far should these systems be automatized considering the
reliability of the output of the entire system. Since it is not prdbable
that we will have systems entirely independent of human influerices in tle
immediate futures, either from an operational or a maintenance standpoint,
we will still be dealing with man=-mechine systemss There are several
factors which nust be considered in the establishment of eriteria for a
point of diminishing returns in sn automated system. These criteria are
factore which strongly influence the reliability of the total aysteme Perw
haps at this peint the term reliavility as used here should be 'defined.

The term “relisbility" shovld mesn essentially the probebility of a mene
machine system, in this cabse a weapon syztem, accomplishing it military
rdesions

Factors inherent in the syatem which will influence the reliabtility of
the syetenm aret

1. Complexity of the mechanical, glootronib, hydraulic and communde
cative componente of the system.

2+ Reliability of the parts meking up these components.

3+ Environmental factors such aa temperature extremes, vibration,
shock and accelleration which will influence the reliability of both parts
and conponents,

Le The quality and quantity of manpower required to operate and service
the system.

5¢ Environmental and mental stresues placed on the manpower serving
the system.

Further consideration muet also be made as to the intended use, from a tacw
tical point of view, of any particular weapon eystem. Requirements exist
whioh limit the size and weight of weapon systems. Consideration as to
production coet, maintainability, and trantportation of such systems must

also be made. How then may criterla be establiched which will provide the
planners and designers of automated equipment with cufficlent information

so ae to enable them to develop systems which will meet both technical and
tactical epecifications., A fairly obvious aneswer presente itself immediatsly.
Merely determine the capability and reliability of functloning of the pare
ticular machines involved and the capability. and reliability of the men who
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f. must serve this equipment. A
) N
. The anewer sounds fairly sinmple. The implementation, however, leads Ry
us into a variety of problems. Ohe of the aims in the design of electronic it
g;g machilnes ie the development of high performance equiprant ueing automstic e
P control, guldance and computing features. Thé ilhecorporation of these it
t‘ﬁ features generally results in more complex and sometimes lese reliable ! ’
P equipmentes A serious question previéusly ralsed by Boodman (2) is the .gﬂ,f
2. problem of deciding what degree of reliability in a given operation is i
B acceptabile and of determining the degree of romplexity in & machine that J“W
:% will decrease the reliabvility beyond this acceptable value. K
QJ X
é To consider the dependence of equipment reliability upon equipment ::c. ‘.
b complexity; the factors pravicusly mentioned as affecting component reliaw LA
b bility must be understood and a meuszure of equipment complexity must be A
, established. By the same token, the complexity and reliability c¢f the Hes:
* . human component of & man-machine system must alsc be coneidered. Factors PR
R « affecting the reliability of a humen operator in a broad sense, are somewhat L} s
i similar to those factors which affect the reliability of machines. Environe SR
S nental extremes, visual limitations, auditory limitations, noise and AN,
N vibration are some of the externmal fornes influencing the human being. MLl
Unfortunately, the human machine cannot be subJected to standardization of o
e parts and quality controls in production. UTherefore, we must consider g
'{ ' individual differences as factors of fatigue, motivation, perceptual i g\
3 stress, cognitive ability and peychomotor limitetions in determing the i ’.,ﬁ,'e,-}"
. reliability of the human beings ‘he problem of establishing reliability FEAe R e
eriteria on elther machines or man is in itself a'mobt Alffioult task. The g
problem becomes even more diffioult when the relationghip vetween the TRER
Y . complexity and reliability of machines and the functioning of human i
i conponents within the system must be conblned to arrive at an output Figures ylj
P o
i No definitive or inclusive approach is known to the writer at the Pf
J present time. It is intended that this problem will stimulate the thinking S
of solentlsts concerned with the depcign of complex machinas and the peopls
- who must operate and maintain them in order that hypotheses be formilated ""-.-
} and tested which will lead towards even partisl answerr to the problems. b ?‘-5“.
! ¢ \ ‘-)‘l‘
:.si One approach which may be considered is that of attempting to estabe A ,‘“-
A 1irh a quantitative and qualitative measure of complexdty for machinee. et
. In these measures of complexity must be incorporated varying degreee of ,
necescary human input. Perhaps by studying the interaction of man and 13'.’“ .
N machine in a variety of situations which range from simple to complex in cd
H\ terms of both human and equipment functioning, criteris may be developed R
g which will indicvate fixed pointe delineating optimum funciions in inte- NN
.. grating man and machine, N‘-«
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WEASIEa NG WD R A FRCEZVCD llkTE DASTE CPECIFICATICNS

Norman J. Gutman
QM Food and Container Institute

Chicago, Illinols als

The quality of many food products camnot be determined exclusively by ; ATk
objective physical and chemlcal tests. Thus, it is necessary to have (o=
some measurs of taste or palatability by a consumer or expert panel. ﬁ%ﬁﬁ'
Therefore, the specifications written for various foode require that bﬁ@?%
certain taste or palatability eriteria bs met. Our problem is that of PTG,
getting these ¢riteria on a basis which protects the legitimata interest i
of both the government and the producer. 1) 3
¥y ‘

In practice the problem ardses in two separate stages. First, a Ev_wm
standard for a satisfactory product is to be established. Second, as ‘ r\{%,-

individual contracte are let, it is necessary, by pre-award testing, to :
determine whether the product submitted for evaluation meets the established fgen
standard, Ryt -

NG

- (i

» In the first stage, establishing a standard, the present practice 3%5{&‘
o iz to have u group of persons, elther military or sivilians, at an Army LA
b poet or at the QM Food and Container Institute, all depending on the Wb
particular procduct, rate certain samples on nine point scales. The 3“5@&

standard most commonly used is a preference scale called the hedonic scale; PRkeTE

a quality grading ccale is somevhat less frequently used. This talle will
not ccnsider the questions of adequacy of scale, dimensione of preference,
, offect of one sample upen the rating of another, and cther wuch prolilems
discussed by Profescor Bradley. VWhether theee limitations will Y<-d to a
seriouy oversimplification is a pcint which might well be considersd.

o Most specificaticns, as prescntly written, require that any sample
- vwhose mean scale rating is significantly below the mean rating of all

s samples at the 5% level be rejected from further consideration in estabe
. lishing the standard. Depending vn the epecification. the test may range ——
from the erroneous application of & multiple Etudent t test using the gross —
variance of the rating of & sample to a multiple range or mltiple F test f
such as thoce developed by Luncan, Tukey, Lunnett, or Lechhofer. Hawever, w
none of these tests is directly valid sirce ratings for any one sample X
muet be comparied with the average rating of all samples. f

A questicn which immediately arises is why a sample's rating should
be compared with the average rating of all sampless The Justification
e essentinlly is that the samples submitted for testing are representative
g of the quallty of product available, and only those samples which rate
o sufficiently below the average should be rejected. It may be added that
markedly inferior samples are usually screened out by chemical and physical
tests before the taste test 1s run.

‘The second stage arises after standards for the product have been
astablished, Now the protlem is 1o sse that the samples of product sube
;ﬁ: mitted for pre-award evaluation meet these standards. But in tihis case,
o is a prodvet to te compared with its previous quality or with the standard
of saticfactory products established at the previous evaluation? The
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I' A ' :
e Lo
c::.' latter comparison has been preferred since in the first, if a product is Ij.} ]
- ;. of very high quality in the first evaluvation but is of lower quality on AR
.‘\‘,ea&. . the mecond, it is rejected while another product of the same quality in _ ‘;“:\:
B - the second evaluation but of lower quality on the first will be accepted. ey
“ ' 3
| qﬂg@

Wl *" Hare the problem of vomparison withthe standard obtained in the first . .
% E‘ evaluation arises. One might. compare the average level of ratings for satis- )
factory products in the first evaluation with the average rating for a ... h
¥oil . product in the second, (or pre-award) evaluation. Since it is known that the, ‘ )

Lo o=y A

)
Ex 1
B>

level of preference ratings may vary considerably with time and with the ..

A ’ group rating, this comparison is somewhat untrustworthy. Thus, if the gen= . . B ,

. eral level of ratings on the first test is high, while on the second test A
i it is low, pre-award samples may be rejected even though they are of as
P good a quality as those on the first evaluation. Oonversely, a low rating '

g - group on the first evaluation and high rating group. on the second evalu= . R
‘ation may result in a poor quality product's being purchapeds . o -
SIS ’ R O]
X " In the past it was necessary to follow this practice in all products, . Wit
and it is still followed in some products. In a few products whose quality ' %
%o is not affected too seriocusly by a reasonable length of storage (say one year . '«‘;
R 4 or less) satisfactory samples of the products from the first evaluation . Siph
. are storeds Then, when a pre-award evaluation is necessary, samples from .. N '
s the previously satisfactory productions are tested along with the pre-avard ' fryo

+ e samples; thus & more legitimate compaiison can be made. In cther products ' -

I8 y where manufacturing practices permit, a different method is useds Through' )
PR proourement or its cwn production, the Institute cbtailns satisfactory . : G
oy samples of a product to be established as a sténdard. Then these stindard © e

samples are submitted by invitation to a group of producers who are asked T

o tosubmit pre-avard samples at least as good as the standard sample. Then .t
on pre-award evaluation, the pre-award samples are tested together with.the o
f:-' standard. However, some products are relatively perishable, and mo those A 'll
proceduras cannot be followed, and the pre-award samples must be compared N
) with the average level of ratings of satisfactory products in the first o

7. evaluation. b
(XK A
§"| In the first two situationswhere a direct comparlison among the pre- ,‘l‘i

b award samples and the standards can be made, a test such as that of Dunnett L

o (JASA, Dec 195%) i readily spplicables In the remaining situation, where A
" the pre=award samples are compared with the level of ratings set as the gﬁ:{b
. standard, the specificatione as presently written require that a multiple e
t test be useds It appears that the Duncan, Tukey, Dunnétt, and Bechhofer YOy
2 vy multiple comparison tests are not directly applicable to this probleme . L“'-Q
A N
3"{ These are problems which vitally affect the Armed Forces, and any
Moy assistance in their solution will be deeply appreciated. W
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EXPERIMENTAL DESIGN FOR DETFRMINING SFPECIFICATION
LIMITS FOR MANGANESE~ALUMINUM BRONZE

S. L, Eisler
Rock Island Arsenal

Federal Specification QQ-C=523 covers the procurement of manganese
and manganese-aluminum bronze ingots for remelting. There are several
alloys with various chemical composition limits specified, In addition,
there are mechanical property requirements such as tensile strength,
yleld strength and elongation.

The problem which has been encountered on numerous occasions is that
suppliers are able to easily meet the chemical requirements, tut not the
physicel requirements. This naturally leads to & great deal of discussion
as many suppliers feel that if the material passes the chemical analysis
it will possess the mechanical properties required. Unfortunately, this
is not true and it is the opinion of the metallurgists at Rock Island
Arsenal that the limits for chemical composition are too broad., It is
also their opinion that conditions of preparation of the ingots, although
contributory to their final properties, are of minor signifiocance. There-
fore, we are interested in studying the changes in physical properties as
the percentage of each alloying element is varied within the specification
limita,

For example, let us consider the requirements for Alloys B & C which
has the same chemical composition limits but different mechanical property
requirements :

Chemical Conposition

Copper 60 - 68%

Aluminum 3,0 = 7.5%

Mangane se 2,5 = 5,08

Iron : 2.0 = 4,03

Tin {0.10%

Lead £0.10%

Nickel (1,08

Zine Remainder

Mechanical Properties
Tensile Strength (min., psi) 70‘,%6'0"' "1‘1’1‘?0‘66"
Yield Strength (min. pei) 445,000 60,000
Elongation (min.) 18% 12%
----- I e h,._ﬁmﬁux?x? »1-*nfi_l*¥
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206 Design of Experiments

This particular example presents a more complicated problem due to
the dual set of mechanical property requirements. However, it has been
chosan as an example &# it is believed that ‘separate chemical compositions
should possibly be specified for each alloy. Although this example is
more- complicated than the other alloye epec:Lf:Led, the same dirficult:!.ee
have been encountered. B

The problem whioh we would like to present to thie clinical eeeeion '
today is how can we design an experiment to determine reduced limits for
the more important elements, such as copper and zine, which will insure
conformance with the mechanical requirements: It will bu noted that as
the .copper content is increased the Ein¢ content is similarly reduced;
providing ‘that the contents of the otherelements are unchanged., ' This
presents a- difficult situation as you ocan not chenge the content of one
element independenxly of the other. '

It has been suggested that an extensive review of paet data and
comparison of ‘the composition and: mechanical properties of past lots
might prove valuable. However, after ohecking over some of the past
data it was found that 1neurr1cient 1nformation wae available. ‘

Therefore, we are cpen for ideae which will eimplify thie inveeti-"'
gation, Perhaps someone present hea encountered a eimilar metallurgical
problem. ' -

I might add that this problem is not common to this specification
alone, It is also quite common to Federal Bpeoifioation Q =B-675 which
covers Alumimm-Bronse Ingots.
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& SANTLING FLAN FOR FACKAGING MATERIALS R
<8 PRODICED BY A CONTINUOUS PROCESS o
»

" ‘\.-7‘,1‘13;

8. L. Eisler i
Rock Island Arsenal B

Ho. The Department of the Army purchases a large number of packaging

$ materials which are products of a continuous manufacturing process. This

k is true of various paper products, barrier materials, textiles, tapes, etc.
* During the manufacturing process, the contimiously produced product is

. rolled into convenient sized rolls. Unfortunately, in most cases the

o identification of rolls in order of production within a lot is not avail-
@Q able.

A |

g Thus, an inspector may be faced with the problem of selecting a

representative sample from a shipment of 100 or more rolls for laboratory
tests. There are numerous sampling methods presented in the litersture
for.sampling carloads.of coal or salt, tank cars of oil or acid, and, of
courss, the numerous methods of selecting a sample of a discrete manufac=
tured unit., However, the problem mentioned above is unlike any of these
situations due to the fact that samples from the interior of the rolls
are not readily accessible.

Y Therefore, it is believed that the first step must be a study to
&% determine the magnitude of the various sources of variability. The three
yﬁ major sources of variability are probablys
)
Bs
’-'P

1., Edge to edge variatlon.
2, Within roll variation.
& 3+ Between roll variation.

From the results of this preliminary investigation conducted on products
_&5 from a representative ocross-section of suppliers, it should be possible

to test the significance of the variabllities of the above three sources
against the variabilities of the different tests employed,

&t Based on the above comparisons, definite sampling plan recommendations
could be made which would result in samples which would reflect the varia-
i, tions considered significant. For example, if the edge to edge variation
were the only one found to be significant, one sample taken from any roll
X would be sufficient, provided the individual test specimene were randomly
[ chosen from the sample,

5 Many of the current military specifications for materials of this type
4 state the sample size, e.g., in square yards, and even specify the number
S of square yards to be taken from a roll. However, it is believed that these
! choices have been made without a realistic statistical evaluation of the
material, such as 1s proposed.

-

.
BT e e

There are now two or three questions I should like to present to the
panel and the others in attendance.
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208 Design of Experiments
1. Does our approach to the problem appear to be reasonable?

2. Does anyone know of any similar materials which have been studied?
If so, what type of sampling plan resulted from these studies?

3, How may the various procedures for sampling inspection by variables
(ORD=M608~10) where definlte units of product are specified be bonverted to
apply to material produced by a continuous process? What constitutes a
unit of product for material of this type?

EXAMPLE
For example, ORD-M608-10 specifies for a lot size of 10,000 (assuming
we have 10,000 sq, yds. of material in the lot and have designated 1 mq.

© yd. as the unit of product) a sample size of seventy. MIL-B-121A, which

covers barrier material, specifies LO sq. yds. for a similar size lot.
The total amount of material required for the laboratory tests ia approxi-
mately 6 sq. yds.

Now, the question arises as to how the test specimens are to be distribe
wtad throughout the sample., There im also no way in which the acceptance
criteria of a variables sampling plan may be used where a measurement ia
rnot made on each unit of product but where a number of measurements are
taken on the entire sample made up of several units of product,
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OBSERVATION ON THE USE OF MODWLS IN THW DESIGN OF EXPFRIMENT

James W. Mitchell
Frankford Arsenal

The importance of models in statistics is almost obvious, Mathemati-
cal models are widely used to exprew=s statistical tests and as a basis for
deriving new ones. However, exact mathematical mndels in equation form are
usually no easier to understand by scientistsand engineers in other fields
than the rest of the language of statistics. In communication between
statistician and other scientists and administrators, models can play an
important roll in clarifying understanding of a problem in statistics,

One would begin by statement of the hypotheses in terme of models -
but not necessarily mathematical forms. Thus the problem is defined in a
form understood by the statistician as the bames of & well defined statls=-
tical test and by the engineer as a form which his collected data may take,
It should therefore be of tremendous help in refining the statement of the
problem to the mutual satisfaction of both statistician and scientist and
thug form a common meeting ground for the two., It is my thesls to try to
exploit this property of models to greater advantage to improve the communi-
cation between sclentist, engineer and statietlolan.

A discuseion of mcientific models can lead one far into the field of
philosophy and logic. This would be unwise to attempt., However, it is
well to recognize three levele® of model making. First, a complete scientific
model of an experiment would encompass all the possible concepts and relations
which a scientist could use and thus it is an ideal of science. It could
involve the whole wealth of modern loglc and mathematics, the fields of
soience needed to deseribe the powsible phenomena and the definition involved
thus requires the ald of psychologliet and soclologist as well, .It is quite
a formal structure and probably never has been fully reallzed in any field.
Today many partial models are being constructed to suit the various sciences,
The expression of physical laws or the statistical concepts which we have
been hearing about in terms of mathematical equations represents these
partial models. Theme are the working models used by the sclentist in his
field to advance his study of the science. However there is still another
level of models needed today. These are models required to create common
understandings between dependent but different fields of sclence on the
level of the common worker.

Let's examirie an example of the formation of a problem model. One
observes a difference in some measured property between two or more groups
of items and forms an explanation of the differences This explanation is
then contrasted with the universally applicable hypothesis of randomness.
Statistics are then applied by creating a specific statistical (null)
hypothesis or model out of the vague concepts of random phenomena. Some=
times the cholce of a statistical or random model is obvious; sometimes
it 1= far from sasy to find an acceptable model to match the natural
situation. A model may aleso be devised for the alternative hypothesis
corresponding to the physical explanation of the difference. Although it
is often not needed, the latter would be essentlally one of difference,
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correlation or non-randomness. The statistical test is then applied by
comparing the experimental data, collected under the assumption of random
sampling, with the statistical model., A cholice between the mill and alterw
nate hypothesis is then made according to whether or not the composition

of the data can be explained by this statistical model., The model must be
specific in the sense that one can calculate from it the probability of
ocourrence of deviations from the amsumed average compoeition of the model.
The magnitude of the deviation of the experimental data from the assumed
statistical model then forms the basis of choice between the null and alter-
nate hypothesis, i'. e., between the statistical and physical models of the
experiment, - I ' o '

ra
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Statistical proceduras which fit the above example are the comparison
of two or a set of averages or varlances and related teste. The random model
for these is the normal distributions 'This model is easily understood and '
can be concretely illustrated in a’ variety of ways (e.ge. the Quincumx).
Other closely related models are the binomial and Poisson distributions.
The familiar urn containing balls of two coloras is a physical model of these
distributions. ‘ - ' ' o

B Ear

In order to form a loglcal basis of the statisticsl test the model
should have certain properties, These are: first the property of being
specific in the sense that it permits the adoption of specific statistical
procedures. The normal distribution is a good example of this. Models
mist also satisfy certain requirements of randomness and may contain arbi-
trary elements that are not "natural" but which do not conflict with the
possible alternate hypotheses.

It is certainly not necessary to constiuct a model about the null or
statistical hypothesis, FPhysical concepts vhich can be expressed in mathe-
matical form are best represented by this “methematical model®., The
physical concept usually implies causality. The simplest form of a mathe-
matical model would probably be a linear regression in two variables. In
a more general example there are multivariate regression, power functions
and any number of pomsible mathematical forms representing specific typas
of causality and even natural law. In each case the a' priorie assumption
of one of these relationships constitutes a mathematical model of the
portion of the physical universe to be examined. One then wishen to ses
if the experimental data are consistent with or will support this hypothesie.
The procedure of statistical tesiing requires the creation of an alternate
statistical or random model in which the display of experimental observa-
tions are attributed to chance alone. These statistical models are usually
more complicated than the simple normal, or o!her distributions referred to
previously. In fact the statistical model can be considered as N dimensional
for an N dimensional physical law. However to be able to treat the results
quantitatively with the usual tests of significance, some specific dimtri-
bution function mumst be assumed and applied one dimension at a time, i.e.,
coefficlent by coefficlent. The mathematical and the statistical model may

. then be used together to illustrate the application of statistics to the
‘\ﬂi problem,
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Another class of models are those on which the factorial experiment and
randomized block desligns are hased, The statistical model is a randomized
area, or N-dimensional volume as for the causal relationship above and the
phyeical model is a form of the multivariate equation but which includea
terms for experimental error and other variation as well as the main variable

‘ terms and their interactions.

I hope that these examples ure sufficient {o illustrate some forms that
a model may assume, These may be mathematical, physical such as the urn and
balls or a roulette wheel, spatial as an N-dimensional model or even mechani-
cal such as a model to show the interaction of tolerannes. The model is a
type of model which im comprehended by the engineer in some familiar dimen=
slonal or spatial form and by the statietician as a specific model of a random
distribution of objects or events is a particularly useful form for improving
the experimental design, If these two start by reducing thu problem to a
statistical model of the null hypothesis, the similiarity of this model to
the preconceived physical or 'natural" model of the experiment will be easier
to see, The statistical and physical models can ther be refined until the
experimenter is satisfied. The physical model, thus defined, becomes an
alternate hypothesis and this interplay may even lead to other alternate
hypothesea that deserve consideration. Often 1t may happen that a scientist
is led to accept one #tatistical procedure as best suited to his need when
it is not entirely appropriate to his experiment. The practice of first
settling on the correct model with several pomsible statistical tests in
mind should prevent this and would permit full utilization of the model am
& jJoisting ground between the experimenter and the statistical until an
acceptable test is found.
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w SHORT RANGE SCATTER PROPAGATICON SURVEY

e Messrs. Lacy, Sharp and Lindner
N "‘-:_E . Bignal Corps Engineering Laboratories

. INTRODUGTION: The technique of photographing the returned terrain
ey scattered power, observed cn & radar scope, and then overlaying the photo=
jols graphed terrain scattering areas on a properly oriented contour map of the
Vi swept area surrounding the radar location, displays immediately the radio
W ' 1ine=of=sight, pathss Such displays of the scattering areas indicate all
w@ progpective communication paths between the location of the radar and the
areas producing the scatter. The returned power from the scattering areaa
7 shown on ‘the contour map must be correlated with the system gain of the
oy miorowave commmication equipment %o be smployede Information relative to
) the actual path transmiseion loss between the location of the radar and any
) point in those areas producing the scatter, would definitely determine the
0 feasibility of a prospective communication site. This information is not
obtainable from the photograph and would necessitate an actual path trans-
g mission loses measurement botwesn the location of the radar and the parti-
. ocular point in the areas producing the scatter. This is not feasible for
] the interided application of the above mapping technique for the slting of
? ghort renge microwave communication equipment with fifteen foot high an=
% tennase . .

determined by the distance between the radar location and the proposed oo
munication site, and the terrain factor power loss determined by the type
| of terrain along the communication pathe There is not available to date
o sufficient dats that would correlate the type of terrain of the communie

o cation path with the terrain factor power loess. Were such a correlatidn
B available, then, from such a map overlay as shown in Fig. 1*and with a
N nowledge of the type of terrain of the communication path, the feasibility
0 of establishing communication over the path involved could be readily
£ determined, We are now concerned with the obtaining of such date and the
hest means of establishing such a correlation, if it exists, from the
experimental data obtained to date. This, it can be readily seen, will
. not be an easy task whan one considers the many types of terrain that can

x Ye involved and the magnitude of the contribution to the communication
§: path tranemission lose of the terrain factor, particulary as it is

x affected by the terrain in the immediate viecinity of the transmitting and
receiving sitess

v DISCUSSION: The amctual path transmigeion loes Ebr the microwave free &3x%§
-‘ﬁ. ' quency.to be used ls the sum of the free space path transmlssion loss ;
1 .

\]

P

In addition to the photographing of the scatter pattern observable on
the radar scope, the received scattered pulse amplitude from the area at
the desired communications site is compared to the radar transmitted pulse
amplitude. The received amplitude scattered by a given area 1s from many
pcatterers comprising the area. The received amplitude from the scattering
N area 1s compared to the radar transmitted amplitude. From a measurement
_yk ' the ratio of the receiver input scattered return average power to the radar

3
2

A T

3

transmitter average power output expressed in db 1s obtained,

1 * Fipures appear at end of the article.
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the MIT Series that the total average radar received scatiered signal power

o surmed up for many scatterers in the target area, where the same antemnna T A
‘ 10 onployad for trmamitting and receiving, is the following daaigna'oed L e
equation L)e Rl

j o (—#-r/( S

B @ In thin u:mreuion, G ie the maad.mm an'bema power ga.:Ln, thu first i‘l.otor

g under the summation eign is the antenna pattsrm function, the second fuctor
¥ is the free ‘space power loss raforred to a doudblet radiator,' the ‘oh:l.rd

3 factor 18 w measure of the scattered pover .as a function of Oy = she: .« -

scattor oross soction of the "Jth" scatterer, and the last fastor under o SRR 1%,
. the summatiom sign is proportional to the magnitude of the Poynting vector -

3 of the incident wave at Ry at such a tins that the reflected echo from the

tith! scatterer returns 8 the radur at the instant of time tge At those -

distancee from the rudg r to the target area'where it can be assumed that

the sum in equaticn (1) involves a very large nunber of aon‘b’oo*ers, the

summation may ba replaced by tn integral where o

N (Rfa) RaR dp a8 . ..

& R
_ (loldstein has shown in the book "Propagation of Short Radio Weves" of b‘;’{ 73

e )

is the denaity f\mc'bion which g:l.vu the numbcp of soutterera in an area '. '
element R dR dp for which the radsr croes eection lies between 3 and 3 + ad,
and where it can be fuither assumed that the scattarers are distiibuted
uniformly and homogenously over the target area so that the funotion N is -

g enly & function of ¥ and the free ace pover loss is independent of Rd;

i then equation (1) becoma equation

| el

. In the expreseion cdasignated as equation (2), P is the total average
Y radar received scattered power. The first factor on the right is the free
¢ gpace path power loss, the second. factor is the combined power gain of the
transmitting &nd receiving antenna modified by the antenna pattern over the
target area, the third factor is s measure of the socattered power from the
: target area, ard the fourth factor ie the transmitier power outpvts Now %
1 equation (25 holde approximately for distances in exceas of slx miless Am ;}‘
{ i

- s

the distances increase, the more accurate equation (2) becomes, For dis-
.. tances less than six mllss equation (2) does not hold, and equatilen (1)
: involving the summation from individual scatterersmust be employed. 1f the R 1
rader tranemission path is over a terrain, then u two-way terrain loss ! ,-,.‘n :
2 factor muet be added. y

“-:; Hence for distances in excess of six miles, it ic aprroximately YR
: acourate that the ratio of the radar receiver input target area ssattered SRAY
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power to the radar transmitter power output expressed in db is equal to
combined power giin of the transmitting and receiving antenna modified by
the antenna patterm over the target ares expressed in db, plus the free
space power loss oxpressed in db for the distance from the radar set to
the target area, plus the terrain factor power loses sxpressed in db for
the transmission path from the radar set to the target area and return
path to the radar set, plus a lose expressed in db which is a measure of
the scattcred power from a selected target area. That is in equation (3).

(3) 10 Log i-lOLog[‘Gj/‘[ ¢) dQ]*loz.ogA +1oLogA‘*+1oLong
P

Pp :La the radar transmitter average power output, P. is the radar
receiver average input target scattered power. The iirst term on the
right’ is the combined power gain of the transmitting and receiving antennas
modified by the antenna pattern over the target area expressod in dbe The
second term is the free space puwer loes referred to a doublet radiator
e«cpresaed in dbs The third term is the forward and return terrain factor
power loss expressed in dbe The fourth term is & measure of the target
avea scattemd pover expressed in dbe

If a oon'ehf.ion can be obtained l:ntmon ‘the commmiication path
terrain powar fuctor loss and the varicus typssc terrain of the communiocae
tion paths. then with the aid of the radar power ratic measurement a
eorrelt:b:.on betwaen the type of terrain along the communiattion path
and the radar power ratio measuremet may be obtainables Fig, ¢ lsan
sxample of how. the experimental data is presently summarized. In 'the
twelve rows are’the results.of twelve fleld measurementa. Colum 1 is tho
path length in miles; ecolumn 2 4s the calculated free space path trane-
miesion loss A§ (Eqe 3); cvlumm 3 ip the measured terrain loss factor
(the measured path lose from columm L minus the free space loss, colum 2)e
Colum 5 ia the ratio of power level received to powsr level transmitted
Yy radar; in colum 6, Xz is a measure nf scattered power from the target
area. OColum T is for the terrain type classification. The problem
submitted is the need for method of terrain classification that will permit
a predetermination .of the path transmission loss from the physical aspects
of the terrain. Oolumn 8 is the relative heights of the selected sites,
another factor beliesved to be an important conslderation for the predic=
tion of the terrain loss factor.
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EXPERIMENTAL DESIGNS FOR ORCGAN1./ATION RESFARCH
USING LIMITED RESOURCES

Raymond H. Burros
Combat Operations Research Group
Ft. Monroe, Va,

The title of this paper is somewhat misleading, since I do not intend
to discuss specific details of experimental design. Instead I shall first
present a methodological problem growing out of limitations in resources
available for experimental research in military organization. Then I shall
present some possible approaches to the solution of the problem without
going into details of experimental design. In a sense, therefore, the
discussion will deal with classes of designs. Some of the more crucial
assumptions will be examined. I shall conclude the discussion by presenting
a possible approach which may lead some of you into some new lines of
thinking.

SOME CHARACTERISTICS OF ORGANIZATION RESEARCH

Research in human organization has at least two important character-
istics distinguishing it from research on individual organiems, human or
otherwise. First, the experimental unit is not the single human beings
it is a specified kind of human group, such as an infantry platoon,
Second, the group score is frequently obtained by observing the behavior
of the group, but not necessarily the detailed behavior of each member of
the group., In other words; thc group score is often not simply the sum
or mean of the scores of the members of the group, although these members
help to determine the group scoras.

These characteristics imply that a fairly large number of subjects
is needed to gather data on a relatively amall number of types of
organization. The limitation on number of troops available for use as
subjects is most pressing. Other types of limited resources include
terrain and equipment.

To muce the probiem mors concrete, let us make mome specific

essumptiona. First, we have available a regimental combat team, 1i.e.,

the equivalent of an infantry regiment with additional supporting weapons
units. This will provide 27 rifle platoons of .the present size with other
weapons units. Second, different sizes and structures of the infantry
platoon provide the independent variables, and various measures of effec-
tiveness are the dependent variables. Third, some of the experimental S
organizations will denand more enlisted men than does the pressent day S
platoon. The problem is to choose an approach to experimental design
which will take ac wunt of resource limitationa and still be powerful

enough to detect reasonably important differences. Fana
POSSIBLE APPROACHES T0O SOLUTION :}il
The first approach is to as=aign at random some of the 27 exiating ;JZQ

platoori to the various treatmente (orpanization structures), The
memtera of the remaining platoons are used to augment those platoons
wnich require more than the presently allocated strenyth., This pives us
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X (say) a total sample of twenty experimental platoons, Because of the great
ne variability of group scores, however, this approach is probably not powerful
enough to detect differences between as few gz four types or organizetion, .

The second approach is to use depleted or "skeletonized" military units, EAN
Y These would have full complements of commissioned and non-commissioned : R"gf' i
< officers but would shimlate the existence of most of the enlisted men. i
ol Although there may be some possibility of doing this; 1t would still be iy

¥ necessary to validate the methodology by means of experiments with cimplete LELl
: military units. Therefore, this approach does not solve the full problem. '.-«- s

; The third approach is to take s number of platoons and run each under
all of the treatments; when the number of these is small. This approach
assumes that an existing platoon preserves its essential identity even rra
. though noncommissioned officers and enlisted men are randomly added to it ,
. or removed from it to fit the structure prescribed by the experimental treat- Mg
RO ment. Then each of twenty existing platoons can be run under all of the N
treatments when the number of treatments is small, KN

R 5
9'2’7"1’
=

oS

An adequate design for this approach will have to control for two kinds
of orders firet, the order in which the treatments are applied to each - S
platoon, and second, the order in which the platoons are tested., - If thers '
is no reason to expect that either order interacts with treatment, then
several kinds of experimental designs can be applied. There is good reason,
however, to expect interaction between treatments and the orders in which
they are applied to the platoons. Presumably once a platoon has learmed
to function under one organization, this learning may either facilitate or
inhibit its performance under a different organization. Psychologists h
recognize this as the process of positive or negative transfer. Our .
knowledye of transfer is not adequate enough to predict exactly what will 3{ '
happen, It is sufficient, however, to Justify my assertion that inter- e
R action is likely to be both present and large. If this is so, then such an %
) approach will not yleld trustworthy conclusions about the relative effectuve-

o |

rl
e

Ak

.
PR

iy aion

o A e s

) nese of different kinds of organization. Although I do not mean to assert
\‘ that this approach of applying all treatments to each platoon is hopeless,

:j:& it may be worthwhile to consider another approach. f:\;‘k .
ot IR
o The fourth and last approach to be consldered is somewhat radical. :‘“\}Q\'
7‘ Whenever the spaces in a table of organization are to be filled to provide alal)
- & replication for any treatment, each space is filled at random from all Koy
AN of the available qualified personnel. In other words, there would be AN
e random sampling with replacement from a stratified finite population., It RS
e would happen, therefore, that a given subject would serve in a number of
A experimental military units during his participation in the experimental
T program., He would contribute to the effectiveness score of a replication i
T of several, perhaps of all, the experimental treatments. He might help to ) g
o determine the score of more than one replication of a given treatment. In RUSY
A::‘ this approach the usual technigues of analysie of variance for designas not R,
A invelving more than one measurement ner ex)erimental unit would be applied +-¥
- if they are applicable. If this approach is legitimate, it may be the best ‘.i,_
' solution, especlally if we desire to use a factorial design with an . &F-‘i-.'_';;
Py appreciable numbeyr cf subgroups and of replications. et
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The major questlon about this approach is the legitimacy of assuming
Ry that the error components of all the scores are independent. The reason
for making this assumption is the possibility that a person's behavior is

X strongly influenced by the behavior of the other members of the small group
: . in which he participates. Even if a person contributes to a number of group
i scores, his contribution will be made under different conditions. A man

may be highly cooperative when working as a member of one rifle squad and

¥ rather uncooperative when he is put into another squad, If his bshavior is
not consistent under all conditions, then the fact that he helps to deter-
y mine more than one group score may not necessarily force the error components
= of the scores to be correlated.

o The argument against the assumption of independence of errors lies in
X the fact that under certain circumstances behavior is remarkably consistent.
o For example, supposs that the members of a rifle platoon are firing at

i targets in a situation in which the total numter of hits can be recorded
¥ but the hits can not be credited to particular riflemen. Here the group
il score is the sum of the individual scores even though the latter are not
) themselves recorded. Since the number of hits made by a given person is

j nearly constant from time to time, and there are great individual differ=
ences in this, the group scores will be statistically dependent whenever
they are partly determined by the same people,

. Suppose now that a mathematical model for the group score is set up
ol which breaks it down into components in preparation for an analysis of
A variance, These components have no simple relationship to the individual
components mentioned earlier. Now if the treatments corresponding to two
W scores are diff'erent and their error components are independent, then the
- scores are independent. Suppose, however, that the scores are dependent
N because of re-use of some subjects., Then it is false that both the
{ treatments are different and the error components are independent. But
f by hypothesis, the treatments are differeni. Therefore the error components
are dependent,

A In other words, although sometimes there is some reascn to hope that
the error components of the group scores are almost independent when the
subjects are used more than once, there is often good reason to expect
) dependence, If this is so then I can imagine only two ways to proceed.

i FL R

Y The first is to derive a new mathematical model which will allow re-
o ume of personnel reassigned by astratified random sampling tc form new
o experimental units.

The second way is to determine the relationship between levels of
significance clsimed by the use of conventlonal analysis of variance and

N the true levels of significance. Perhaps a Monte Carlo aprroach may be
- useful here. IFinally, there may be other alternatives which I have not
thought of.

. The thesis of this paper may now be summarized., Experimental research
v on military units is faced with a sericus limitation on the number of subjects
available. There is some question about the adequacy of conventional

Rl -, “\ LN ‘. Tt "- 0y b ) -‘ ‘.- ' "u.. "A- [ 'l‘. ‘. -\ . - - - ' . .
DT S P S O TP SO
J T T S e T v A Y L R e T S R
. . R S~
® L g 2 L g 9 @ @ o o @ ® o -9 ol J
3 | R
- ey g g e - . - e e v s
o L T A A L TR L P . . s

e .
- T Tt e T L
AT LAY UPRC D ‘ S .

l~‘. 4 '.. - . .

PR N P Cea Ve T e e .

. A . A \ ! . d . AR C R
PO DINCI et et e n".-.'~.‘ N Y o Y B - a . . A

. e . TSI ¥
R I . g ISR o B .. . -
i s L R “N‘““"“-‘. 0ttt Uy Y LT e Y A TR TR




? 224 Design of Experiments

. experimental designs. TYour help, therefore, is solicited in two respects.
E First, you may be able to make suggestions about the use of already avail-

- able designs. Seocond, if all existing designs are in some sense inndoquata,
~ you may become interested in the problem, either to work on it yourself or
. to encourags others to do so,

;'
g It is necessary that research be done on the organization of military
o units. Unless adequate experimental designs are available, however, there
' is danger that the experimental evidence may not be sufficient to justify
conclusions drawn from the data. Your help on this problem will be, I
believe, a worthwhile contribution.
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v PROBLEFS IN ARMY FIELD EXPLRIMENTATION

] _
:«‘l L'b « Col. W. L + Clement
) Military Advisor, ORO

o An atmosphere of urgency and timeliness surrounds all Army testing

' and experimenting today. As a result we find test directlves which are

N ambitious in scope = having several objectives - which are on a large
O scale, enocompassing divisions and corps, and which set an extremely short
i time limit in which to come up with firm ansvers. Under there circum=

b gtancee it is not surprising that sometimes the anewers are nct good.

I am going to talk today about some of the problems which arise in
: this general area of tests and experiments - a related activity - and
raise some questione for later dizcussion.

|

|

g In the first place, Army testers and experimenters are usually not

} statisticians or experts in experimental design. Some of the problems
arise from this fact. However, even when the Army man turns to the
literature on these subjects, he quickly becomes engulfed in such unfamiliar
‘ terms as "correlation," ''random variability,! “independent variables,"

A “regression coefficients," and the llkes And the examples he finds apply

; to such things as roller bearings, hoge, and corn plants. In very few
places can he find literature which uses his terms and his problems =
weapcns, units, mobility, training, and the like - and even here a very
close merarch is needed. Bmall wonder, then, that an appreciation of valid
e testing is not readily apparent.

L . The first problem then seems to be one of communication - to relate
- . these agricultural and industrial techniquee to military operations and

problems,
J Apart from the general atmosphere of urgency and the need for timely
answere, Army testers operate under three general principles, pointed out
o by Dr. Meals of CURG in a recent papers

1, Tests must be economical.,

3 2. Measurements must be valid and reliable.

} 3. Tests must be realirtic,

- These thrée principles represent three problem areas in themselves. Number o
3, achievinp realism, is one of the most difficult.

So much for general rroblems, I will now get to some more specific
) matters = three in fact. Une 1s tests of an Army cormbat unit; two, cone
N trollability of this unit; and three, mobility of the same unit.

First, testing (not experimenting with) the T/O-E (Table of Organization Rl
3 and Equipment) of a comtat unit. As an exauple, let ve consider a tank L
L battalion, the piroblem belng to test it and determine itrc eflectiveness.

y Let's see what the announced miscion of this unit is, as shown in the
T/C&E 3
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PRy, :i. (W 4
A "To close with and destroy enemy forces, using fire, maneuver, f: ;ﬁ
oy and shock action in coordination with other arms." P
L"“‘ b A '»
. The capabilities are also listed; some of which ares "B
:-‘.hn " Lf'.u
'_,q "Attack or counterattack under hostlle fire." g%ﬂ‘t
i AGSNS
"Destruction of enemy armor by fire.! t iy
-.g| f‘ % 5
"High cross-country mobility", etce R
G et
., I think, ae testers, we are immedlately struck with the lack of any EJ- 2
(i quantitative terms in description of missions and capabilities. The L.w._'-
i problem becomes how to translate these terms into measpred performance in % P
v the fields Major weaknesses in current teste can be traced to the method
' and type of measurements taken - data collected - and to the lack of N
ud realism, as mentioned earlier, ' A
i To expand a bit on these weaknesses, most of the ratings given a ' "?\‘}\ R
;I, unit are subjective., Umpires are used freely, and unfortunately they % )
generally interpret rather than describe what has occurred. Here are some ALY
o typical examples of items which an umpi'%e is called on tov rate in a ourrent g7 S
;\e training test: : 1 :
J.E "Was reconnalssance adequate?" '
e .
,f.\» "Did the commander employ his staff properly?" TR
' oo
) Mlere control measures adequate?" ,:%
i ' ' Y
i‘d} "Disposition and control of vehicles.! o ::;g
Il :-“ . '%
- "Secrecy measurcs.! ‘ .!s
) . Licsnys
TN With these items as a gulde, it is certainliy difficult for the umpire to »7‘ v
oy be objective in rating. i 0
f .l:b" ‘:‘. )
:‘H: Achievement of realism is another problem. Some work ies currently going ;Jh{*
k on in developing devices which simulate aspects of combat closely. Thus, WV
N instead of having to rely on umpire decisions, the eituation is somewhat WA
o realistically portrayed on the ground. There is much vork to be done in {k %
) this area - how to create a combat atmosphere throughout the test. o 3:-;, ;
XN LA
Ny Let's now lcok further at the T/QB of this battalion. Peychological '{:k«. g
v Ressarch Ascoclates, in their work with the rifle squad organization, listed A0
@ these as the catepories of factors which make up a T/&E, To briefly run .
. through the chart, thens
\
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Design of Experiments 227
T/0&E FACTCRS

Independent Controlled Dependent Field
Variables Variables Variables Exercises
Nr of pers Tralning Controlla«- Tests which
Composition Pers ability bring out
Equipment Capabilities Fire Delivery differences
Leadership Supply - in 3 caused
Mobility by varying 1
etc

Column 1 lists the T/OSE components in which we are interested =
the independent variables which the test deelgner is familiar with.

Column 2 lists other characteristlics which will affect the test, and
which must be controlled.

Column 3 shows what we are trying to measure = desirable character=
istics, or dependent variables.

Column L is reserved for the actual probiems o> exercles which are
set up to measure 3, and to brirg out the differences.

It would seem that at present in Army tests we hold Column 1 constant,
combine 2 and 3, and determine the outcome in 4. We are never really sure
of what in Columns 1, 2, and 3 determined the outcome in U,

A first order of business, hefore launching into extensive experimen-
tation, is, then, to develop methods by which effectiveness of existing
units can be measured more accurately than at present. Techniques, gad-
gets, and procedures developed in testing can be directly applied to
experimental work later. And the present veries of Army training tests,
which units are subjected to annually, offer a reacdy-made framework for
the tester to use.

The second spacific problem has to do with an experiment to measure
eontrollability of thls battalion - listed as a dependent variable, or
desirable characteriestic in Column 3. In order to experiment, then, we are
going to vary the independent varlables in Column 1, control those in
Column 2, and observe and measure controllability in Column 3 through tests
which we will show in Column 4.

Now to define controllability. The commander's control duties can be
divided into two major elementss l. He plans and decides. 2. He has the
unit execute the plane
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r' The gap between 1 and 2 is bridged by control - by the commander's
% comrmnicat and supervising, and these latter are the factors to be
" measured. in other words, we will have a series of tests to measure

communication, and ancther series to measure supervision.

Size, in Colum 1, im the first independent variable we will considers
I propose to vary size and hold composition and equipment constant, while
measuring controllability; then we will vary the other independent
variables in turn. '

il

An immediate question might well be in the intereste of econemy and
time: should we not vary all three simultaneously? If mo, in the field
can we practically control theses variations so that we know what has
affected the outcome?

PR R A=

Another questiont at what echelon in the chain of command will we stop

= at company or platoon? Mr. Eckles, a member of our Armor Group here

at CRO, has pointed out that battalion commanders actually control platoons
in many cases; company commanders act as message centers in some cases,
trenemltting the battalion commander's orders to the platoons. This
should not imply that the chain of command is violateds It does suggest,
however, that battalion commander's coatrol duties do rot stop at company
levels As a matter of fact, I recall a sirt of rule of thumdb in the
Army to the effect that commanders should generally be ccncernmed with the
second echelon below their level. In other words, division commanders
concern themeelves with battalions, and battalion commanders concern them
selves with platoons, This, then, 1s a point which must be settled be=
fore proceedings with our experiment. o

PO N R

LA

What range of eizes do we test, and how is this determined? What
are the upper and lower limits - between 1O companies and 2 companies for A0
example? We probably can arrive at a logical, practical range of sizes by f. Y

/]

-
=

querying experienced military people.

How many battalions are needed? Can we use only command echelons, or
do we need the entire unit? Must we proceed through platoon and company R
tests first before going to battalion level, or can useful answers be ;‘r‘:ﬂk
obtained by approximating performance at the lower levels? Thase are ﬁ',, ;}«'y |
very practical, and economlcal, considerations from the Army point of views el

et X

Now let's turmn to Column 2, our controlled variables. How can these SR
actually be taken into account and controlled? How cen we arrive at mean- L
ingful results which could be applicable to the varioue battalions which N
exist today in our many armored units? What 1z the standard for training, SARNA
discipline, and leadership, and how will our experimenter arrive at this RERPA L
N so that he can apply his results wniversally?

Pl - e

In Columns 3 and L we conslder test designs which measure our dependent
variable and bring out differences resulting from changes in the independent

- -

X variabless These performance tests should be based on critical situations Nl -3
¥ vhich will bring out these differencese Again, military opinion is probably Lol
the best eource for arriving at these critical situatione. m
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Design of Experiments 29 e
" i
'-QT: We know that our experiment must be vallid; that is, should measure vk

o what we actually trying to measure. It should be standard, so that all Sl
,ﬁn groups partiocipating are graded under the same conditions. Bcoring should Ry
. be accurate and objJective, which suggeats devices of some type, tcgether £ -
o with properly instructed umpires. Our scoring indices must be carefully i
-ﬁ ‘ planned, so that they actually gauge the performance witnesses. For l

o example, in commnication, percentage of critical words heard might be an 4

.“., index; peroentage af errors night be an index to measure performance. }&

w: So much i‘or a Jbrief discussion of some of the problems which arise in | o
c",', - coneddering Fn experiment to measure controllability. In order to be | a
Q certain that w2 Lngaer srme response from the audlence; iet'e look at e
M annther experirant. This time we are interested in measuring mobillity of Bt
b our battalion. . . e

The uspect of mobility with which we are concerned here is vehicular

m operability; the unit iz as moblle as, the number of tanks which it keeps ¢ _'
ps in operation. Thi:c Implies that we must oconsider organization and b

. N squipment used to keep the vehicles running, as well as the vehicles theme ¢

P selves, . BNAR

o , BRIV
! Actually, at present, tank performance is indirectly reflected in the

X nunber of mechanics needed in & wnite A brosxd average has been taken of ¥

g tank performance, and a "vehicle equivalent! has been arrived at which by )

o g rule of thumb allosates so many mechanics for so many tanks. Actually, L
o vechile equivalents are used in drawing wp T/04E's of all units having N

v vehicles of any type. ‘

¥ We intent, therefore, to investigate this vehicle equivalent to ;\ .'
) determine in what situations it does apply and what the limiting situations Oy
i are. ‘k.p%.”:'
) 5 i
" Again, turning to Colum l of our table, we intend to vary size, here ARV
: meaning number of mechanics., Some of the same questions arise as s bafore. v
) What range of sizea? Should we vary the other independents simultanecusly? ¥ W
{4 What participating troops are needed? Hew many battalions, if any? r W

| \": [ 4
Looking at Column 2, how do we ta.ke into account skills, equipment, RS
o terrain, woather, type of operation, condition and age of vehicles, at il
e the start of our experiment? How do we relate our results to the real
AN world of bvattalions spresd from Europe to Korea? LA
3 : N

. In Columns 3 and )y we should include situations which measure and
disceriminate betwsen performance of vehicles, tools, and mechanics = o
S critical situations. It would secem that o serles of “canned" troubles SRS
f might be bullt into our experiment, bullt up realistically irom data on .

} failure frequences. el
8 oA,
Y What measurement constitutes an index of perfomance? Perhaps time ;‘\E\
'_\‘-( would be the best indicator. K ‘\
vy &
o L
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v
Having asked many questions and posed several problems, I will cone
7‘ " clude this brief discussion. Ferhaps our problems can be summed up generally
3‘ in the areas of (1) - Communications « understanding experimental design
1 principless (2) Economy. (3) Valid ad reliable measurements. (L) Realw-
" e JEme
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EVALUATION OF INTERLABORATORY TESTS ol
WITHE LIMITED CON'TROLS AND DATA ,

£z |

£ L

W. K. Murray e
Watertown Arsenal laboratories ?}

I

T

The following discussion concerns the problem of the preper evalua- TN
tion of data recelved in connectlon with some interlaboratory determina- e
tions of oxygen in titanium alloys. The problem is complicated by the p%
difficulty of achieving proper statisticel control of the experiment b
vwhen the data 1s obtalned by voluntary cooperation of a number of labora- " -
tories, each of which differs normally, to some degree, in its methods : WO
and procedures. The difficulties which have arisen in this problem are . Eﬂﬁﬂi
by no means unique, but are common to mest interlaboratory evaluation l R
problems. It is felt that a solution of some of the questions arising Q
from this specific problem would have general application. &
/

s i

-
oy %

SESeer SR

e 2y A

=

The background of the sperific problenm is as followst

. Since the use of titanium has developed only recently, there have
] been no standard accepted methods for its chemical analysis, In order
R to provide generally acceptable methods, a Panel on Methods of Analysis
4 hae been set up to investigate methods for the determination of each
R alloying element or impurity and to recommend suitable analytical pro-
\ cedures. In the case of most elements, procedures have been developed,
£¢ tested by a number of cooperating laboratories and found to be quite

) satisfactory with regard to precision and accuracy.

In the determination of oxygen in titanlum, however, no procedure
N ' has yet been adopted and recommended for general use. One reason for

this 1s that thers are no standard specimens available containing known
o amounts of oxygen against which procedures can be tested,

o As a preliminary investigation, it was decided to limit our analysis
nﬁ to two general sources of variation: that due to the samples and that
[n due to the laboratories, It is believed that, if we can show inter-

) laboratory differences to be the significant source of variation, our
problem would be reduced to a study of laboratory methods,

=t The samples consisted of commercial titanium and titanium alloys A
Y available in stock, thus eliminating any control over their preparation. Ny
N The cutting of the original material and randomizing of the samples for :
I distribution to the different laboratories is the first control we are .
b able to exercise over the mamples in this design. The samples were dis~ el
o tributed to the cooperating laboratories, who were requested to make four L |
determinations for each titanium alloy using one or both of two sugpested

! methods; the number of determinations were restricted due to the cost “

o involved. Homogenelty of the sample being unknown, we attempted by i

e randomization to reduce the influence of oxygen segregation in the
N samples.
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232 : Design of Experiments

The hypotheses we wish to test ares (1) there is no within-sample
varistion; (2) there is no between-laboratory variation; and (3) the two
methods tested give similar results., The purpose of this study is to

}'dehermine whether the difference in results is due to differences among
labhoratoriess or to segregation-in the titanium samples; and, if possible,

to determine whether a technique for determining oxygen in titanium is

‘suitable for’ recommendation as an acceptable prooedure.

Arter thia general statement of the problem, we should 1ike to

" ‘mention some of the specific questions which have arisen,and which must
' be resolved if'a logical statistical approach is tc be utilized.

Preliminary to- any statistical analysis one must handle the question

of rejecting date. In an experiment such as this one, which is to some
. degree uncontrolled, this is an important point. Certain latoratories are
* persorially known to be more reliable than others by virtue of better

equipment, more experience and other factors., Can one give more weight

to the results of these laboratorios that the vthers and still avoid
biasing the results by personal predjudices? In our came, it is very
tempting to eliminate the results of about half of the thirteen coopera-
ting laboratoriés. Previous experience has indicated that there is a
group of laboratories whose work is more reliable than the others, These
laboratories, in this testing program, egreed with each other much more
clomely than did the other laboratories. Yet, on purely statistical
grounds, there is no reason to eliminate more than one laboratory on

the basis of the results received.

Another question concerns the analysis of data gathered employing
two different analytical procedures in the =ame laboratory or in different
laboratories. Should the methods be compared on a laboratory to labora-
tory basis or should the results be combined by method? Also, under what
oonditlions can the laboratory results from different specimens be com-
bined to investigate differences between laboratories and between methods?

There are mpecific difficulties, but we believe & general dimsouasion
of the attitudes and aims that one should have when confronted with a
problem such as this in which the controls and data are limited would
be appropriate. What, for instance, should be the major concern of a
statistlical treatment which is the firat attempt to exercise statistical
control on the variables under consideration?
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IESION OF EXPERIMENT

Au Bulfinoh :\ .:‘:'j. J |
Picatinny Arsenal e

Engineers and scientists who have recently been introdused to the
subject of statistics, often ask: "Just what does one do to des an
experiment in the modern statistical sense?® This is a good question, and
there should be a sensible answer that thie engineer can understand and use.
An examination of the literature shows that much has been written on the
subject, but no unified procedure that can be identified as such can be
found in any one documsnt. <Too many books have been written for ghatisg=
ticlans and too many handbocks contain only methods of analysis.

he engineer would like something tangible to manipulate, or & set of
instructions that can be followed, something short of book length. The
statictiolan may say that this is impossiblel But his conclusion is bused
on the assumption that the engineer is completely ignorant of the subject
of statistice, and that to use statistios one must know all of the designs
and techniques. Experience has shown that thie le not true. Many engineers
and selentists will desipgn the most efficlent experiment by using Just good
common sense. Any one Jjob requires the use of only a few techniques, not
the whole spectrum. From this I have concluded that an explicitly described,
unified desipn-of-experiment procedure would be useful to englneerss Such
& deseription may include torms not familiar to the engineer or scientist,
but an effort to understand the definitions of these terms would ve the
shortest route to & working knowledge of the design of experiment 'in the
modern statistical sense.

' Planning an experiment along statlstlocal lines forces one to ¢ ongider
what it is he ie meeking and what steps are roquired to obtain it. This
often leads to the recognition of pitfalls and fallacles in advance of
data collecting.

The "design of experiment" is essentlally the pattern of taking
observations. In its broader sunee this procedurs also includes the
analysis of results. The cbject of deeigning an experiment in the modern
statistical sunse 1s two fold,

1. To obtain economy of experimentation. That is, to insure that
essential information is obtained with minimum cost in time and effort.
"Bssential information" is defined as information such that additional data
will not change the conclisions drawn, in a practical sense.

2. To obtain a "yardstick" with which to evaluate the resulte. This
"yardstiok" is called the experimental error, which is obtained by re-
plicating the results,

The "design of experiment" may be reparded as an aspact of the scientiw
fic method., The intrinsic characteristics of the scientific method are the
examination of what is known and the formulation of theories or hypotheses
which may be verified by experimentation. ‘he concept of experimentation
is the crux of the entire matter, for any question whoee answer may not
be obtalined by planned cbservations 1s not in the realm of sclences
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- 234, Design of Experiments

W The actual formulation of hypotheses and theories is a matter of

N intuition, native ability, and insight. Verlification of these hypotheses
N and theories cannot be absolute, for we can only show that the obeservations T
are compatible with the hypotheels within the lindis of experimental error. B -

Mig is the major reason for the use of the "null" hypothesls in statlistiocs. _

We make changes and assume or theorize that these changes have made no difw (Nl
ferenos, thet the difference is "null" or amounts to nothinge In every case %tmggq

we state our questions to be answered.by the experiment in a hypothesis to R.ﬁﬁ;

be disproven by the data. If we fail to disprove the hypothesis, then we N
accept fi as true or reserve decision. This means we have three alterna=- T s

o tives: rejuct the hypothesis, accept the hypothesis, or reserve declslion. yﬁﬁ%%
pf In the analysis of variance (of designed experiments) we combine the last ok
"} two alternatives and state: "There is nd; sufficlent data to dstect & L
]  difference's . iy
8 )’.

The hypothesis that there is no difference (the null hypothesis) is
unrealistic,. since different treatments must have produced soms difference.
The real problem iz to obtain estimates of the magnitude of the difference
and determine whether this hae any practical or economlc lmportance.

ST Z 5
oPoh  E

P i i

The acceptance of any hypothesis on the basis of data obtained from
samples of a population or universe is subject to a prébability of errore
This principle represents the basis of modern statistical theory. In teste
ing a hypothesis there are two possible errorst Type I Error is the risk
of rejecting the hypotheeir when it is trues. Type II Error is the risk of
accepting the hypothesis when 1t is felse. The value of designed experis
ments is that they minimize these risks of error with minimum effort. That
is, statistically desined experiments are the most efficlent experiments
gince they can obtain essential information with minimum cost.

=
o
-

e

4 A hypothemis must provide the answer for a practical problem, provide

? an explanation of known facts, and glve predictions that can be verified.

o It is essential that hypotheses and their outcomes be formulated before
verification is attempted. Valid probablility statements cannot be made o
about statistioul teste sugpested by the data to which they apply. aA

N (4 W'l
M ' “:h‘.":\.‘\‘
y The theory of statistics, which is entirely deductive, provides a nyﬁy‘
’ basis. for inductive processes. No inductive inference is certain to be RNy
. correct, 80 every conclusion drawn from finlte experimental data is subject C”¢‘;

to error, With the ald of mathematical statistics, probabllity states
ments may be wmade about there errors.

oA
;t: The role of statistice in the scientific method has three functionss
.,

1. Description ~ This is the reduction of a mass of data to .iuch
quantities as the mean and the variance. If the data is all of the relevant
o¥ information about the whole population, these quantities are called paraw=
o8 meters and the description is deductive. If the data is only a sample of
:{: the whole population, these quantities are called statictics and the
Y decription 1s inductive.

2. Analysis ~ Thls meanse, plven obgerved values from a sample, to
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Design of Experiments 235

estimate the population parameters. Also analysis can mean given observed
values from two samples, to determine whether the two samples came from
the same population.

3. Prediction - This means rational inductive processes. This is
the major objective of the application of the scientific method to natural
phenomena. The practical appEIcation of the theory of probability through
the use of statistical techniques has made it possible to make predictions
from controlled experiments with mathematical precision.

Emphasis should be placed on the application of the theory of probabil-
ity since at the theory level academic sterility is an ever present danger.
As Bross puts it, "Academitis 1s a disease characterized by hair=
splitting and eventually, rigor mortis.t

For our purposes it is useful to distinguish between two types of
experiments.

1. The determination of the numerical magnitude of a particular
characteristic for a specified population.

2. The determination of the effect of two or more treatments on a
particular population characteristic.

SR

In the first type the populations coneist of existing items or proper= W

ties, and it is sirply a matter of measuring thems In the second type the :\iﬁ

populatione studied are created by the experimenter in the act of taking B
measurements. It is in this latter type of experiment that statistical !
design techniques are required. A

Planning the experiment in advance of data collecting cannot be
overemphasized. In the past, an experiment was considered a venture into
the unknown, and as such, any approach and result was acceptable,
gince neither could be predicted or evaluated. This was a boon to the
experimenter and gave him a free hand, But modern techniques have changed
all this by furnishing systematic procedures for designing experiments and
analyzing the results. Inefficient methods and unreliable data can no
longer be tolerated.

Described below are some of the things that should be done in planning
an efficient experiment and analyzing the results. This is what I belleve
engineers want when they ask, "How can I design an experimant?" and what the
literature has glossed over:

a. Flan your experiments well. The conclusions and inferences that
can be drawn depend cn the way in which ot servations are made.
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be Use common eense. Llon't accept results which contradict common
gense.
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ce Use all avallable knowledge and information from past experience.
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236 ﬁesign of Experiments .‘:;.
MOARt

de Consider all possible sources of error. List the variablee to ARG

be controlled, these to te varied, and the levels of those to be varied. Qcﬂﬁ}

e. OConsider the entire scope of the problem. Without regard to cost, T
time, or effort, consider what it is you would like to know eventuallye. -

If thie turne out to bte a very large experiment, consisting of many
variables, or a very expensive experiment the cost of which iz prohibitive,
divide the whole problem into rational parts. This makes possible &
systematically-planned approach. It alego makes it possible to relate

your statistical design to cost and the amount of information requirede

f. Consider ail possible outcomes, and thelr physical interpreta=-
tione Results that have no physical interpretation have no practic

va'Iue .

ge Choose carerully the griterion on which conclusions will be
baced, Density results are of little value if the use of the material
depends upon the melting point.

h. Randomize sample specimens. This can be done by using tables
of random numoers or by drawing numbers out of a hate. In any case,
randomization insures better representative samples and guards against
blased results.

1. A valid estimate of experimental error must be obtained with
which to evaluate the results. Ihis can usually be done by taking repeated
maaeure'amente wnder the same controlled conditions. Thisz is called "repli=- '
cation',

I

Jo The sample eize (the number of repeated measurements under the
game controlled conditions) should be adjusted to control the alpha and
beta errors. The alpha error is the riek of rojecting good material, the
Type I error, or the producer's riske The beta error is the riek of ace
cepting poor material, the Type II error, or ths consumer's risk. In order
to control these errors, mome knowledge of the variability (experimental
error) must be available. In addition, a decision must be made concernw-
ing the magnitude of the difference that must ke detected to make the
experiment economlcally feasible. '

-
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k. Carefully formulate the guestions to be answered. Develop r
the right hypotheses by acking the right questions which the experimental
results are expected to answer. To show ccnelusively that process A
gives a hipher yleld than procees.B, is of little value 1f nelther pro-
duces a usable product.

1. Of the many experimental designs available, choose the one that
fits your particular problem requirements. Factorial designs are very
L efficient since they will provide complete information about all of the
'% variasbles, as well as their interrelationships, with only a fraction .
-} of the work required by the classical one-at-a-time procedures This type
il of design is particularly useful when little 1s known about the system
M  being studied, or when it 1s known that there is a very complex relationship
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Design of Experiments 237

among the variables. If the number of variables to be studied exceeds

5 or 6, designs such as the Latin square and fractional factorials should
be considered to affedt further economies of experimentation., These

latter designs are also useful for a sequential approach to & problem
containing more than S or 6 variables o} interest. The analysis of
regression, the analysis of covariance; and the method of confounding, .are
useful when there are variables that camnot be controlled. The correlation
coefficient and the analysis of regression are useful in studying the
relation between variables -- such as cause and effect.

m. A property of these designs, known as Orthogonality, should be
controlled in order to simplify the caloulations and %ﬁe interpretation
of the resultse This property insures that all the variables (called
main effects) and all of their interrelationships (called interactions)
can be independently estimated without entanglement.

n. Cure should be taken so that the effect of one variable is
not confounded or confused with that of another when independent measure-
ments of each are required. Little can be concluded about the moisture
content of two products, made by different processes, if ambient humldity
conditions are permitted to effect the results. In such a case, the
moisture content due to the process is confounded (or confused) with that
due to the humidity., If the ambient humidity condition is an important
variable in the system, it should be controlled and the experiment
designed to determine its effect. If it cannot be controlled, the experi-
ment should be deslgned so thut changes in humidity can affect only
undimportant parts of the experiment, such as the higher ordcr interactions.

0es The concept of interaction should be understood. Interaction
is mald to be present when certain particular combinations cf conditions
produce unusual results. This is the nonadditive or unpredictable
portion of the experiment, and, as such, is the only Eatentable portion
of the expsriment. Thers can be interaction between two or more factors
(variables). Interactions involving three or nore factors are referred
to as the hipgher order interactions. Interactions involving five or
more factors seldom have any physical interpretation or practical
importance.

Pe The observations or measurements must be independent for many
designs. Measuremente are said to be independent if the probability that
one of them will have a certain value is the same, no matter what values
are obtained for other measurements. This means that the results camnot be
correlated and that the taking of a measurement will not affect the
outcome of sucoceeding measurements. For example, if the first measurement
ralses the temperature of the system, and the results are affected by
temperature changes, then the probabllity of reproducing the first result
with a second measurement 1s nil. In such a case, the temperature must
be controlled in order to obtain indepundent measurements. However, if
the variables are correlated, the analysis of regression or covariance
can be used.

ge There muct be atsurance that the error of measurement (called
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l%f the variance) does not change from one portion of the experiment to

e another. That is, we must comply with the requirement of homogeneity

(o of variances. This is important because there are two sources of

. variation -= the means (or averages) and the variances. 1f we observe

@nn a difference, we want to be in a position to determine vhether it is due

gq to the means or variances. We are usually interested in changes of the mean
values, so if the variances are constant or homogeneous and we observe a

change, we will be able to conclude that it is due to the means.

re The concept of degrees of freedom should be understood, since it
) is used extensively in the analysis of data. The number of degrees of
: g& freedom is equal to the number of independent observations minus the
e nunber of parameters (such as the means) estimated. In computing the
%& variance, for example, only (n=1) of the deviations from the mean can be
4 independent. The nth deviation has to be restricted in order to make all
tn" deviations add up to zero.

%# 8. The type of measurement to be used should be considered for

A the sake of efficiency. variable type data is data that can vary from
K minug infinity to plus infinity on a continuous scale. This type of data
g furnishes the most information per observation.. Attribute data is quali-
tative type data and consists uf discrete entities. Attribute data is
gometimes called "go' "no go" data., The latter kind of data gives the
least information per observation.

te The assumption of normelity must be considered, since most
probability statements are based on this assunption. However, if you are
dealing with the distribution of averages or with emall sample sizes,
the question of normality is purely academlc for the following reasons:

(1) The distribution of all averages can be considered normal,
regardless of the source of the individual values -- especlally averages
of four or more values,

(2) No reliable test of normality is available for small
sample sizese In addition, there are robust tests now available which
are insensitive to deviations from normallty.

The numerical values of measureble propertles of products manufactured
under controlled conditions can be considered normally distributed. The
F-test in the analysis of variance, and the t-test for the difference
between two averages are both insensitive to deviations from normallity.

_ With this in mind, it can be concluded that the assumption of normality

Y is suffieciently valid for most practical purposes, unless there is definite
information to the contrary. At worst, your level of probrbility will

be low by a few percent.
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u. The saving of time and effort through the use of statistically SO
designed experiments can be demonstrated by the following comparison «?EH
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with the classical one-at-a-time procedure.

v

LW ,.._. .‘:‘ .,-_,\‘ "‘:'."i"-.':j.":‘..'-‘.‘f'.'h" ™ -‘-."-"-..'-..'-.'-"'.-'\“".",.‘.'-'..'.-n‘--," -:_‘ S W .
{“T-:‘\ L0 ).'\‘ “at -\.“..-'..\,,-.{x\'-.lkﬁgﬂ_kufmlm,{._«Vw‘.\1‘_-.1,‘..1:..;‘. \': L PRI, 4 "
9 e W 8 W 0 X 1 9 o ® N REE

= y
. mmi R S L S SN S T T
AR S N R A SOCAEAY S SRS A ) ERN A LR R A R R P RN h‘\-."' et RO s
A PAT T N ST S S ,\- . ‘\ :' ',-.h‘.‘\z‘ \4.*:\- -‘«JJ-.'}\.JM{",\“‘:—"”:“ ‘-.‘1|.-P‘:."'(‘-‘..:)4:..‘;\,.“}\:‘)- l.,“il.'.\'. A} :":" i ) ": “' :‘l"‘c " i " : :
R S
Wi e b VY ey e /T S P P B B S W




it L’

X

o

gt

Design of Experiments 239
Classical Procedure Statistical Procedure

Averages to
corpare effect

'.l'emp:L Temp 0 Tenp N 'J.‘omp2 of pressure
Pl‘eaﬂl = » Pn Bﬂl - - -
l’reaa2 - - Press 2 - - "

Averages to oompare; - .
effect of temp

In the above illustration let a dash mark represent a single determination, -
Classical Procedure: |

The effect of temperature iz determined by comparing the average of
duplicate determinations at each of the two temperatures for the first
pressure levels We repeat the process for the sscond pressure level. To
determine the effect of pressure we compare.the average of duplicate deter-
minations at each of the two pressures for the first temperature level
and repeat the process fr the second temperature.

Statistical Procedure:

The effect of temperature is determined by averaging over the two
pressure levelse That is, the value ¢btained for the condition of
"temperature one" and “pressure one" is averaged with the value obtained
for the condition of “temperature cne" and Upressure two". The proces=s is
repeated for "temperature two", The two averages obtained in this way
are compared to determine the.effect of temperature., The effect of prese
;ure is determined in a similar way by averaging over the two temperature

evels.

In both cases we were comparing averages of duplicate determinations,
but in the statlstical procedure we attained this precision with only half
the number of determimatione used in the classical procedure. This
economy is made posasible by removing two longestanding barriers, namelys

1. You can't average "apples and pears",
2. You can't vary more than one thing at a time.

The removal of these barriers and using each measurement or determination
for more than one purpose is mathematically possible if we assume that the
"error!! created by changing the pressure in taking a measurement at
"temperature one' 1s equal to the "error" created by changing the pressure
in taking a measurement at "temperature two'. If the effect of these two
factors upon each other is additive, this assumption is valid. By
additive is meant that if changing the pressure a given amount produces
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240 Design of Experiments

a 15% increase in yield at "temperature one", changing the pressure the
same amount at "temperature two" will also produce a 15% increase in yleld.

Algebraically, if1
A =B,
(A+0) = (B+0),
A=-B =0
(A+0C) -(B+C) =0

Thies means that the error dus to changing the pressure when messuring the
effect of temperature will cancel out, since measuring the effect of a
factor (or veriatle) is actuslly a process of subtraction and an evaluation
of the difference.

If there ave interaction (nonadditive) effects present, the avove
additive relation still holds, but additional work must be done to separate
then from experimsntal error. This can only be done with statistlcal pro=
cedures, Interaction can never be measured or calculated with the classe
ical procedure. '

One of the major cbjectives of the statistical procedure is to obtain
& measure of experimental error (or reproduoibility) with whioh to evaluate
the main factor snd interaction effects so that variation due to chance
alone can be distingulshed from differences due to assignable causes,

To get a measure of experimental error, at least duplicate determinations
mast be made for each condition., In the above example this would require
douhling the niimber of determinations in the experiment under "Statistical
Procedure". This would now mean that we could compare averages of four
determinations, To make the experiment under "Classical Procedure" come
parable, we would have to double the number of determinations here also in
order to compare averages of four detsrminations,

Now a datalled comparison of the two procedures ehcws & wide divergence
in favor of the "Statistical Procedure". By means of this procedure the
total errcr in the above two~factor experiment can be divided inte five
componentsi

l. Main effects.

as Temperature.
b Pressure.

2. Interaction
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3, Experimental .error. é?{q
) ae Replication. il
: T
be Residual error. QR
b\ '?\
It is assumed that the residual error is that portion of the totel error §§§3
which remains after all the error due to assignable causes has been gk %J'_
removed. That is, the residual error ls assumed to be dué to chance ' ASSNT
causes alone. As such, the residual error is used as a yardstick to et
evaluate the main and interaction effeccts through the use of the Patest. RO
This test is a mathematically preclise method for evaluating data to b
distinguish between variations due to chance alone and differences (L
due to assignable causes. ‘g
In contrast, the "Clase .al Procedure" includes no means of determining: Lo
1. MNost efficlent and economlc experimental designae gﬁ@ﬁ*
iy VAR
2, Interaction effects. &¢ﬁ3
AN
3+ Residual error. T
NOIRS
' o Difference between variations due to chance alone and differences .i{{ﬂu
due to aszignable causes. 29 AN
F\ oh
A5

The result of these deficlences leaves only common sense and subJective
Judgment (with all the attendant pereonal tiases) to design experimente
and analyze data in the "Classical frocedure.

To demonstrate more clearly that more tﬁan one thing at a time can be
varied in the "Statistical Procedure", the following frectional factorial
demign 18 presented:

°:L - -

02 - -
l;g Measurements are made for only those conditions indicated by the dashes; ’
X yet the effect of all three factors can be determined and evaluated if there
O are no significant interactions presente Thie is only one=fourth the
‘fﬁ amount of work requiraed to obtain the same precision by the "Classical. RN
< Procedures Truly a saving of time} ]
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LINEAR MODELS IN THE ANALYSIS OF VARIANCEH

M, B, Wilk
Princeton Unlversity

Introduction., In recent years a new word has won widespread acceptance
into the technical language of statistigs. I have in mind the term "robust",
This expression was introduced by Box l_/ to characterize statistical tests
which are not overly sensitive in their behavior and meaning to preliminary
statistical assumptions., What he meant us to understand by this word is
strongly suggested by its dictionary definition (Webster's 2nd Edition):

"having or evineing strength or vigorous
health; strong; muscular; vigorous; sound,"

While the use of the word in statistics is new, the basic concern which
i1t reflects is not at all recent, For example, the introduction by Fisher /37
of the device of deliberate randomization in experimentation was motivated by
a desire to provide a robust basis for statistical inference, Similarly, for
many years so-called non-parametric or distribution-free procedures have been
advocated to relieve inferences from the weight of asssumptions whose Justifica-
tion may be difficult or impossible,

In addition to our explicit concern with the relative robustness of
significance tests and estimation procedures, I would like to direct some
attention to the question of robustness of statistical experimental designs
and of statistical models.

As a simple example of non-robust experimental procedure consider the
situation suggested by (1),

(1) o= £(x; a, B, ¥, +e0) * e,
If it is known that the functional relation is given by (2),

(2) y=a+px+e,

L Sl
e

then we know that, with moderately reasonable statistical propertles of the
errors, a "best" selection of velues x, at which the responses y, should be
observed would be such as to maximize %3), which measures the diipersion of

4

R
a:“l-(‘g- \
Py

the Xy values,
(3) z (xi - i) 2 o "\‘:-\_ﬂ
i REALY
e
:::'r":l' ‘
*A talk given at the Second Conference on the Design of Experiments in Fer
Army Research Development and Testing, Washington, D. C., October 19, 1956. AR
Prepared in connection with research sponsored by the Office of Ordnance T
Reaearch. R
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rINA Design of Experiments

This effectively means that the preselected x, values should be concentrated
at the two extremes of the possible range of x, Clearly this design is not at
all robust since if there is, in fact, some curvature in the relation between
y and x, as for exemple in (4)

(4) yea+px+ sz + e,

then we could get no clue of this from an experiment with all Xy values at
the two ends,

Ap another example, consider the relationship of randomized complete
blocks and incomplete blocks designs. In the latter designs the presence of
unanticipated interactions cannot, in general, be easily detected and may in
consequence introduce serious errors into conclusions, In this sense,
complete blocks are more robust than incomplete blocks. On the other hand,
the use of complete blocks may lead to overly large uncontrolled variation,
with consequent concealment of effects of interest. Similarly, fractional
factorial designs will, in general, be less robust than full factorial designs
in that the confounding which occurs in the fractionated designs may be of
importance and go undetected.

In contrast, one of the arguments given by Fisher [Z. Pe lOé] in support
of factorial experiments is as follows:

"Any conclusion has a wider inductive basis when inferred
from an experiment in which the quantities of other in-
gredients have been varied, than it would have from any
amount of experimentation, in which these had been kept
strictly constant."

The remainder of this paper is devoted to classification models and
regression models, with particular reference to their robustness character-
istics, My intention is to try to deal with general ideas and principles
rather than to attempt to convey any detailed methodology.

Analysis of Variance or Classification Models., I am sure everyone here
is familiar with models of the general appearance of (5).

(5) Yyepta+tbrtcot .. toe,

Such models have been used increasingly widely in the paet decade as a basis
for justifying the analysis of variance., It so happens that if one makes

some suitably chosen assumptions concerning this model, it is possible to
provide an elegant and rather complete mathematical-statistical justification
for the analysis of variance., Unfortunately, this Jjustification does not
require any deep-rooted sorutiny of the meaning or possible origin of the
model, Due perhaps to the abstract treatment of these models, there have
occurred some conflicting views on appropriate interpretation of fairly simple
experimental situations, such as the mixed model case of a two-factor experi-
ment, The heart of this controversy lay in the treatment of the same experi-
mental situation in terms of different, arbitrary assumptions concerning the Ll
components of the model.
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It seems apparent that if these linear analysis of variance models are
to be useful for a wide range of experimental circumstances, then they must
have a robust status in the sense that they must derive their meaning and
properties not from arbitrary assumptiocns but rather from a very general
framework or concept of experimentation as a means of learning about the real
world, combined with such direct properties as the experimental design itself
possesses. The model must not depend on very spesial properties of specific
exparimental situations,

Consider the essential ingredients of a simple two-factor experimental
situation., In such a situation, idealized, one would be concerned with de-
termining the effects on some response Y which arg attributable to varia-
tion in the levels of each of two factors,;ﬁ?&nd uf? Clearly, this descrip-
tion is grossly incomplete, even for an idealized framework, for no provision
has been made for the implicit background or surroundings. To account for
some of this we introduce the notion of experimental units, For exampls, a
chemiocal engineer might wish to study the effect of column diameter and type
of packing on the maximum throughput in a packed column., Here the response
is to be maximum throughput, perhaps in pounds per hour or more likely in
pounds per square foot per hour; the factors (or independent variables) are
column dismeter and packing; and the experimental units will summarize such
features as the method of determining the maximum throughput, the changes
which occur in the fluids and equipment employed, uncontrolled ambient
temperature and pressure changes, and so on. Clearly some properties of the
experimental units will be, essentially, constant for all units, while other
characteristics will fluetuate from one to the other,

éuppose factor&d?to have A 1levels and factoral?to have B levels, and
let the indices 1 and J have range as given in (6).

(6) i=1,2, ,.4, A
J - 10 2! sevy B.

For initial simplicity let us assume that all experimental units are identical,

Then it is reasonsble, in many cases, to conceive of a number Y,,, defined in
(7), namely 1
(7) Y, , = true or typical response which would be observed

i

from the treatment combination consisting of the
ith level of factor;ﬂZand the Jth level of
factor, 4 .

If we now use dots to denote means or averages, as exemplified in (8)

1
(8) Yi. - E g YiJ ]

then we can write the algebraic identity given in (9).

;'—;-.‘ (9) Yyqm Yoo # (4 =YD+ (¥ =T) e (L, -0 —¥ +¥.)

i. i. oJ
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W
}: It ie apparcnt from their definition that the components of this popula-
A tion model can he given a physical interpretation or meaning, This meaning

is suggested by the nomenclature defined in (10).

)4 1s the overall mean,

a8, 1s the main effect of level i of factor&ﬁ%
(10)

bJ is the main effect of level Jj of factonuﬁp,
(ab)iJ is the interaction of level 1 of faotor&ézwith level,

Jof factor¢4fa

Two important aspects of these defined components of the population
model should be made explicit. Firat, the definition of, for example, jhe
mein effects of factor depends cruclally on which levels of factor«/are
included in the experimentel situation. Second, the relative and absolute
magnitudes of the interactions will depend on the scale of measurement of the
responses Y, Thus the same two factors may show important interaction on one
scale of response Y, and yet may show negligible interaction on some other
scale of response; for example, g(Y) =YY, For the very special and important
cage in which interactions are negligible then the meaning of the main effects
of factorZf become independent, in general, of the levels of factor, involved,
This is formally stated in (115, which follows directly from the definition of

(ab)ij

(11) ALL (ab)y 4 = O implies ¥, ~ Yy=Y, =Y. =a,

i}

It is, however, worth repeating that the relative size and importance of the
two-factor interactions depends not only on the mechanics of the situation
but alsc on the scale in which the responses are analyzed.

The same notions may be extended to the more realistic case where
experimental units are different; that i1s, where unpercelved or uncontrolled
variation in the background may condition or obscure our evaluation of the
effects of the factors. The population model then takes the form given in (12).

(12) Yijk =R tay byt (ab)ij JCYRS

In this expression, may be called the additive unit error and pijk
the interactive unit e ror. The population model components are now
defined with respect to the relevant population of experimental units and of

treatment combinations. The e, reflect varistion among experimental units, ;kag
averaged over all treatments, The pijk reflect interactions of treatment ,};3aﬁ
combinations with experimental units, ™ Lfﬁﬁ%

g

Now as yet we have said nothing about an actual experiment; we have
simply developed a formal framework which we hope is sufficiently flexible
to fit most two-factor experimental situations reasonably well.
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Suppose a fastorial experiment is now carried out, as sketchily outlined

in (13).
(1) Select & levels of facton;ﬁe; a g A,

(13) (11) Select b levels of factor,d; b < B.

(141) Have r replications of the selected a x b
treatment combinations,

At this poinn it is necessary to inquire just how selection of levels

and allocation of experimental units is to be made. To the extent that physical

randomization (i.e., random numbers) is employed, objective statistical-prob-
ability ideas can be used to make inferences from the actual experimental
observations to certain fairly well defined brosder populations. To the extent
that randomization is nct employed, broader inferences can not be bused solely
on statistical-probability notions,

If we have conformed "to all the principles of allowed witch-craft! =--
to use a phrase due to W, S, Gosset, better known as 'Student' -~ we can
carry our population models forward to & statistical model for the observa-
tions. Use the notation defined in (14).

Let
u.l’ 2’ etey a
vel,2, 00,0

denote selected levels of factorq;ﬁ¢and446?, in order of their random
selection;
(14)

fuv w1, 2, sea, I

denote replication of treatment (u, v);

X

vt represent the observation from replication

f = f,, of treatment (v, v).

Then we can write a statistical model for the cbservations X of in the form
given in (15).

(15) Xave ~ 1 * % * Bv ¥ (aﬂ)uv ¥ Cuve

This model derives from the population model by imposing the conditions
of the experimental design, including the randomization employed as well as
the pattern, An outline of the relationship is given in (16) using the
aimplifying assumption that all pijk are negligible,
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~: Define the following design random variables: ‘ :Z:-',\":
o
) X
N o,z = ] if selection u corresponds to i in the population
‘ of levels oftj-,
‘- = 0 otherwise. LT
i NS
.,ri\f v iyl
=1 i >, e
P, = 0 otherwise, ot
A
13 (16) suvf « 1 if the fth replicate of selected trestment (uv) falls
e k on experimentsl unit k, o '
. = ) otherwise,
\‘, The properties of these random variables derive from the pattern of '
.10 random selection and allocation (i.e.,, the experimental design) employed. &
;\":"2 :
ey We then have, with the simplifying assumption that p, . =0, X
'- tde o
u [ - v [ [ I'\ o3 ‘
3 o, =fe 8 i B mFRyDy . %
'.".1 'L\
Y u v . - uvf A
o (O'B)uv - §j % SJ (ab)ij’ Cuve " k Sk O * ‘ Y
h The important point is that the properties of the components of the stat- [t‘_,i. \
"'{:'. istiecal model for the observations follows from combination of the population {\
U+,  model (which was based on the rather general concept of a true response) with
o the experimental design which is actually imposed by the experimenter, s
) RIS
" The implications of this model so for as interpretation of the analysis ;
ot of variance is concerned is partially indicated by the expectations of mean by I
e, squares given in Table 1, ‘.'r‘_“\‘E
Wiy , A
o Table 1 Ec§(
Due to d:f‘ M’Sa‘ Elngso NP
e 7 2, _ (Bb) 2 2 LY
S (d-1) AR oy +r>Fro,“+rbo ot
k. ° ab e
s 2 A-a 2 Lo
o b-1 B# + o + NAY)
A e ” i
.‘;N:. ' ﬁ - * 2 ‘ K '-‘:
& %Y (a-1) (b=1) I o +r o, :[}\
S [FIK
S0 Residual  ab(r-1) R# o DR
Ly
1 . . 2 . 2, S
) o 2, 2 - 2 ;-'_l:a‘\.'j
o (A-l)(s-l) ’fg (ab)yy" 3 0" = P& o - i
{ \.. L XL '. , b LI T TR T, TSP, W S P A 't-:-::\:
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It can be seen from Table 1 that if B = b, that is, if all levels of
factor,y in the population considered are studied in the experiment, then
the compgnent of variation due to interactions, ¢ 2 does not contribute
to the mean square, Contrariwise, if B>» b¥% 53 that only a small propor-
tion of prossible levels of factor,/% are sampled and one wishes to pake
inferences relative to the entire population of levels of factore(f, then
the ipteraction component of variation does contribute, on the average, to
theaa' mean square,

The fact that the results of Table 1 derive from the quite robust model
we have developed is one strong indication that the analysis of variance is
a meaningful procedure, without regard to more sophisticated azsumptions,

The results given in Table 1 involved the simplifying assumption that
the interactive unit errors, the p which measure unit~treatment inter-
actions, were negligible, Moreovor Ehe model used contained no provision
for either measurement errors or variabilitiea in preparation of treatments.
The results on expectations of mean squares under a more general model,
which do provide for such effects, are given in Table 2, with a notation
that lends itself readily to extension to more complex situations,

Table 2

Due to

A

A
AL

Residual

Definitions:

>
Q

-]

]
| N)

]
wi—

m
o
™
o
[ ]

L2 1 2
Zabe = %abe = TE-L)(B-1)(P-1) fjk(pijk‘pi.k‘p.jk)

2
zo o zabe * Eae * zbe * Se

02 = Variance of "technical errors"
P = gize of population of experimental units,

¥ The symbol »» is used to denote "much larger than."
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| A close inspection of the results of Table 2 will show that the existence
" of unit-treatment interactions occasions a bias in the analysis ol variance

in the sense that unbiased estimates of error cannot in general be cobtained.
If the size of the relevant population of experimental units is large, how-
ever, this bias is negligible,

Thus we see that, with appropriate interpretation, classification models

can be given a robust status, Such models can be used whenever factor levels
H are distinguishable either qualitatively or quantitatively. They help in
several ways: (1) They provide a formal structure whose relation to the
populations of interest is usually well-defined. This helps in interpreting
the actual experimental results in terms of the broader populations of concern.
| (2) Properly ussd and interprested, these models help provide insight into the
physical meaning of terms such as "effects" and "interactions of factors,"

éB The use of the models brings out into the open the necessary assumptions
or conditions) which may be necessary for an unambiguous intorpretation or
the analysis of variance. In the same way they help in evaluating the
possible direction of misinterpretation if assumptions fail. (4) By appropriste
" statistical analysis —- as, for example, by finding a scale for analysis on -
which interactions are negligible ~- we may be led to simplified and hence
; mors developed models,

The main deficlency of these general classification models ==~ and it 1s
overwhelmingly important -- is that the classification models do not directly
concern themselves with functional relations between response ard factors
or independent variables, If quantitative information on factors is avail-
able, the use of & classification model will simply ignore this information ==
obviously an undesirable feature, Thus, as ordinarily employed, classificae=~
tion models when properly interpreted do not require sophisticated information
to be useful, but by the same token they do not lead to sophisticated insights,

Further published work on classification models can bve found in refer-

ences /2/, [/, [&/, [1/.
Polynomial Regression Models, Another type of model is widely used in

statistical analysis of experimental data is the polynomial regression model,
such as in (17).

2 2
(17) T "G00 * O0%p * Gon%z * U917 * GaZp *9qp%p%p * error.

It is easily seen thet such models, as well as the classification models,
E can be put in the form of a linear multiple regression model such as (18).

g (18) Y % BgXg * ByXy * BoXy * st Bx * e,
| The appropriate correspondence for regression models is indicated in (19).
‘ % =By i 1%,

L M P JE e g3

(19) 4o By ¥ 2" X
19 - - ]
Goo™ By i 2" Xy
Q - B . 2-
11" F3 v 21" X3
etc.

(el SNy '\.‘\\ S VT TR S

ot 'ﬁ. JL‘\' '()‘l.'(lk f‘ L‘".&Ct I" % AW hu\‘-' n" -.'L\'.l&'z'(.\-\ S ';:.k'_‘:.\"'.i'li:x‘. s

- o % ® » -ﬂb X u‘ v s _ ®
‘ " --:'nIr '“-{"Tf"f‘t‘». AICRC SICACS AR o ‘ q - '( ¥ AN

EL& 3‘: .-i \&;}EIS 1‘\“§hhx~. o .\.-s,t-.'\..# &\.,A'.-&s'mk' g%'ﬁh R




Lok :h "
3;3 Design of Experiments 251 ;

o RS
::': To show the formal connection for classification models, consider for o
ol example a 2 x 2 factorial experiment. We could write a simplified W
. classification model as in (20), el
’ iy =Pl *al + 8,0+ byl 4,04 e, \:;
Aie Mo
o Yyp = Rel * 8701 + 8500 + .0+ byl + epy Q o
L (20) \

y21 -Pol + 31.0 + 3201 + blol + bzoo + 021 )
Fop = Pel * 87,0 + 850l + 100 + boel + ey, o

Clearly this has the same formel structure as the multiple regression model,
with the x's taking on the values O and 1, appropriately, and the

?& parameters of the classification model playing the role of regression co-
W efficients, 1
2 '. ]
Ry While this formal identification is sometimes convenient in allowing Pt
R & certain unity and elegance in mathematical developments concerning least LIRS
Ak squares 4nd analysis of variance theory, there are important logical and Eﬁﬁ@
o practical distinctions between classification and regression models. gr“ )
¥ "\.1 ,'\"i
‘jk: In a regression model such as (17), the values of . and %, are ;
Wy quantitative identificationes or descriptions of the leveld of two™ factors
R under study, and it is ordinarily implicit that the values of the z's Ak
, are sufficient to summarize the important characteristics of the actual *R§F
) factor levels used in the experiment, in the sense, for example, that we ﬂm;?'
f’l ordinarily believe the application of a particular pressure to be summarized Af\‘ﬁ
A by the number of pounds per square inch assocliated with the applied pressurs, ?_ﬂﬁf
'y e !

. LA
W While it is basic in a regression model that the factors be quantified, Kol
) their quantification known, and that the numerical measure be a complete ——
A summary, the classification model does not require this information, On e
gﬁ. the other hand, even for comparatively simple experimental situations the -r? h
g%. number of parameters in a classification model can rapldly become very large 5‘ \&
) indeed, For example, if ina 5x 5 x5 factorial experiment we could ignore ;4 |ﬁ
My threo-factor interactions but no others, we would need 61 independent ot
ﬂj parameters in a classification model. A moderately complex regression model ——

o might employ 20 parameters. Clearly the classification model assumes
oy less, but also accomplishes less,
e It has been said of the popularity of the assumption of normal or L
' Gaussian distribution that "everybody believes in the law of errors, the sl
”11 ) experimenters because they think it is a mathematical theorem, the mathe- b
oo maticians because they think it is an experimental fact." One wonders AUV
W4 whether a similar remark might not be appropriate to the popularity of A
L polynomial regression. =
14 [
;ij The basic mathematical theorems are due to Taylor and to Weierstrass, \‘xgg
Ay Taylor's Theorem tells us that if a function f(x) has derivatives of .Ei?ﬁ
1 order k, then f(x) may be expanded as a power series of the form shown bty
A ] 3
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252 Design of Experiments

in expression (21). In ihis expression is some preselected value of
x, and R, . 1is the remainder after n terga of the expansion. The co=
efficientl f'(x9 ), and so on, are the first, second, etc.
derivatives of I(x) evaluated at x = x,. Thus they are constants,
independent of x, once x4 is selected.

(x=x )2
f(x) = f(xo) + (x-x )f'(xo) + 2? f”(xo)
(21) g
oo ) f™(x ) + B (x, x).

The Welerstrass Theorem states that every function which is continucus
on a closod interval can be approximated on that interval as closely as we
please by a polynomial of sufficiently high degree.

The practical hope derived from these theorems is that even low degree
polynomials, say quadratics and cubics, may give good approximations if the
interval involved is not too large and the function is falrly emooth,

Two basic practical facts are: first, polynomial models have been
used with much suceess by experimerters, with and without statistics;
second, the estimation of unknown parameters in polynomial regression models
by least sguares leads to equations which are linear in the unknowns, and
hence can be solved by more-or-less routine arithmetical operations.

An additional robust feature of regression models is that if inadequate
they are to some extent self-revealing, Thus, it is well known from least
squares theory that, with moderately reasonable behavior of "errors", the
residual sum of squares after fitting a given regression model will, whon
divided by a suitable factor, often called the residual "degrees of freedom",
be an estimate of the residual variation =~ 1f the model fitted was appropri-
ate. Thus if through replication or other information we have independent
knowledge of the magnitude of the error variance, then a check can be made
on the model used. This procedure is, in fact, properly regarded as an
analysis of variance technique and is an important part of the use of re-~
gression models. Thus in the absence of knowledge of functional relations
among quantitative variables, polynomial regression models constitute
moderately robuat vehicles for organizing, analyzing, and summarizing
oxperimental data. There are, however, a number of possible snags which
mast be kept in mind.

Item 1: However good the fit of a regression model over the range of
variables for which data are avallable, extrapolation beyond
the observed range is fraught with hazard, unless theory or
other experiments give clear indication of the functional form
in the region of extrapolation.

Item 2: Despite the self-checking of the regression model, even interp-
olation must be done carefully in that representation of the
model may be systematically bad over some regions. This aspect
can be studied and guarded aguinst to some extent by the
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computation and plotting of residuals. Happily, this practice yﬁ%;
is being recommended increasingly these days, ?fﬁﬁ

Item 3: The statistical methods for fitting regression models have good t;:f;
properties when the independent variables are free of important Ol
random errors., In many practical cases the independent variables %}3%
are not free of errors, Just how misleading this can be is a J§"
topic which still needs much investigation. (@ﬁ%

Item 4: An open question always exists as to the degree of the polynomial 'Eié
which should be fitted. This problem becomes especially important S@g}
when no reliable independent estimate of errors exists. There are T
real dangers in overfitting or underfitting and thereby assessing i

the importance of various factors improperly.
Item 5: When two or more variables are involved, it will often be sensible, Mﬁqr

in prineiple, to examine several regression models simultaneously, Qi;%
as for example those given in (22), %ﬁﬁﬁ
2 ‘_‘:"l'. hY
T * G0 * S0% * %1% * %0 * %02 G
2
= . . w,'\ ,‘;:"1‘
: T = %0 * S0M * %1%z T %% * %or%y o ’.ﬁ(&;
(22) 2 rﬁxiﬁ
' T "G00 * So% * %1% t %20% t* %11%%3 s Fase
' 2 R '-
V= %0 * %1%y * fF¥%p t funF i
S
ete. gAY
The computing labor involved will usually present a formidable 'if_
barrier, though automatic high-speed machines should eventually ;y5¢
overcome this, &‘ﬁl
i VN
Item 6: The use of a standard shotgun technique such as fitting poly- F-ﬂéf
nomial models can discourage careful thinking about apecific AR,
situations by providing an easy but mediocre substitute. There ol
is a long run danger of replacing insight by formelized numerical §R;Q-
computations, )
-:\.::}\l

Item 7: The use of regression models is usually predicated cn the assump- .
tions that the factor levels involved are completely identified o

. by the numbers associated with them, This may not be valid. For '
example, 1f the deformation behavior of a substance is being

;1:; studied at say 5 levels of pressure the relevant features of the
et levels may be not only the final pressure but also the rate of o
ji' pressure increase, the mechanism of pressure application, tempera- ;??k
X ture increases due to the pressure, and so on, The factor levels R
are then quite definitely distinguishable but not so precisely %

identifiable by a single number, In such cases the resulte of
analysis by a classification model could differ importantly from
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25), Design of Experiments

those from a regression model. The analysis based on the classi-
fication model would be less specific, but usually more robust,
than the regression model analysis,

Item 8: Regression models are usually frankly empirical. They are not,
in general, based on broad theories which may be useful in wider ‘
circumstances, Conversely, the unthinking use of regression models
does little to encourage the construction of broad scientific
theories,

The listing of these items is not intended t6 disparage regression
models nor to discourage their use; rather, it is hoped that, as in the
case of olassification models, the tool may be- omploybd more efficlently
if its weaknesses are recognised, ‘

Relations Between Classlfication and Regression Models, In a side by

‘side discussion of both olassifiocation and regression models there are

implicit two challenges. One is the question of the relationships, if any,
betwesn these two types of models, We have, after all, claimed considerable
generality for both types. Thus, despite their dirrercnt Justifications and
interpretations they must relate in some systematic way.

The second challenge is, of course, what to do about combined qualita-
tive and quantitative factors. Suppose, for example, we have an experiment
with one qualitative and one quantitative factor. One simple answer is use
a distinct regression model for the quantitative factor for every level of .
the gqualitative factor, This may not beé a bad procedure and sometimes will
have much to recommend it, but in general seems an inadequate substitute,

The remainder of the paper is devoted to a brief and rather auperricial
consideration of these two related questions.

Let us fix our attention on two f‘ctor&’ﬁzlﬂdu<?LlVin8 A and B levels
respectively. We know that we can, under quite general conditions, write a
population classification model as in expression (9) and develop it into a
statistical model for the observations as sketchily indicated in expressions
(15) and (16). If the levels of factors:ﬁfcnd are quantitatively identi-
fied by the variables u and v{ then usually we can also write a poly-

nomial regression model such as (23).
- 2 3
yij Too * MUy * %Ryt ¥y Yoo
2 3
(23) BlVJ + Bzvd + BBVJ * a0

) 2

or a glven range of levels in the populations of levels of faotora¢’42
andgzg, we can now inquire what are tha relations between ths components

of the population classification and regression models? Stralghtforward
slgebra leads us to the results given in expression (24).
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- 2 3
) I A T tagu’ ..,
+B, ¥ + 82v2 + 33v3 +
.0V * "-E-o 23
Y907 + Y9 0U7 + You'v 4 ..,

a, = (o +7v,,¥ *vlé;i + 713v3 * eee) (u, = 1)

- = 3 2 T3
(o + 7,7 + YooV * 723@ * 4es) (\:L1 - u%)

+(u3 + YBIV + 732? + XX ) (ug - us)
* e »

(24) —_

J (Bl + Ylla + Yzlua * oot) (VJ - ;)

(By * vyo0 + 722:5 * ees) (vg - ;E)

o
]

+

+

(Ba * 7135 * Yaaﬁz + ooo) (Vg - 3)

+

(‘b)id Yll(ui - ﬁ) (Vd - '17')

wla(ui - ﬁ)(vg - :ﬁ) * Yg]_(“i = F)(VJ -
2 —2)(\? 1)

* LN N

"‘722(“
2 2
Definitions: W = % E L % E u,§ ete,
It can be seen from (2,) how the definition of the main effects of
factor, ¥k depends the "interaction coefficients" - the yv's = and on the
levels of factor,/$ involved through the means of v, v<, v3, eto. The

difference between two main effects of lsvels of factoro4is given in (25),
2
gy =gy =Gy + ¥ v vt ) (uy - wyy)

2 - . 2 2
(25) + (::;.‘,3 * YVt Yzzvz + ees) (ui - ui,)

+ se

We see that this difference still depends importantly, in general, on
the values of ¥; v2, etc,, and hence on just what levels of factorug are
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involved. The difference betwsen two)f?main effects does not, however,
depend cn what other levels of factor 4 are involved in the experimental
situation,

The interactions (ab)iJ will evidently be nogligibie if and only if
the coefficients Yy10 Y129 Yoy etc, are all negligible, If this is so,

then we see that the definitions of the a, becomes independent of v, v2, v3,
eto., In other words, if the interaction c%effioients, he y's, are
negligible, the meaning of the main effects of factory/fbecome independent
of which levels of factorud?aro involved in the experimental aituation,

It, is tempting to think that if the main effecsts of raotoraﬁzare small,
then the regression coefficients a} y eto,, will be small, The relations
of expression (2)) show that this i no% at all necessarily so.

There is some suggestion on how to handle the combined qualitative~
quantitative case in expression (24). Suppose, for simplicity, that a
reasonable polynomial model would be as given in (26).

(26) Yij g * o, azui * 51”3 * Bzvd + Yyt Vy e
If the levels of facton;ﬁ?are not quantitatively identified, then the u i ‘
.-

values are unknown. If we superimpose on (26) the appropriate classifi
tien population model, we obtain (27).

_ -3
(27) Yympty *A(V-v)wz(v -V
”. Definition: A, = (ﬁl + Yllui) .
i' . In this model the unknown parameters are as listed in (28),

i o

(28)  p, ﬁ} , {Aiz Byt Fay =0,
This crossed population model can be carried forward into a statistical

model for the observations., The structure of the least squares sstimates
of the parameters is given in (29).

‘a3
_w_‘“)"_‘_‘_‘- '

ST

The usefulness of such models will have to be learned by field trial,
as well as from further theoretical study.
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(29 cont.)
-2
Definitions: S__ = § (vJ -,

va '5 (x.a -xt.) (VJ - ;) ’

Swz-ghimﬁﬁ,

2 2.2
8,22 " 5 (VJ -V )vJ ,

5.2 " § (x'J - x..)vi ,

S;v - 5 xij(vd -¥) .
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