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FOREWORD 

The Army Mathematics S tee r i ng  Committee (AMSC) sponsors, on behal f  o f  
t h e  Ch ie f  o f  Research, Development and A c q u i s i t i o n ,  t he  s e r i e s  o f  conferences 
e n t i t l e d ,  "Design o f  Experiments i n  Army Research, Development and Tes t i ng .  " 
I t  delegates t he  r e s p o n s i b i l i t y  f o r  t h e  conduc t ion  o f  these meet ings t o  i t s  
Subcommittee on P r o b a b i l i t y  and S t a t i s t i c s .  A t  t h e  30 November 1973 meet ing 
of  t h i s  subcommittee i t  was recommended t h a t  a p p r o p r i a t e  s teps be taken t o  
c e l e b r a t e  t he  t w e n t i e t h  ann i ve rsa ry  o f  t he  des ign  o f  exper iments conferences. 
A f t e r  some d e l i b e r a t i o n  i t  was decided t o  ask members o f  t h e  Program 
Committee t o  inc rease  t h e  usual  number o f  i n v i t e d  speakers f rom f i v e  t o  e i g h t ,  
and t o  i n v i t e  Army s c i e n t i s t s  t o  c o n t r i b u t e  many papers f o r  b o t h  t h e  
t e c h n i c a l  and c l i n i c a l  sessions. I n  a d d i t i o n ,  some person should be asked 
t o  g i v e  a h i s t o r y  o f  these conferences and t h e i r  importance t o  t h e  s t a t i s t i c s  
used by t h e  Army. Th i s  i n d i v i d u a l  should p o i n t  o u t  t he  r o l e  p layed  i n  these 
conferences by Pro fessor  Samuel S. Wi l ks ,  and a l s o  d iscuss  h i s  many 
c o n t r i b u t i o n s  t o  t h e  Army and t o  t h e  o t h e r  armed serv ices .  The Chairman o f  
t h e  Subcommittee, Dr. Wal t e r  Foster, r e p o r t e d  t h a t  t h e  coming conference 
would p robab ly  be h e l d  a t  F o r t  B e l v o i r  and he hoped f o r  con f i rma t i on  o f  t h i s  
i n  t he  near  f u t u r e .  

I n  a l e t t e r  under da te  o f  20 February 1974, L i eu tenan t  Colonel  Haro ld  
P. Hoefekamp issued  a formal  i n v i t a t i o n  t o  h o l d  t he  conference a t  F o r t  
Belvoir on 23-25 October 7974. We quote t h e  f o l l o w i n g  paragraph f rom h i s  
1 e t t e r :  "The Opera t iona l  Tes t  and Eva1 u a t i o n  Agency and t h e  Engineer 
Center cons iders  i t  an honor t o  hos t  t h e  Army's 20th Design Conference. 
Every e f f o r t  w i l l  be made t o  i n s u r e  t h a t  t he  bes t  f a c i l i t i e s  and suppor t  
a r e  made a v a i l a b l e  f o r  t h i s  h i s t o r i c  event .  Both t h e  Opera t iona l  Tes t  and 
Eva lua t i ona l  Agency and t h e  Engineer Center are  f u l l y  aware o f  t h e  con fe rence 's  
s i g n i f i c a n c e ,  n o t  o n l y  t o  t h e  Army's s c i e n t i f i c  community, b u t  t o  t h e  Army 
as  a whole."  The sent iments  expressed i n  t h i s  l e t t e r  c e r t a i n l y  gu ided t h e  
hosts  i n  t h e i r  hand l i ng  of t h i s  meet ing as i t  was one o f  t h e  bes t  conferences 
i n  t h i s  s e r i e s .  T h i s  was no doubt due l a r g e l y  t o  t he  e x p e r t i s e  w i t h  which 
F o r t  B e l v o i r  handled t he  arrangements and t h e  v i s i t o r s .  Y r .  Walter  H o l l i s ,  
Chairman on Local  Arrangements, i s  t o  be commended on a very  f i n e  j ob .  
Un fo r t una te l y ,  he had t o  be o u t  o f  t he  coun t r y  on t he  dates o f  t h e  conference. 
I n  h i s  absence, Capta in  S tan ley  D a h l i n  took over  h i s  chores. He deserves 
spec ia l  r e c o g n i t i o n  f o r  t h e  manner i n  which he performed h i s  ass igned d u t i e s .  

Each yea r  t h e  Program Committee i s  i n s t r u c t e d  t o  s e l e c t  i n v i t e d  speakers 
who can d iscuss  i n  an i n f o r m a t i v e  and s t i m u l a t i n g  manner s t a t i s t i c a l  areas 
o f  c u r r e n t  i n t e r e s t .  A t  l e a s t  one o f  t h e  speakers, who has e x p e r t i s e  i n  
areas of  special  i n t e r e s t  t o  t h e  hos t  i n s t a l l a t i o n ,  i s  asked t o  p resen t  
new developments i n  these f i e l d s .  These s e l e c t i o n  c r i t e r i a  were c e r t a i n l y  
met by t he  gentlemen g i v i n g  t h e  t a l k s  i n  t h e  General Sessions. The t i t l e s  
of t h e i r  addresses are  noted  below: 
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Samuel S. Wi lks  and t he  Army Experiment Design Conferences 
Dr. C h u r c h i l l  E isenhar t ,  Na t i ona l  Bureau o f  Standards 

Mu1 t i d imens iona l  Contingency Tab1 es 
Pro fessor  Solomon Ku l lback ,  The George Washington U n i v e r s i t y  

M u l t i v a r i a t e  Data Ana l ys i s  
Pro fessor  He rbe r t  Solomon, S tan fo rd  U n i v e r s i t y  

Order S t a t i s t i c s  
Pro fessor  H. A .  David, Iowa S t a t e  U n i v e r s i t y  

Re1 i ab i  1  i ty  
Pro fessor  Gera ld  Lieberman, S tan fo rd  U n i v e r s i t y  

Ranking and S e l e c t i o n  Procedures 
Pro fessor  Rober t  Bechhofer, Co rne l l  U n i v e r s i t y  

Maximum I n f o r m a t i o n  from Experiments 
Dr. Mar ion R .  Bryson, U.S. Army Combat Development Experiment Command and 
Dr. W i l l i a m  M a l l i o s ,  McDonald Serv ice  Company 

The t e n t h  Samuel S .  W i l  ks  Memorial Award o f  t he  American S t a t i s t i c a l  
Assoc ia t i on  was presented t o  M r .  Cu thber t  Danie l  f o r  h i s  many ou t s tand ing  
c o n t r i b u t i o n s  t o  t h e  a p p l i c a t i o n s  o f  s t a t i s t i c s .  The p r e s e n t a t i o n  o f  t h e  
medal, c i t a t i o n  and honorar ium was made by Pro fessor  Jerome C o r n f i e l d ,  
P res iden t  o f  t h e  American S t a t i s t i c a l  Assoc ia t ion .  More d e t a i l s  about t h i s  
award appear i n  t he  body o f  these proceedings. 

Probably  t h e  most va luab le  phases o f  these conferences a r e  t h e  t e c h n i c a l  
and c l i n i c a l  sess ions.  I n  t h e  t e c h n i c a l  sessions Army s c i e n t i s t s  announce 
t h e i r  successes i n  hand l i ng  a few o f  t h e  many t echn i ca l  problems they  face,  
w h i l e  i n  t h e  c l i n i c a l  sess ions t hey  have a chance t o  g e t  h e l p  f rom n a t i o n a l l y  
known s c i e n t i s t s  on ways t o  cope w i t h  some o f  t h e i r  unsolved des ign 
problems. Th i s  yea r  t h e r e  were t h i r t y - f o u r  (34) t e c h n i c a l  papers and e i g h t  
(8 )  cl in ical  papers on the agenda. We are pleased t o  be a b l e  t o  p r i n t  
many o f  these c o n t r i b u t e d  papers i n  t h i s  t e c h n i c a l  manual, 

Members o f  my Program Cornmi t t e e  (Marion Bryson, Gerard Dobr i  n d t  , 
Wal te r  Foster ,  Fred Frishman (Secre ta ry ) ,  Wa l te r  H o l l  i s ,  Bad r i g  K u r k j i a n ,  
C l i f f o r d  Maloney, He rbe r t  Solomon, Douglas Tang and Robert  T h r a l l  ) a r e  
due my thanks f o r  o u t l i n i n g  the main events  o f  t h i s  meeting and f o r  s e l e c t i n g  
such an ou t s tand ing  l i s t  of i n v i t e d  speakers. I would a l s o  l i k e  t o  express 
my a p p r e c i a t i o n  t o  F ranc i s  Dressel  f o r  se rv i ng  as sec re ta r y  d u r i n g  t h e  
f i n a l  phases o f  t h i s  conference. 

FRANK E.  GRUBBS 
Conference Chairman 
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Fred K. McCoy, Metho lo logy  Branch, Tes t  Design D i v i s i o n ,  U.S,  
Army Operat iona l T e s t  and Eva l u a t  i o n  Agency, Fort Bel voi r, 
V i r g i n i a  

PSEUDO-BAYESIAN INTERVALS FOR RELIABILITY OF A SERIES SYSTEirl GIVEN 
WE I BULL CONPONENT DATA 

Ronald I. Rac ico t ,  Research D i r e c t o r a t e ,  &ne t  Weapons Labora to ry ,  
Watervl  i e t  Arsenal ,  W a t e r v l i e t ,  New York 

THE UNIQUE APPLICATION OF BAYESIAN STATISTICS TO HIGH RELIABILITY 
TEST I  NG 

Char l e s  P l e c k a i t i s  and Erw in  B ise r ,  E l e c t r o n i c  Engineer,  Av ion i cs  
Labora to ry ,  USAECOM, F o r t  Monmouth, New Jersey  

ANALYTICAL APPROACH TO ROBUSTNESS FOR BAYESIAN DEVELOPMENTS I N  
RELIABILITY 

C h r i s  P. Tsokos and A.N.V. Rao, Department of Mathematics,  
U n i v e r s i t y  o f  South F l o r i d a ,  Tampa, F l o r i d a  

A BAYESIAN APPROACH TO RELIABILITY GROWTH ANALYSIS 

John G. Mardo, Produqt Assurance D i r e c t o r a t e ,  Produc t  Assurance 
Technology D i v i s i o n ,  F i c a t i n n y  Arsenal ,  Dover, New Jersey 

1445- 15 15 BREAK 

1515-1700 CLINICAL SESSION 0 - Aud i t o r i um o f  Humphrey's H a l l  

CHA l RMAN 

A .  C l i f f o r d  Cohen, 1 n s i . i t u t e  of S t a t i s t i c s ,  University of  
Georg ia ,  Athens, Georgia 

PANEL1 STS 

0. P. Bruno, R e l i a b i l i t y ,  A v a i l a b i l i t y  and M a i n t a i n a b i l i t y  D i v i s i o n ,  
U.S. Army M a t e r i e l  Systems A n a l y s i s  Agency, Aberdeen P r o v i n g  
Ground, Mary land 

Cuthbert  Dan ie ls ,  Rhinebeck, New York 

Bernard H a r r i s ,  Mathematics Research Center, U n i v e r s i t y  of  
Wircons in ,  Madison, Wisconsin 



* * * * * WEDNESDAY * * * * * 

1515-1700 CLINICAL SESSION B - (Cont'd) 
J,  R ichard  Moore, U.S. Army B a l l i s t i c s  Research Labo ra to r i es ,  
Aberdecn Prov i  ng Ground ,  Maryland 

THE LAUNCH TRANSIENT PROBLEM FOR OPTICAL CONTRAST (TV IMAGING) 
SEEKERS 

C h r i s t o p h e r  E ,  Ku las and Joseph A. de Rlaquiere, .  J r . ,  U.S. Army 
M i s s i l e  RDdE Lab, Advanced Sensors Di rec tora te ,  O p t i c a l  Guidance 
Technology, AMICOM, Redstone Arsenal ,  Alabama 

HYPOTHESES TESTING ON PRODUCT OF TWO BINOMIAL DlSTRl0UTORS 

Lang Wi thers ,  Opera t iona l  Test  E v a l u a t i o n  Agency, F o r t  B e l v a i r ,  
V i r g i n i a  

DETETtM I NAT I ON OF "AVERAGE" NO I SE OF [I ,  S . ARMY CONSTRllCT l ON AND 
MATERIALS HANDLING EQUIPMENT 

Samuel E .  Wehr, U.S. Army M o b i l i t y  Equipment Research and 
Development Center ,  F o r t  B e l v o i r ,  V i r g i n i a  

1515-1700 TECHNICAL SESSION 3 

CHA l RMAN 

B a d r i g  K u r k j i a n ,  U.S. Army M a t e r i e l  Command, Alexandria, V i r g i n i a  

EXPERIMENTAL COLLECTION OF STATISTICS BY COMPUTER SIMULATION: 
THE 'AUTOVON NETWORK 

Egon Marx, Ha r r y  Diamond Labora to r ies ,  Nashlngton, D.C. 

AN ANALYSIS OF BUFFERS IN A PRODUCTION SYSTEM 

Anton Hauschild, Manufactur ing Technology D i r e c t o r a t e ,  Frankford 
Arsonal ,  P h i l a d e l p h i a ,  Pennsy lvania 

RATE DEPENDENT FAILURE PROCESS SIMULATION 

M a r t l n  Roffrnan.and Rober t  Kuchn, Manu fac tu r i ng  Technology 
D i r e c t o r a t e ,  Frankford Arsenal ,  P h i l a d e l p h i a ,  Pennsy lvania 

STATISTICAL MODEL FOR CONTROLLER PERFORMANCE MEASURES FOR AN 
AIR TRAFFIC AUTOMATED CENTER (ATFlAC) 

Erwin B i  sor ,  Av ion  i cs Laboratory ,  USAECOM, F o r t  Monmouth, 
Now Jersey 

15 1 5- 1700 TECtiN ICAL SESS I ON 4 

CHA I RMAN 

Edward W. Ross, Jr. ,  U.S. Army N a t i c k  Labo ra to r i es ,  Natick,  
Massachusetts 



* * * * * WEDNESDAY * * * * * 

1515-1700 TECHNICALSESSION4 - (Con t td )  

A FLEXIBLE, GENEPAL PURPOSE COVARIANCE C0F:PUTER PROGRAM 

C l i f f o r d  J .  Maloney and L u c i l l e , C a r v e r ,  Bureau o f  B i o l o g i c s ,  
Bethesda, Mary land 

OBSERVAT I ONS ON THE ALGEBRA OF NON-N0R;IAL FUNCT 1 ONS 

Donald M, Neal, Mechanics Research Laboratory,  A r m y  M a t e r i a l s  
and Mechanics Research Center, Watertown, Massachuset-ts 

COMPUTATION OF MOMENTS OF A LOG RAYLEIGH DISTRIBUTED RAND01 
VAR 1 ABLE 

W i l l l a m  L. Shepherd, Instrumen-kation D i r e c t o r a t e ,  U.S. A rmy  
White Sands M i s s i l e  Range, White Sands Missile Range, New Mexico 

ON THE TYPE I 1  ERROR OF THE 2 x 2 CONTINGENCY TABLE CHI-SQUARE 
STAT1 STlC 

Rober t  I, Launer, Procurement Research O f f i c e ,  U.S. Army L o g i s t i c s  
Management Center, F o r t  Lee, V i r g  i n i a  

1900-2000 SOCIAL HOUR - Mackenzic H a l l  (Officer's Club)  

2000- BANQUET 

PRESENTATION OF THE SAMUEL S. WILKS MEMORIAL AWRD 

O r .  Frank E. ~ r i b b s ,  Bal  1 i s t i c  Research Labo ra to r i es ,  Masfer 
of Ceremon ies 

x i i i  



0030-1000 CLINICAL SESSION C - Aud i to r ium o f  Humphrey's H a l l  

CHA l RMAN 

Boyd Harshbarger, Department of  S t a t i s t i c s ,  V i r g i n i a  Po l y techn i c  
I n s t i t u f a  and S t a t a  U n i v e r s i t y ,  Blacksburg, V i r g i n i a  

PANEL l STS 

A .  C l i f f o r d  Cohen, I n s t i t u t e  of  S t a t i s t i c s ,  U n i v e r s i t y  of 
Georgia, Athens, Georgia 

L a r r y  H, Crow, U.S. Army M a t e r i e l  Systems Ana lys i s  Agency, 
Aberdeen Prov ing  Ground, Mary l and 

Gera ld ' i ieberman,  Department of Operat ions Research, S tan ford  
U n i v e r s i t y ,  Stanford,  Cal i f o r n i a  

CL l MAT l C CHANGES FOLLOW I NG VOLCAN IC ERUPT IONS 

John B a r 1  W t  I burn, J r . ,  I ns i  rumentat ion a n d  Methodology Branch, 
U. S .  Army El octron i c  Prov i ng Ground, ~ 6 r i  Huachuca, A r  i zona 

VALIDATION OF ENGINEERING SIMULATION MODELS 

Roland H. Rigdon, Rodrnan Laboratory, 'Rock I s l a n d  Arsenal,  
Rock Is land,  l l l i n o i s  

0830-1000 TECHNICAL SESSION 5 

CHA l RMAN 

Gerard T ,  Dobr ind t ,  U.S. Army T e s t  and Eva lua t i on  Command, 
Aberdeen Prov ing  Ground, Maryland 

PREDICTING METASTASIS BY DISCRIMINANT FUNCTION WHEN SMALL OPHTHALMIC 
MELANOMAS HAVE BEEN DIAGNOSED 

Wal tar  0. Foster  and Ian bIcLean, Armed Forces I n s t i l u t e  o f  
Pathology,  Washington, D.C. 

FORECASTING MODELS FOR MOSQUITO POPULATION BEHAVIOR 

Stephen Smeach and  C h r i s  P, Tsokos, Department of  Mathsmatlcs, 
U n i v e r s i t y  o f  S o u t h  F l o r i d a ,  Tampa, F l o r i d a  

CURVE F I T T I N G  OF DISCRETE POINTS BY LEGENDRE POLYNOMIALS 

0. M, Essenwanger, Phys ica l  Sciences Directorate, U.S. Army 
M i s s i l e  Command, Redstone Arsenal, Alabama 

0830-1000 TEHCNlCAL SESSION 6 

CHA l RMAN 

Paul C. Cox, Q u a l i t y  Assurance O f f i c e ,  U.S. Army Whi-ta Sands 
Missile Range, White Sands M i s s i l e  Range, New Mexico 

x i v  



0830-1000 TECHNICAL SESSION 6 - (Cont 'd )  

AIRCRAFT ARMAMENT FIRE CONTROL SENSITIVITY ANALYSIS USING A 
PROGRAMMABLE CALCULATOR 

Thomas 0 .  M c l n t l r e ,  Methodology and I ns t rumen ta t i on  D i v i s i o n ,  
U,S. Army Yurna P r o v i n g  Ground, Yuma P rov ing  Grocnd, Ar i zona  

APPLICATIONS OF A MORE EFFICIENT SEQUENTIAL SENSITIVITY TEST 
STRATEGY AND ES1.IMATION METHODOLOGY TO RELIABILITY ASSESSMENTS 

Ger t rude  Weintraub, Ammunition Development and Eng inee r i ng  
Di rectora- i ,e ,  Concepts and E f f e c t i v e n e s s  D i v i s i o n ,  Picatinny 
Arsena I, Dover, New Jersey 

STATISTICAL ANALYSIS AND MODELING OF SENSITIVITY AUGMENTATION I N  
CUTANEOUS COMMUNICATIONS 

R ichard  J .  D tAccard i  a n d  ti. 5 .  Bennett ,  U.S. A r m y  E l e c t r o n i c s  
Command, For t  Monmouth, New Jersey 

1000- 1 030 BREAK 

1030-1130 GENERAL SESSION I I  - A u d i t o r i u m  o f  Humphrey's H a l l  

CHA I RMAN 

Pro fesso r  Boyd Harshbarger,  Department of S -ba t i s t i c s ,  V i r g i n i a  
P o l y t e c h n i c  I n s t i t u t e  and S t a t e  U n i v e r s i t y ,  B lacksburg,  V i r g i n i a  

MULTIVARIATE DATA ANALYSIS 

Professor Herborl- Solomon, Dopartnlent o f  S t a t i  s t  i cs, S tan fo rd  
U n i v e r s i t y ,  S tan fo rd ,  C a l i f o r n i a  

1130-1300 LUNCH - M a c k c n t i e H a l l  

1300-1415 TECHNICAL SESSION 7 - Aud i t o r i um of Humphrey's H a l l  

CHA l RMAN 

Richard J.  DIAccardi, U.S. Army Elec- t ron ics Comand, For t  
Monmouth, New Jersey 

SKIP-LOT PROCEOURE FORMULATION USING THE SIMPLIFIED MARKOV CHAIN 
METHOD 

Richard M, Brugger,  RAM Assessment D i v i s i o n ,  U.S. Army Armament 
Command, Rock I s l and ,  I l l i n o i s  

SEMI MARKOV CHAINS APPLIED TO CONTINUOUS SdMPLlNG FLANS 

Oavld L, Arp, ~ a v a l  Weapons Ceriter, Chlna,Lake, C a l i f o r n i a  



1300-1415 TECHNICAL SESSION 8 

CHA 1 RMAN 

Gertrude Weintraub, Ammunition Develcpment and Engineer ing 
D i rec to ra te ,  Concepts and Ef fec t iveness C iv i s ion ,  P i ca t i nny  
Arsenal, Dover, New Jersey 

PREDICTING RELIABILITY GROWTH 

La r ry  H. Crow, U.S. Army Mate r ie l  Systems Ana lys is  Agency, 
Abcrdeen Prov i ng Ground, Mary l and 

MINIMUM VARIANCE SOLUTION OF A POLYNOMIAL F1I:CTION OF TWO NOISY 
RANDOM VARIABLES 

Oron N. Dalton, Mathematics Serv ices Branch, U.S. A r m y  White 
Sands M i s s i l e  Flange, Whlte Sands M i s s i l e  3 a n g ~ ,  Ncw Mexico 

1300-1415 TECHNICAL SESSION 9 

CHA l RMAN 

CPT L o l t  D. P r o l g l e r ,  Ana lys is  Branch, Technical S u p p o r t  D i v i s i o n ,  
U.S. Army Operat ional Test  and Eva luat ion  Agency, F t .  B e l v o i r ,  
V i r g i n i a  

THE PROBABILITY OF MOTOR CASE RUPTURE 

Ronald S. Downs and Paul C. Cox, Q u a l i t y  Assurance O f f i c e ,  U.S.  
Army White Sands M i s s i l e  Range, Whife Sands M i s s i l e  Range, 
New Mexico 

ON THE NONEXl STENCE OF SOME INCOMPLETE BLOCK DESIGNS 

Alan W .  Benton, U.S. Army Mate r ie l  S y s t e ~ s  Ana lys is  Agency, 
Aberdeen Prov ing Ground, Maryland 

1415-1445 BREAK 

1445-1700 GENERAL SESSION I l l  - Audi tor ium of Humphrey's H a l l  

CHA l RMAN 

Professor Herbert  Solomon, Department o f  S t a t i s t i c s ,  S tan fo rd  
University, Stanford, C a l i f o r n i a  

ORDER STATISTICS 

Profossor H. A. David, Department o f  S t a t i s t i c s ,  lowa S ta te  
Un ive rs i t y ,  Ames, lowa 

RELlARl LiTY 

Profossor Gorald Lieberman, Department o f  Operat ions Research, 
S tanford  U n i v e r s i t y ,  Stanford, Cat i f o r n i a  

xvi 



0830-0915 TECHNICAL SESSION 10 - Aud i t o r i um o f  Humphrey's H a l l  

CHA l RMAN 

Boyd Harshbarger, Department o f  S t a t i s t i c s ,  V i r g i n i a  P o l y t e c h n i c s  
I n s t i t u t e  and S t a t e  Un i ve rs i t y , ,B lacksbu rg ,  V i r g i n i a  

SIMPLE STATISTICAL ALTERNATIVES TO THE METHOD OF LEAST SQUARES 
FOR THE DETERMINATION OF X-INTERCEPT, AND SLOPE 

Joseph F. Hannigan, Research I n s t i t u t e ,  U.S. Army Eng inee r i ng  
Test  Center,  F o r t  B a l v o i r ,  V i r g i n i a  

A STATISTICAL APPROACH TO THE LOADING AND FAILURE OF STRUCTURES 

Ronald M e r r i t t ,  C o n s t r u c t i o n  Engineering Researc3 Laboratory, 
Champaign, I l l i n o i s  

0830-09 1 5 TECHN I CAL SESS l ON I I 

CHA l RMAN 

Lang P. Wi thers ,  Ana l ys i s Branch, Techn i ca l Suppor t  D i  v i  s I on, 
U.S. Army Ope ra t i ona l  Tes t  and E v a l u a t i o n  Agency, F o r t  
B e l v o i r ,  V i r g i n i a  

STRAIN GAGE INSTRUMENTATION FOR AMMUNITION TESTING 

Paul D. Flynn, Pitman-Dunn Laboratory ,  F rank fo rd  Arsenal,  
P h i l a d e l p h i a ,  Pennsy lvania 

DATA ANALYSIS OF AUTOMATIC TRACKER TESTING 

N i c h o l a s  P. Marasco, Rober t  T. Vo lz  and Thomas G. K e l l e y ,  
P h o t o e l e c t r i c  Branch, Fire Con t ro l  Development and Eng inee r i ng  
D i r e c t o r a t e ,  F rank fo rd  Arsenal ,  P h i l a d e l p h i a ,  Pennsy lvania 

0830-09 1 5 TECHN 1 CAL SESS I ON 1 2 

CHA l RMAN 

Roy C. Schmidt, Tes t  Design D i v i s i o n ,  U.S. Army Opera$ional  T Q S ~  
and E v a l u a t i o n  Agency, For t  B e l v o i r ,  V i r g i n i a  

STATISTICAL INVESTIGATION INTO PULSE CHARGING QF NICKELCADMIUM 
BATTER I ES 

Wa l t e r  Kasian and Erw in  B i se r ,  U.S. Army E l e c t r o n i c s  Command, 
F o r t  Monmouth, New Jersey 

OPTICAL CHARACTERIZATION OF SURFACE ROUGHNESS 

E. L. Church and J .  M. Zavada, F rank fo rd  Arsenal,  Ph i  l ade lph ia ,  
Pennsy lvania 



w * * * * FRIDAY * * * # * 

0915-1045 GENERAL SESSION I V  - Aud i to r ium of Humphrey's H a l l  

CHA l RMAN 

D r .  Frank E. Grubbs, Chairman o f  t h e  Conference, U.S. Army 
. B a l l i s t i c  Research Labora tor ies ,  Aberdeen P rov ing  Ground, 
Mary I and 

OPEN MEETING OF THE AMSC SUB-COMMITTEE ON PROBABILITY AND 
STATISTICS 

D r .  Wa l te r  D. Fos te r ,  Computer Serv ices D i v i s i a n ,  Armed Forces 
I n s t i t u t e  of  P a t h o l o g y ,  Washington, D.C. 

RANKING AND SELECTION PROCEDURES 

Professor Rober t  Bechhofer, Department o f  Opera t ions  Research, 
Cornel  I U n i v e r s i t y ,  I thaca ,  New York 

1045-1115 BREAK 

1115-1215 GENERAL SESSION I V  ( con t i nued )  

MAXIMUM INFORMATION FROM EXPERIMENTS 

D r .  Mar ion R. Bryson, U.S. Army Combat Developments Experin:ents 
Command, For t  O r d ,  C a l i f o r n i a  

D r .  W i l l i a m  M a l l i o s ,  Braddock, Dunn, McDonald Sdrvice Company, 
Fo r t  Ord, Cal i f o r n i a  



SAMUEL S .  WILKS AND THE ARMY EXPERIMENT DESIGN CONFERENCE SERIES 

Church i l l  E isenhar t  
Senior  Research Fellow 

I n s t i t u t e  f o r  Basic  Standards 
Nat iona l  Bureau of Standards 

Washing ton,  D. C. 202 34 

ABSTRACT. A biography of P ro fe s so r  Samuel S tan ley  Wilks (1906-1964) 
of Pr ince ton  U n i v e r s i t y ,  w i t h  p a r t i c u l a r  a t t e n t i o n  t o  h i s  e a r l y  l i f e ,  
n o t e s  on the  persons  who shaped h i s  p r o f e s s i o n a l  development, review 
of h i s  many f a c e t t e d  p r o f e s s i o n a l  career and h i s  r o l e  i n  i n i t i a t i n g  
and launching t h e  U.S. Army's annual  series of Conferences on the 
Design of Experiments i n  Army Research,  Development and Tes t ing .  

1. BIRTH, FAMILY, AND EARLY YEARS. Sam Wilks w a s  born on the  
17 th  of June 1906 i n  L i t t l e  Elm,  Denton County. Texas, t he  first of 
the t h r e e  c h i l d r e n  of  Chance C . -and Bertha ~a;-Gammon Wilks . H i s  f a t h e r  
t r a i n e d  f o r  a career i n  banking, b u t  a f te r  a few y e a r s  chose i n s t e a d  t o  
make h i s  l i v e l i h o o d  by ope ra t ing  a 250-acre farm n e a r  L i t t l e  Elm. His 
mother had a t a l e n t  f o r  music  and a r t ;  and a l i v e l y  c u r i o s i t y ,  which 
s h e  t r ansmi t t ed  t o  h e r  t h r e e  sons .  The p r e d i l e c t i o n  of  t h e i r  f a t h e r ,  
Chance C. Wilks, f o r  a l l i t e r a t i o n  is  man i fe s t  i n  t h e  g iven  names of all - 
t h r e e :  - Samuel - Stan ley ,  3 r r e l  - S i n g l e t o n ,  , and W i l l i a m  Weldon - (Wilks).  

s y r r e l ,  l e s s  than two y e a r s  younger than Sam, was h i s  boyhood 
companion; s t u d i e d  b io logy  (B.S., 1927)  and physiology (Ph.D., 1936);  
became Assoc ia te  ~ r o ' f e s s o r  of Physiology a t  t he  A i r  Force School of 
Aviat ion Medicine; bnd passed away early t h i s  yea r  (19 74) .  I n  consequence 
of Sam's and Syrre'l's i n i t i a l s  be ing  t h e  same, their p u b l i c a t i o n s  a r e  
sometimes lumped t o g e t h e r  under "S. S.  ~ i l k s "  i n  b i b l i o g r a p h i c  t o o l s ,  
e.g., i n  t h e  ~ u c c e s s i v e  volumes of t h e  Science C i t a t i o n  Index.  

Sam's "baby b r o t h e r , "  William, was e i g h t  y e a r s  younger.  H e  a l s o  
took a B.S. degree; became a r e s e a r c h  adv i so r  t o  B e l l  A i r c r a f t  Company 
i n  Fo r t  Worth, Texas; and is s t i l l  l i v i n g .  The choice  of 've ldon"  
f o r  hie middle name i s  merely a happenstance of h i s  f a t h e r ' s  e f f o r t  
t o  achieve  a t r i p l e  a l l i t e r a t i o n ,  and has  no genea log ica l  s i g n i f i c a n c e :  
there is  no known connect ion between the  Chance Wilks fami ly  and t h a t  
of t h e  p ioneer  b iome t r i c i an ,  W. F. R. Weldon (1860-1906), who d i e d  i n  
London i n  A p r i l  of t h e  y e a r  i n  which ou r  biographee was born;  o r  w i th  
any ocher  Weldons. 

Sam began h i s  e a r l y  educa t ion  i n  a t y p i c a l  one-room r u r a l  school  
house where, i n  the seventh  grade ,  he  had as h i s  t eache r  William Marvin 
Whyburn, who became a d i s t i n g u i s h e d  mathematician,  t h e  p r e s i d e n t  of 
Texas Technological  College 0944-1948), and t h e  chairman o r  head o f  



two u n i v e r s i t y  departments  of  mathematics (UCLA, 1937-1944; Un ive r s i t y  
of North Caro l ina ,  1948-1956, 1960-1965)--the f i r s t  of an ex t r ao rd ina ry  
number of prominent people who had a p a r t  i n   am's educa t ion .  He 
a t t ended  high school  i n  Denton, t he  county s e a t  and t h e  s i t e  of  North 
Texas S t a t e  Teachers College (now North Texas S t a t e  Un ive r s i t y ) ,  and 
of a College of I n d u s t r i a l  A r t s  f o r  women (now Texas Woman's U n i v e r s i t y ) .  
During t h e  week he roomed i n  Denton, and went home on weekends, walking 
t h e  15 m i l e s  t o  h i s  f a t h e r ' s  ranch when necessary .  During h i s  f i n a l  
yea r  of high school ,  i t  was no t i ced  t h a t  he was absen t  r epea t ed ly  from 
s tudy  h a l l .  I nqu i ry  revea led  t h a t  he w a s  skipping s tudy  h a l l  i n  o r d e r  
t o  take a mathematics course  a t  North Texas S t a t e  ~ e a c h e r s  College. 

Following g radua t ion  from high school ,  Sam cont inued  h i s  s t u d i e s  
a t  North Texas S t a t e  Teachers College,  where h e  fol lowed an i n d u s t r i a l  
arts program, w i t h  p a r t i c u l a r  a t t e n t i o n  t o  mathematics.  He r ece ived  
an A.B. i n  a r c h i t e c t u r e  i n  June 1926,  a few days b e f o r e  h i s  20 th  b i r t h -  
day. A l a r g e  d r i n k i n g  foun ta in ,  designed by Sam and a f r i e n d ,  on t h e  
campus of  t he  College a t t e s t s  t o  h i s  t a l e n t  and serves a s  a reminder 
Of h i s  o n e - t h e  i n t e r e s t  i n  a r c h i t e c t u r e .  But b e l i e v i n g  h i s  e y e s i g h t  
inadequate  f o r  the  l i f e  of an  a r c h i t e c t ,  he  turned  t o  a career i n  
mathematics,  

2 .  TEACHING AND GRADUATE STUDY. During t h e  school  yea r  1926-1927, 
Wilks t aught  mathematics and manual t r a i n i n g  i n  a p u b l i c  school  i n  Aust in,  
Texas, and began g radua te  s tudy  of mathematics a t  t h e  Un ive r s i t y  of Texas 
the re .  He cont inued h i s  s t u d i e s  a t  t h e  Un ive r s i t y  of  Texas as a part- t ime 
i n s t r u c t o r  i n  mathematics 1927-1928; and rece ived  an M.A. i n  mathematics 
i n  1928. H i s  f i r s t  course  i n  advanced mathematics a t  t h e  Un ive r s i t y  of 
Texas was s e t  theory ,  t augh t  by R. L. Moore (1882-1974), renowned 
among mathematicians f o r  his r e sea rch  i n  topology, his unusual  methods 
of t each ing ,  and t h e  v i g o r  and resoluteness o f  his op in ions .  Wilks 
was f a s c i n a t e d  by the unfold ing  of t h i s  b e a u t i f u l  theory  from a few 
simple d e f i n i t i o n s  and axioms, but ~oore's espousa l  of pu re  mathematics 
as a d i s c i p l i n e  wholly d ivorced  from a p p l i c a t i o n ,  and Moore's s c o r n  of 
a p p l i e d  mathematics as work on a l e v e l  with washing d i s h e s ,  were 
incomprehensible and unacceptable  t o  him. Had Moore's a t t i t u d e  been 11 o the rwi se ,  Sam might have become a t o p o l o g i s t .  But,  as Alex M. Mood- 
has s a i d  i n  h i s  n o t e  on Sam's philosophy about h i s  work, "Sam's c h a r a c t e r  
demanded t h a t  h i s  work be immediately and obviously u s e f u l  [and] Moore 
was t h e  last man t o  persuade him t h a t  p o i n t  se t  theory  w a s  u s e f u l . "  
(MOOD 1965, p. 953) Much more i n  keeping w i t h  his "charac te r"  were 
p r o b a b i l i t v  and s t a t i s t i c s ,  t o  which he was in t roduced  by Edward L. 
Dodd (1875-1943), an i n s p i r i n g  t eache r  and d i s t i n g u i s h e d  s c h o l a r ,  
noted f o r  h i s  r e sea rche  on mathematical and s t a t i s t i c a l  p r o p e r t i e s  of h / variou8 types of means,- 

An aside an Sam's views w i t h  r e s p e c t  t o  pu re  mathematics and pure 
mathematicians seems a p p r o p r i a t e  a t  this j unc tu re ,  be fo re  taking up t h e  
next a t e p  i n  h i s  educa t ion .  To t h i s  end I can do no b e t t e r  than t o  



quote  f u r t h e r  from Mood's no te :  

"Wilks,.,saw l i t t l e  sense  i n  pure mathematics un le s s  i t  
had some u l t i m a t e  a p p l i c a t i o n .  H e  g e n e r a l l y  be l i eved  
t h a t  most pure mathematics would even tua l ly  j u s t i f y  i t s e l f  
i n  t h i s  way and was de l igh ted  when t h a t  d i d  happen i n  h i s  
own work o r  t h a t  of others. ... The s e t  t h e o r e t i c a l  founda- 
t i o n  of p r o b a b i l i t y  theory developed by Kolmogorov gave 
Sam no end of p l easu re  p a r t l y  because of t h a t  e a r l y  cou r se ,  
perhaps,  b u t  more l i k e l y  because i t  was a good p i e c e  of 
evidence t h a t  pure  mathematicians were n o t ,  a f t e r  a l l ,  
waating t h e i r  t ime. 

"While Sam w a s  g e n e r a l l y  o p t i m i s t i c  about  t h e  even tua l  
u t i l i t y  of pure  mathematics he became less and l e s s  
p a t i e n t  over  t h e  y e a r s  w i th  pure  mathematicians themselves-- 
e s p e c i a l l y  those  i n  t h e  United S t a t e s .  For one t h i n g  he 
be l i eved  t h a t  t h e i r  gene ra l  r e f u s a l  t o  apply t h e i r  i n t e l l e c t s  
even b r i e f l y  t o  important  p r a c t i c a l  problems was less than  
p a t r i o t i c ,  t o  say  t h e  l e a s t .  He r a r e l y  missed an oppor tun i ty  
t o  p o i n t  o u t  t h a t  almost a l l  top- leve l  Sov ie t  mathematicians 
had a t  one t ime o r  another  tu rned  t o  an important  f i e l d  of 
a p p l i c a t i o n  thus  p l ac ing  themselves,  i n  his eyes ,  q u i t e  above 
many of America's l ead ing  mathematicians.  

"The t h i n g  t h a t  p a r t i c u l a r l y  annoyed Sam about  pure  
mathematicians w a s  t h e i r  snobbishness  about  pure  mathematics 
and, worse, t h e i r  success  i n  gene ra t ing  t h e  same s o r t  of 
snobbishness  i n  every mathematical ly  t a l e n t e d  s t u d e n t  t h a t  
came along.  Sam was a very  even tempered man but t h i s  was 
a s u b j e c t  t h a t  could summon loud ind igna t ion  from him. H e  
be l i eved  t h a t  for reasonably even balance  i n  t h e  development of 
mathematics a s u b s t a n t i a l  p ropor t ion  of t h e  most t a l e n t e d  
s t u d e n t s  should  go i n t o  mathematical  s t a t i s t i c s ,  mathematical  
phys i c s ,  app l i ed  mathematics,  econometr ics ,  e tc .  As it was, 
he be l i eved  t h a t  pure  mathematics preempted ove r  n ine  o u t  
of t e n  of t h e  most t a l e n t e d  s t u d e n t s  t hus  completely deforming 
mathematical  p rog res s  i n  t h e  United S t a t e s .  In  h i s  l a t e r  
years he maintained t h a t  i t  was imposs ib le  for him t o  persuade  
enough s u f f i c i e n t l y  promising c o l l e g e  g radua te s  t o  under take  
work i n  s t a t i s t i c s  a t  Pr ince ton  and t h e r e f o r e  he  had t o  go t o  
B r i t a i n  and Canada t o  f i n d  good s t u d e n t s  whose a t t i t u d e s  had 
n o t  been cor rupted  by pure  mathematicians i n  the United 
S t a t e s .  " (MOOD 1965, 953-9541 

When Sam completed t h e  requirements  f o r  h i s  M.A. i n  mathematics 
a t  t h e  Un ive r s i t y  of  Texas i n  1928, P ro fe s so r  Dodd encouraged him t o  
pursue  f u r t h e r  study of  mathematical s t a t i s t i c s  a t  the Unive r s i ty  of 



31 4 / Iowa- under Henry L. R ie t z  (1875-19 )- , t h e  l e a d e r  of  h i s  gene ra t ion  
i n  American mathematical  s t a t i s t i c s . 4 '  Wilks s t ayed  on a t  t h e  Univer- 
s i t y  of Texas as an i n s t r u c t o r  i n  mathematics dur ing  t h e  summer of 1928, 
and t h e  academic y e a r  1928-29; app l i ed  f o r  a f e l lowsh ip  a t  t h e  Un ive r s i t y  
of Iowa; and to pick up some ready cash,  se rved  as a monitor  f o r  S t a t e  
b a r  exams given a t  t h e  Un ive r s i t y ,  

In due course ,  Sam was o f f e r e d ,  and accepted ,  a f e l lowsh ip  a t  t h e  
Un ive r s i t y  of Iowa, i n  Iowa C i ty .  H e  a r r i v e d  i n  Iowa C i ty  i n  t h e  
aunmrer of  1929 t o  begin  a two-year program of g radua te  s tudy  and r e s e a r c h  
l ead ing  t o  a Ph.D. degree  i n  mathematics,  w i th  a  minor i n  educa t ion .  
During t h e  second summer (1930),  he  was jo ined  by two o t h e r s  whose 
names were l a t e r  t o  become well-known i n  p r o b a b i l i t y  and mathematical  
s t a t i s t i c s  circles: Allen  T. Craig and John H. C u r t i s s .  

C u r t i s s  had j u s t  r ece ived  h i s  A . B .  i n  mathematics a t  Northwestern 
Un ive r s i t y ,  and had come t o  t he  Univers i ty  of Iowa t o  s tudy a c t u a r i a l  
mathematics p r e p a r a t o r y  t o  choosing a c t u a r i a l  work as a c a r e e r .  H e  
was ass igned  t o  one of two desks arranged back-to-back i n  t h e  Mathe- 
mat ics  Department L i b r a r y ,  t h e  o t h e r  occupied by ism. He has a c lose-  
up p i c t u r e  of Sam taken  from t h i s  vantage point.-  

Al len  T. Cra ig ,  i n  c o n t r a s t ,  had r e tu rned  t o  t h e  Un ive r s i t y  of 
Iowa i n  t h e  summer of  1930 f o r  t h e  express  purpose of completing h i s  
d o c t o r a l  t h e s i s  "On t h e  D i s t r i b u t i o n  of Ce r t a in  S t a t i s t i c s  Derived 
from S m a l l  Random ~ m p l e s " .  I say "had r e tu rned  t o  the Unive r s i ty  
of 1owa" because Cra ig  had been t h e r e  dur ing  t h e  academic y e a r  1928-29, 
b u t  had l e f t  Iowa City i n  t h e  summer of 1929 t o  accept  a p o s i t i o n  as 
an I n s t r u c t o r  i n  mathematics a t  h i s  alma mater ,  the Unive r s i ty  of 
F l o r i d a ,  i n  G a i n e s v i l l e ,  f o r  t h e  academic y e a r  1929-30. Drawn t a g e t h e r  
by common i n t e r e s t s ,  Al len  Craig and Sam Wilks immediately became 
c l o s e  and l i f e l o n g  f r i e n d s .  Cra ig ,  i n  h i s  t h e s i s  (CRAIG 1932),  gave 
a number of g e n e r a l  r e s u l t s  on t h e  d i s t r i b u t i o n s  of such s t a t i s t i c s  
a s  t h e  a r i t h m e t i c  mean, harmonic mean, geometr ic  mean, median, q u a r t i l e ,  
d e c i l e  and range o f  samples of sma l l  n  i tems s e l e c t e d  a t  random from 
a r a t h e r  a r b i t r a r y  (cont inuous)  un ive r se ,  t o g e t h e r  w i th  a large number 
of e x p l i c i t  r e s u l t s  f o r  sampled un ive r se s  o f  s p e c i a l  types .  Sam 
o f t e n  s a i d  t ha t  h i s  own work on t h e  theory of nonpargmetr ic  o r  d i s t r i -  
bu t ion- f ree  methods--an a a i n  which Sam made a number o f  t r u l y  
outs tanding  contribution 3 --had i t s  o r i g i n s  i n  t h e  g e n e r a l  formulas  
given by Craig f o r  t h e  d i s t r i b u t i o n s  of t h e  "median, q u a r t i l e ,  d e c i l e ,  
and range". 

Sam's d o c t o r a l  d i s s e r t a t i o n  was, l i k e w i s e ,  a c o n t r i b u t i o n  t o  "the 
theory  of  emal l  samplest'. E n t i t l e d  "On the  d i s t r i b u t i o n s  of s tat is t ics  
i n  samples from a normal popula t ion  of two v a r i a b l e s  w i th  matched 
sampling of one va r i ab l e1 '  (WXLKS 1932a), i t  provided t h e  small-sample 
d i s t r i b u t i o n  theory r equ i r ed  to answer a number of ques t ions  drawn t o  



Sam's a t t e n t i o n  by  P ro fe s so r  E. F. L indqu i s t ,  P ro fe s so r  of Educat ion 
a t  t h e  Univers i ty  of  Iowa and D i r e c t o r  of t h e  Iowa Tes t ing  Programs, 
who had used t h e  technique of  "matched" groups i n  experimental  work 
i n  educa t iona l  psychology, and whose l e c t u r e s  Sam had a t t ended .  

Sam's t h e s i s  was preceded by a s h o r t  note  by Sam on  he s tanda rd  
e r r o r  of the  means of 'matched' samples" (WILKS 1931).  ~ u b l i s h e d  i n  . - .  
t h e  March 1931 i s s u e  of t h e  ~ a u r n a l - o f  Educat iona l  Psychology, where 
i t  w a s  accompanied by an a r t i c l e  by Lindquis t  (LINDQUIST 1931),  
desc r ib ing  t h e  use  and importance o f  "matched" groups as a s t a t i s t i c a l  
technique i n  exper imenta l  psychology and educa t iona l  t e s t i n g .  ~ m ' s  
p redoc to ra l  no te  and h i s  d o c t o r a l  d i s s e r t a t i o n  were t h e  f i r s t  of a 
s e r i e s  of papers  on m u l t i v a r i a t e  analysis suggested by r e a l - l i f e  
problems i n  exper imenta l  psychology and educa t iona l  t e s t i n g ,  and mark 
t h e  beginning of Sam's l i f e - l o n g  a s s o c i a t i o n  wi th  the l a t t e r  f i e l d .  

Sam and Allen Craig both rece ived  t h e i r  Ph.D.'s from t h e  Un ive r s i t y  
of Iowa i n  June 1931--Sam i n  Mathematics, w i th  a minor i n  Educat ion;  
Al len ,  i n  Mathematics a lone .  "Father  Rie tz"  was mighty proud of h i s  
1 l twins". Thei rs  were t h e  f i r s t  d o c t o r a l  d i s s e r t a t i o n s  w r i t t e n  a t  the 
Unive r s i ty  of Iowa on a s p e c t s  of  " the  theory  of sma l l  samples", t h e  
new area of mathematical  r e sea rch ,  i n i t i a t e d  i n  1908 by "Student" 
( W i l l i a m  Sealy Gosset ,  1876-1937) and developed t o  f u l l  f l ower  by 
R. A. Fishe r  (1890-1962) between 1915 and 1928, t o  which an i n c r e a s i n g  
number o f  American mathematicians were devot ing  a t t e n t i o n  at: t h a t  
time--notably C. C. Cra ig  ( a t  t h e  U n i v e r s i t y  of Michigan i n  Ann Arbor) ,  
Harold Hote l l i ng  (at  S tanford  U n i v e r s i t y ,  i n  C a l i f o r n i a ) ,  Pau l  R. U d e r  
( a t  Washington Univer i t y ,  S t .  Lou i s ) ,  and M e t z  ( a t  the U n i v e r s i t y  of 
Iowa, i n  Iowa City) .d R i e t z  was doubly proud of t h e i r  accomplishments; 
n o t  on ly  had each made a f i r a t - r a t e  c o n t r i b u t i o n  t o  " the theory  of 
small samples", bu t  a l s o  the mathematics i n  t h e i r  d i s s e r t a t i o n s  was 
i n t e l l i g i b l e  t o  American mathematicians--which was a r e a t  d e a l  more 
than one could say  about  t h e  pape r s  of R. A. F i she r .  H e  t h e r e f o r e  
he ld  o u t  two "pr izes"  to h i s  deserv ing  "twins": (1) an appointment as 
an Assoc ia te  (a rank between I n s t r u c t o r  and A s s i s t a n t  P r o f e s s a r )  
i n  h i s  department ,  and (2 )  h i s  endorsement f o r  a Na t iona l  Research 
Council  Fellowship. Allen chose the  appointment i n  the Department of 
Mathematics--stayed on t o  become a f u l l  P ro fe s so r  in 1945, and retired 
i n  1970; Sam, the NRC Fellowship,  and made p l a n s  t o  cont inue  r e s e a r c h  
i n  m u l t i v a r i a t e  s t a t i s t i c a l  a n a l y s i s  under Harold H o t e l l i n g  (1895-1973), 
a p ioneer  i n  t h i s  f i e l d ,  and t h e  i n d i v i d u a l  I n  t h e  United S t a t e s  most 

10 1 
versed i n  the mathematics of the Student-Fisher  theory  of s m a l l  samples.-- 

A f t e r  r e c e i v i n g  his Ph.D., Wilks s t a y e d  on t o  a t t e n d  the l e c t u r e s  
given,  and seminar conducted, dur ing  the  f i r s t  half of t h e  summer 
s e s s i o n ,  8 June - 16 July,  by the British mathematical  s t a t i s t i c i a n ,  



Egon S. Pearson; and gave a talk in t he  seminar series, Pearson ' s  
two papers  wi th  Jerzy Neyman on "The use and i n t e r p r e t a t i o n  of  c e r t a i n  
t e s t  c r i t e r i a  f o r  t h e  purposes of s t a t i s t i c a l  in ference"  ( P a r t  I ,  
Biometrika, Vol. 20A (1928), pp. 175-240; P a r t  11, - i b f d ,  pp. 263-294) 
had been w e l l  r ece ived  by mathematicians i n t e r e s t e d  i n  s t a t i s t i c a l  
theory .  A s  you w i l l  r e c a l l ,  i t  was i n  t h e s e  papers  t h a t  they  in t roduced  
and explored t h e i r  l ike1 , ihood-ra t io  technique f o r  more o r  less 11/ 
au toma t i ca l ly  d i scove r ing  "good" tests of va r ious  s t a t i s t i c a l  hypotheses.- 

Wilks a l s o  met R. A. F i s h e r ,  who came over  t o  Iowa City from Ames 
for a day dur ing  t h i s  per iod .  By an  e x t r a o r d i n a r y  coincidence,  R. A. 
F i s h e r  was "in res idence"  t h a t  s m e r  a t  Iowa S t a t e  College,  a t  Ames, 

1 I 90 m i l e s  d i s t a n t ,  g iv ing  a competing" series of  l e c t u r e s  on the  
material i n  h i s  two books, S t a t i s t i c a l  Methods f a r  Research Workers 

(3rd e d i t i o n ,  1930) and The Gene t i ca l  Theory of Na tu ra l  S e l e c t i o n  (19301, 
dur ing  t h e  f i r s t  h a l f  of t h e i r  summer s e s s i o n ,  16  June-24 J u l y .  The 
ove r l ap  of t h e  two programs, and t h e  d i s t a n c e  between t h e  two i n s t i t u t i o n s ,  
made i t  p h y s i c a l l y  imposs ib le  f o r  f a c u l t y  and s t u d e n t s  t o  take i n  both 
programs i n  t h e i r  entirety. 

3 .  MAFGLIAGE AND POSTWCTORAL STUDY. Sam r e t u r n e d  t o  Texas i n  
midsummer 1931, and on September 1 mar r i ed  Gena Orr of Denton. The 
Wilks and Orr f a m i l i e s  had been f r i e n d s  f o r  many y e a r s .  Indeed, about 
one y e a r  be fo re  Chance Wilks f i n a l l y  won t h e  hand of Bertha,  s h e  was 
be ing  cour ted  by W i l l  O r r ,  wh i l e  Chance w a s  away from L i t t l e  E l m ,  
t r y i n g  h i s  hand a t  the banklng bus ines s .  But Chance returned in time 
t o  prevent  my s t o r y  from ending b e f o r e  i t  began--and i n  due course  Gena 
was f a the red  by W i l l ;  and Sam, by Chance. 

Sam and Gena had known each o t h e r  from chi ldhood.  They a t t ended  
t h e  same high schoo l  i n  Denton; s h e  was a s t u d e n t  a t  the College of 
I n d u s t r i a l  Arts, i n  Denton, a t  t h e  same t ime t h a t  Sam was a t t e n d i n g  
the  North Texas S t a t e  Teachers College t h e r e ;  and they both rece ived  
t h e i r  A.B. degrees i n  1926; b u t  they  d i d  no t  s tar t  "dating" u n t i l  
t h a t  summer. What brought  them t o g e t h e r  was t h e  wedding of Sam's 
cous in ,  James Hodge, and J e s s i e  H i l l ,  a t  which Sam was Best  Man, and 
Gena a bridesmaid. Gena then t augh t  school  l o c a l l y  f o r  a couple  of 
years, whi le  Sam was con t inu ing  h i s  s tudy  of mathematics a t  t h e  
Un ive r s i t y  of Texas, i n  Aust in;  and cont inued t o  d a t e  Sam from time 
t o  t ime when he w a s  home on vaca t ion .  I n  due course  she go t  herself 
ove r  t o  the  University of Texas, where s h e  d i d  g radua te  work i n  
Engl i sh ,  and r ece ived  her Master 'd  Degree i n  1929.  



A s  p a r t  of t h e i r  honeymaon, Sam and Gena set  o f f  f o r  New York 
City by boa t ,  from Galveston,  Texas. The t r i p  took five days. They 
settled i n  an apartment on the 6 t h  f l o o r  of t h e  Columbia Univers i ty-  
owned apartment b u i l d i n g  a t  401 West 118th S t r e e t .  During World War 11 
t h e  main offices of the S t a t i s t i c a l  Research Group--Columbia (SRG-C), 
of which Harold Ho te l l i ng  was t h e  P r i n c i p a l  I n v e s t i g a t o r ,  were l o c a t e d  
in t h i s  b u i l d i n g ,  i n  what had been Sam and ~ e n a ' s  apartment;  and W. 
Al len  Wallis, t h e  Group's D i r e c t o r  of Research, occupied what had been 
t 'heir bedroom. 

Among those a t t e n d i n g  ~ o t e l l i n g ' s  l e c t u r e s  on  tatis is tical 
Inference"  that first year a t  Columbia i n  a d d i t i o n  t o  Sam were Acheson 
J, Duncan, from whom I was l a t e r  t o  receive my f i r s t  course  i n  t h i s  
subject, and W. J .  Youden (1900-1971), who was l a te r  t o  j o i n  m e  a t  
t h e  National Bureau of Standards (1948-1965) as p r a c t i t i o n e r ,  expositor  
and innovator  of  s t a t i s t i c a l  methods p a r  exce l l ence .  "Atch" Duncan 
was then  an Instructor i n  Economics a t  P r ince ton  Un ive r s i t y ,  and a t  
my f a t h e r ' s  i n s i s t e n c e  had been sent a t  Un ive r s i t y  expense t o  s tudy  
modern s t a t i s t i c a l  i n f e r e n c e  under Ho te l l i ng .  I shall say more about  
t h i s  i n  a few moments. "Jack" Youden had r ece ived  h i s  Ph.D. i n  
Chemistry from Columbia i n  1924, was a Phys i ca l  Chemist at: 
t h e  Boyce Thompson I n s t i t u t e  for P l a n t  Research i n  Yonkers, New York, 
and was commuting to New York t o  hear ~ o t e l l i n g ' s  l e c t u r e s  on his own 12/ v o l i t i o n  to g a i n  a better grasp  of Student-Fisher theory  and methods.- 

I n  a d d i t i o n  t o  a u d i t i n g  H o t e l l i n g ' s  l e c t u r e s ,  S a n  jo ined  Jack W .  
Dunlap and Warren G. F indley ,  then Ph.D. cand ida t e s  a t  Columbia i n  
Psychology and Educat ional  Psychology, r e s p e c t i v e l y ,  i n  a t t e n d i n g  
t h e  l e c t u r e s ,  a t  Teachers College,  of the English psychologis t ,  
Charles E. Spearman (1863-1945), revered  by psycho log i s t s  as the f a t h e r  
of Fac to r  Analysis  (1904) and f o r  development of a r a t i o n a l  b a s i s  f o r  
de te rminin  g e n e r a l  i n t e l l i g e n c e  and f o r  v a l i d a t i n g  i n t e l l i g e n c e  
t e s t i n g  . I mention Jack  Dunlap and Warren Pindley  e x p l i c i t l y  
because Sam's and t h e i r  pa ths  were t o  meet and j o i n  f o r  a w h i l e  a t  
v a r i o u s  times i n  larer  y e a r s ,  f o r  example, when Dunlap was D i r e c t o r  
of Research of t h e  Nat iona l  Resehrch Counci l ' s  Committee on P i l o t  
S e l e c t i o n  and Tra in ing  (1941-42), and when Findley was Director of 
Tes t  Development (1948-53), and l a t e r  i n  charge of the Evalua t ion  and 
Advisory Se rv i ces  (1953-56) of t h e  Educat iona l  T e s t i n g  Service i n  
Prince t an .  

I t  was a year of excep t iona l  p r o d u c t i v i t y  f o r  Wilks: he wrote  
o r  completed f o u r  d i s t i n c t  papers  i n  t h e  a r e a  of m u l t i v a r i a t e  analysis 
a l l  of which saw almost  immediate p u b l i c a t i o n .  I n  one (WILKS 1932b) 
h e  found the maximum l i k e l i h o o d  e s t i m a t e s  of t h e  parameters  of a 



b i v a r i a t e  normal d i s t r i b u t i o n  when some of t h e  i n d i v i d u a l s  i n  a sample 
y i e l d  obse rva t ions  on bo th  v a r i a b l e s ,  x  and y ,  and some o n l y a n  x ,  o r  
on y ,  a lone ;  i n  a second (WTLKS 1932c), he showed t h a t  the d i s t r i b u t i o n  
of t h e  m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t  i n  samples from a normal 
popula t ion  wi th  a non-zero m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t  could  be  
de r ived  d i r e c t l y  from Wishar t ' s  gene ra l i zed  product  moment d i s t r i b u t i o n  
(1928) wi thout  making use  of t h e  geometr ica l  no t ions  and an i n v a r i a n c e  
p rope r ty  u t i l i z e d  by R. A. F i s h e r  i n  h i s  d e r i v a t i o n  (1928); i n  the  
t h i r d ,  h i s  g r e a t  pape r  on "Certain Gene ra l i za t ions  i n  t h e  Analysis  
of  Variance" (WILKS 1932e) ,  he de f ined  t h e  I tgeneral ized var iance"  of 
a sample of n  i n d i v i d u a l s  from a m u l t i v a r i a t e  popula t ion ,  cons t ruc t ed  
m u l t i v a r i a t e  g e n e r a l i z a t i o n s  of  t h e  c o r r e l a t i o n  r a t i o  and c o e f f i c i e n t  
of m u l t i p l e  c o r r e l a t i o n ;  deduced t h e  moments of t h e  sampling d i s t r i b u t i o n s  
of t h e s e  and o t h e r  r e l a t e d  func t ions  i n  random samples from a normal 
m u l t i v a r i a t e  popu la t ion  from Wisha r t ' s  gene ra l i zed  product  moment 
d i s t r i b u t i o n  (1928); cons t ruc t ed  t h e  l i k e l i h o o d  r a t i o  c r i t e r i o n  f o r  
t e s t i n g  t h e  n u l l  hypo thes i s  t h a t  k m u l t i v a r i a t e  samples of s i z e s  nl,  
n2, -- , nk a r e  random samples from a common m u l t i v a r i a t e  normal 
popula t ion ,  now c a l l e d  "Wilksls  A c r i t e r i o n " ,  and de r ived  i t s  sampling 
d i s t r i b u t i o n  under t h e  n u l l  hypo thes i s ;  and s i m i l a r l y  explored  v a r i o u s  
o t h e r  m u l t i v a r i a t e  l i k e l i h o o d  r a t i o  c r i t e r i a ;  and i n  t h e  f o u r t h  (WILKS 
1932d),  an  outgrowth of a t t e n d i n g  spearman's l e c t u r e s ,  h e  ob ta ined  an 

1 4 /  exact express ion  f o r  the s t anda rd  e r r o r  of  an observed " t e t r a d  difference1'-  
i n  samples of s i z e  n from a normal popu la t ion  ( i n  t h e  s p e c i a l  c a s e  i n  
which t h e  i n t e r c o r r e l a t i o n s  of t h e  f o u r  v a r i a b l e s  are a l l  zero  i n  t h e  
popu la t ion ) .  

I mention t h e s e  d e t a i l s  j u s t  tb show t o  what a remarkable e x t e n t  
Sam was n o t  only apply ing ,  b u t  a l s o  ex tending  t h e  most advanced concepts  
and t o o l s  of F i s h e r ,  H o t e l l i n g ,  Neyman, E. S.  Pearson and Wishart  
w i t h i n  one y e a r  of t h e  r e c e i p t  of h i s  Ph.D.! I o f t e n  hea rd  my f a t h e r ,  
Luther  P f a h l e r  E i s e n h a r t  (1876-1965), remark when he  was Chairman of 
the Department of Mathematics (1928-1945) and Dean of t h e  Graduate 
School (1933-1945) of P r ince ton  Un ive r s i t y ,  t h a t  what determined a 
man's s t a t u r e  i n  h i s  chosen f i e l d  was n o t  t h e  c a l i b e r  of h i s  d o c t o r a l  
d i s s e r t a t i o n ,  bu t  r a t h e r  t h e  c a l i b e r  of t he  papers t h a t  he wrote and 
publ i shed  - after receiving h i s  Ph.D. Sam c e r t a i n l y  passed t h a t  test 
i n  1932 wi th  a wide margin t o  spa re !  Furthermore, t h e  h igh  regard i n  
which  am's papers  were he ld  $ m e d i a t e l y  fol lowfng t h e i r  p u b l i c a t i o n  i s  
a t t e s t e d  by t h e  f a c t ,  a l r eady  mentioned, t h a t  Irwin devoted 9 ou t  of t he  
14 pages on "Exact sampling d i s t r i b u t i o n s "  i n  h i s  " ~ e c e n t  Advances.. (1932)'' 
( I R W I N  1934)  t o  d e t a i l e d  cons ide ra t ion  o f  Sam's t h e s i s  and t h e  f i r s t  
t h r e e  of t h e s e  four p o s t d o c t o r a l  papers .  And E. S. Pearson more 
r e c e n t l y  remarked t h a t  Sam's " s t a t u r e  as a s t a t i s t i c i a n  was I t h i n k  
early e s t a b l i s h e d  by h i s  Biometrika paper  o f  1932 on 'Cer ta in  g e n e r a l i z a t i o n s  
i n  t he  a n a l y s i s  of variance' [which] must have been w r i t t e n  dur ing  t h e  
win te r  a f t e r  he gained h i s  Ph.D. and as such was a remarkable 
performance." (PEARSON 1964, p. 597) 



While a t  Columbia Un ive r s i t y ,  Sam went down t o  t h e  B e l l  Telephone 
Labora tor ies  a t  463 West S t r e e t  t o  v i s i t  Walter A. Shewhart (1891-1967), 
f a t h e r  of  s t a t i s t i c a l  q u a l i t y  c o n t r o l  of manufactur ing processes ,  

15 /  w i th  whose work he had become acquainted through R ie t z  and Hotel l ing.-  
Sam became very i n t e r e s t e d  i n  shewhar t ' s  work, and s h o r t l y  t h e r e a f t e r  
Sam and  Gena pa id  a b r i e f  v i s i t  t o  Walter and Edna Shewhart a t  t h e i r  
home i n  Mountain Lakes, New Jersey. Severa l  yea r s  ago, Mrs. Shewhart 
t o l d  me that she remembered w e l l  how, as soon as Sam and Gena had l e f t ,  
Walter had turned  t o  h e r  and s a i d ,  "There is  a young man who is going 
t o  be  one of the top  men i n  S t a t i s t i c s  i n  t h i s  country",  o r  words t o  
t h a t  e f f e c t .  This  was t h e  beginning of  the f r i e n d s h i p  and c o l l a b o r a t i o n  
of t h e s e  two men t h a t  cont inued until Sam's death.  

In the  Spring of 1932, Sam obta ined  a renewal of his Nat iona l  
Research Fel lowship,  as an I n t e r n a t i o n a l  Research Fel lowship.  H e  
and Gena set o f f  i n  August 1932 f a r  London, England, where Sam was t o  
be i n  res idence  i n  Karl Pearson ' s  Department of A p p l i e d  S t a t i s t i c s  
a t  Univers i ty  College (of the Un e r s i t y  of  London) dur ing  t h e  
"Michaelmas Term" (Sep t . -Dee. ) . While t h e r e ,  Sam and K a r l  Pearson's 
son,  Egon S. Pearson,  wrote  a j o i n t  paper  (PEARSON and WILKS 1933) i n  
which t h e  l i k e l i h o o d  r a t i o  techniques  of Sam's gene ra l i zed  ana lys is -of -  
va r i ance  paper are developed i n  greater d e t a i l  for samples  from a 
b i v a r i a t e  normal d i s t r i b u t i o n ,  g e n e r a l i z i n g  t o  t h i s  b i v a r i a t e  case t h e  
t h r e e  tests developed by  Neyman and Pearson (1931) . f o r  t he  u n i v a r i a t e  
case.  To i l l u s t r a t e  t h e  numerical  a p p l i c a t i o n  of t h e  procedures  they 
had developed, they  inc luded  two worked examples, one based on d a t a  
on t h e  t e n s i l e  s t r e n g t h  and Rockwell hardness of  aluminum d i c a s t i n g s ,  
taken from Walte A. Shewhart 's  Economic Control  of Qua l i t y  of  Manufactured 
Product (1931). If/ 

While i n  London, Sam met a g r e a t  many of  the  leading  B r i t i s h  
s t a t i s t i c i a n s ,  and t h e i r  d f s c i p l e s ,  e i t h e r  a t  Un ive r s i t y  College o r  a t  
the  d e l i g h t f u l  teas t h a t  preceded t h e  monthly meet ings of t h e  Royal 
S t a t i s t i c a l  Soc ie ty .  To add t o  t h e  excitement--and t o  t he  s t r a i n  of 
a married coup le ' s  a t tempt ing  ra live i n  London on the small s t i p e n d  
of an I n t e r n a t i o n a l  Research Fellow--Sam an ~ e n a ' s  son S tan ley  Neal 
Wilks was born i n  London, i n  October 1932. -& Ear ly  i n  January 1933, 
t h e  f a m i l y  of t h r e e  moved t o  Cambridge so t h a t  Sam could work w i t h  
John Wishart (1898-1956 whose work i n  m u l t i v a r i a t e  a n a l y s i s  w a s  c l o s e  
t o   am's main i n t e r e s t ,  h/ 

When Sam a r r i v e d  a t  Cambridge, he found t h a t  Wishart  and B a r t l e t t  
had j u s t  completed an "independent" d e r i v a t i o n  of Wishart's g e n e r a l i z e d  
product-moment d i s t r i b u t i o n  "by pu re ly  a l g e b r a i c  methods", t h a t  i s ,  
by means of moment-generating func t ions  i n  combination with t h e  m a t r i s  
a lgeb ra  of q u a d r a t i c  forms (WISHART and BARTLETT 1933).  Wilks found 



himself  r i g h t  a t  home i n  t h e i r  company, and promptly wrote another  
major paper  (WILKS 1934) i n  which he gave a method of d e r i v i n g  d i r e c t l y  
from t h e  m u l t i v a r i a t e  normal d i s t r i b u t i o n  ( i . e . ,  wi thout  us ing  t h e  
Wishart  d i s t r i b u t i o n )  t h e  moments of  t h e  sampling d i s t r i b u t i o n s  of 
func t ions  of de te rminants  of  t h e  types  considered i n  h i s  two Biometr ika 
papers .  Also, at t h e  sugges t ion  of G, Udny Yule (1864-L951), he wrote  
a paper ,  "On t h e  Independence of Sums of  Squares i n  t h e  Analysis  of  
Variance", i n  which by means of c h a r a c t e r i s t i c  func t ions  i n  combination 
wi th  elementary m a t r i x  a l g e b r a ,  he  demonstrated t h e  independence of 

I I v a r i o u s  row, column, e t c . ,  sums of squares1 '  involved an ana lys is -of -  
va r i ance  a n a l y s i s  of randomized b locks ,  La t in  square ,  and c e r t a i n  o t h e r  
experimental  arrangements,  d i scussed  p rev ious ly  by R. A. F i she r .  
Communicated t o  t h e  Royal Society--not - t h e  Royal S t a t i s t i c a l  Society-- 
by Yule, f o r  p u b l i c a t i o n  i n  i ts  Proceedings,  the paper  s u f f e r e d  rough 
t rea tment :  i t  was appa ren t ly  s e n t  t o  F i s h e r  t o  r e f e r e e ,  who seems 
t o  have f e l t  t h a t  by i t s  very  theme i t  impl ied  t h a t  he had not a l r e a d y  
given adequate  and i n t e l l i g i b l e  p roo f s ;  then t h e  manuscript  w a s  lost, 
and Sam had t o  provide a second copy; and then i t  w a s  r e j e c t e d .  The 
p u b l i c a t i o n  s h o r t l y  t h e r e a f t e r ,  i n  a p u b l i c a t i o n  of t he  Royal S t a t i s t i c a l  
Soc ie ty ,  of a similar, b u t  somewhat more elementary,  paper  on t h e  
same s u b j e c t ,  by one of F i s h e r ' s  p r o t e g e s ,  was a s o r e  p o i n t  wi th  Sam 
for many yea r s .  (I have d i scussed  t h i s  m a t t e r  w i th  t h e  au tho r  of t h e  
"offending1' paper .  H e  a s s u r e s  me t h a t  he never  saw Sam's manuscr ip t ;  
and, u n t i l  our  conve r sa t ion ,  never  knew of  i ts  e x i s t e n c e . )  

In May 1933 my f a t h e r  o f f e r e d  Sam an appointment as an I n s t r u c t o r  
i n  Mathematics i n  P r ince ton  Un ive r s i t y .  I f i r s t  m e t  Sam when he turned  
up i n  Pr ince ton  i n  t i m e  fo r  t h e  f a l l  semester 1933, imported f o r  the  
express purpose of  teaching  me--at least ,  t h a t  w a s  what I thought a t  
the t ime. My budding i n t e r e s t  i n  p r o b a b i l i t y  and s t a t i s t i c s  may have 
helped a t i n y  weeny b i t ,  b u t  t h e  t r u e  exp lana t ion  was q u i t e  o the rwi se ,  
and has  an i n t e r e s t i n g  background, 

4. WILKS'S PRINCETON APPOINTMENT, AND STATISTICS AT PRINCETON 
BEFORE WILKS. The key figure i n  Wi lks ' s  appointment was my father, 
Luther  P f a h l e r  Eieenhar t  (1876-1965), who, i n  t h e  spring of 1933, was 
not  only  w i l l i n g ,  b u t ,  as Chairman of  t h e  Department of  Mathematics 
(1928-1945), Dean of t h e  Faculty (1925-1933), and Chairman of t h e  
Un ive r s l t v  Committee on S c i e n t i f i c  Research (1930-1945), was a l so  
able t o  e f f e c t  Wilks's appointment t o  an I n s t r u c t o r s h i p  i n  Mathematics 
on a more o r  less emergen b a s i s  over  t h e  oppos i t i on  of  almost every 
member of his Department . & 

An event  t h a t  was t o  be in s t rumen ta l  i n  b r ing ing  bo th  mathematical 
economics and modern s ta t is t ical  theory  and methodology t o  t h e  Princeton 
campus was t he  a r r i v a l  of Charles  F. Roos (1901-1958) as a National  
Research Fellow i n  Mathematics f o r  the academic year 1927-28. Roos had 



received h i s  Ph.D. i n  t h e o r e t i c a l  economics a t  t h e  Rice I n s t i t u t e  i n  
1926 under P ro fe s so r  G. C. Evans (1887-1973), who a t  t h a t  time was 
developing a new mathematical theory of economic phenomena termed 
I t  economic dynamics", and had spen t  1926-27 a t  t h e  Univers i ty  of Chicago 
working with P ro fe s so r  Henry Schu l t z  (1893-1938) who a t  t h a t  t ime was 
deeply  engaged i n  h i s  epochal  r e s e a r c h  on s t a t i s t i c a l  laws of demand 
and supply  as one f a c e t  of h i s  l i f e ' s  work on t h e  theory  and measurement 
af demand. Roos came t o  Pr ince ton  p r imar i ly  t o  broaden and sharpen 
h i s  knowledge of mathematics as a b a s i s  f o r  making f u r t h e r  c o n t r i b u t i o n s  
t:o Pro fes so r  Evans ' new "economic dynamics I f .  While t h e r e  he succeeded 
in convincing some members of the Department o f  Economics and S o c i a l  
1 :ns t i tu t ions  t h a t  t h e  Department could n o t  a f f o r d  t o  cont inue  t o  
n e g l e c t  much l onge r  t h e  advances i n  economic theory  and methods 
pioneered by Evans and Schul tz .  

In 1928 my father became t h e  Chairman of t h e  Mathematics Department. 
One of h i s  e a r l y  a c t s  i n  t h i s  c a p a c i t y  was t o  a r r a n g e  for t h e  l oan  by 
the Bel l  Telephone Labora to r i e s ,  I n c ,  of a member of i t s  Technical  
S t a f f ,  D r .  Thornton C. Fry, au tho r  of P r o b a b i l i t y  and I t s  Engineering 
Uses (D. Van Nostrand, 1928), t o  g i v e  a course  a t  Pr ince ton  on "Methods - 
of Mathematical Physics"  a s  a V i s i t i n g  Lec tu re r  i n  Mathematics dur ing  
t h e  f i r s t  semester  1929-30. I remember going wi th  my f a t h e r  to Bell 
Labs t o  v i s i t  Fry dur ing  either my s p r i n g  o r  summer vaca t ion  of 1929--the 
necessary arrangements may have been broached, or perhaps firmed up on 
t h a t  occasion.  Be  t h a t  as i t  may, one r e s u l t  of F ry ' s  visit t o  P r ince ton  
was t h a t  a course  i n  p r o b a b i l i t y ,  t augh t  by H. P .  Robertson (1903-1964), 
Assoc ia t e  P ro fe s so r  of  Mathematical Physics, us ing  ~ry's book as the  
t e x t ,  was offered by the Mathematics Department dur ing  the  second 
semes ter  of my sophumore y e a r  (1931-32). It w a s  t h i s  course  t h a t  f i r s t  
i n t e r e s t e d  me i n  p r o b a b i l i t y  and mathematical  s t a t i s t i c s  and s t a r t e d  m e  
on my c a r e e r .  

I n  1931 s t e p s  were taken that led t o  a course  i n  "modern s t a t i s t i c a l  
theory" being o f f e r e d  f o r  t h e  f i r s t  time a t  P r ince ton  by the Department 
of Economics and S o c i a l  I n s t i t u t i o n s  dur ing  t h e  f i r s t  semester  of my 
s e n i o r  year  (1933-1934). What happened was t h i s :  P ro fe s so r  Frank D.  
Graham (1890-1949) of t h i s  department approached my f a t h e r  i n  h i s  
capacity as Dean of  the Facul ty ,  and suggested t h a t  one way t o  overcome 
lack of competence i n  h i s  department w i t h  r e s p e c t  t o  t h e  l a t e s t  develop- 
ments in mathematical and s t a t i s t i c a l  methods i n  economics would be t o  
send one of the young i n s t r u c t o r s  i n  h i s  department t o  s tudy  w i t h  
Professor  Henry Schu l t z  a t  the Unive r s i ty  of Chicago, (The p o s s i b i l i t y  
of hiring a new staff member from the o u t s i d e  t o  this end had been 
considered e a r l i e r  b u t  pu t  as ide-- the Depression was i n  f u l l  swing, 
and there was a f r e e z e  on new Unive r s i t y  appointments.)  My f a t h e r  was 
favorable t o  t h i s  p r o p o s i t i o n ,  s u b j e c t  t o  an a d d i t i o n a l  p rov i s ion :  
that t h e  i n d i v i d u a l  concerned a l s o  s tudy  t h e  modem theory of s t a t i s t i c a l  



i n f e r e n c e  wi th  Harold Ho te l l i ng  f o r  t h e  purpose of i n i t i a t i n g  a course  
i n  t h i s  s u b j e c t  on h i s  r e t u r n .  The ' b i c t i m "  that Pro fes so r  Graham had 
i n  mind was Acheson J .  Duncan; and t h i s  i s  how i t  came t o  pass  t h a t  
Duncan, w i th  f i n a n c i a l  a s s i s t a n c e  from t h e  I n t e r n a t i o n a l  Finance 
Sec t ion  of Pr ince ton  Un ive r s i t y ,  spent  t h e  first h a l f  of t h e  academic 
y e a r  1931-32 s tudying  with Pro fes so r  Henry Schul tz  a t  t h e  Un ive r s i  
Chicago; and the  second h a l f  w i th  P r o f e s s o r  Ho te l l i ng  a t  Columbia. illof 

When Duncan a r r i v e d  a t  Columbia Unive r s i ty  e a r l y  i n  1932, one of 
t h e  f i r s t  persons he  met was Wilks. Another was W. R. Pabs t ,  then a 
g radua te  s t u d e n t  i n  Economics a t  Columbia, who y e a r s  l a t e r ,  was t o  b e  
in s t rumen ta l  i n  ~ u n c a n ' s  becoming a c t i v e  as a t eache r ,  au tho r ,  and 
c o n s u l t a n t  on s t a t i s t i c a l  methods i n  s t a n d a r d i z a t i o n  and q u a l i t y  
c o n t r o l .  Duncan r e tu rned  t o  Pr ince ton  i n  the f a l l  o f  1932, and began 
t o  ready himself  t o  teach  h i s  p r o j e c t e d  new cour ses ,  unaware--as were 
a l s o  Wilks and my fa ther - - tha t  b e f o r e  h i s  course i n  "modern s t a t i s t i c a l  
theory" would g e t  under way, Wilks would have jo ined  the Pr ince ton  
Un ive r s i t y  faculty . 

The program worked o u t  f o r  Duncan on h i s  r e t u r n  t o  Pr ince ton  
w a s  t h i s :  H e  would p a r t i c i p a t e  as  an a s s i s t a n t  i n  t h e  course ,  
I I  Elementary Statistics", taught  by P ro fe s so r  James G. Smith 0897-1946) 
i n  t h e  Department of Economics and S o c i a l  I n s t i t u t i o n s ,  scheduled f o r  
the Spring semes ter  i n  1933, se rv ing  as i n s t r u c t o r  i n  charge of  t he  
" labora tory"  o r  "workshop" s e s s i o n s  i n  which the s t u d e n t s  gained p r a c t i c a l  
exper ience  i n  g r a p h i c a l  and t a b u l a r  p r e s e n t a t i o n ,  and i n  t he  computation 
of d e s c r i p t i v e  s t a t i s t i c s ,  index numbers, moving ave rages ,  l i n k  r e l a t i v e s ,  
e t c .  Then, as a seque l  t o  t h i s  course ,  Duncan's new course  on "Modem 
s t a t i s t i c a l  theory" would be  o f f e r e d  by t h e  same Department dur ing  t h e  
f i r s t  semes ter  of t h e  academic y e a r  1933-34. 

I took these two courses  i n  t h e  S p r i n g  and F a l l  of 1933, r e s p e c t i v e l y .  
In  Smith 's  course  w e  used as text P r i n c i p l e s  and Methods of S t a t i s t i c s  
by Robert E. Chaddock (1879-1940), publ i shed  by t h e  Houghton M i f f l i n  
Company i n  1925, b u t  t h e  scope,  n a t u r e ,  and mode of p r e s e n t a t i o n  is more 
a c c u r a t e l y  r e f l e c t e d  by P ro fe s so r  Smith 's  Elementary S t a t i s t i c s .  & 
In t roduc t ion  t o  the P r i n c i p l e s  of S c i e n t i f i c  Methods, publ i shed  t h e  
fo l lowing  year (New York: Henry Holt  and Company, 1934) ,  Some of 
R. A. Fisher's c o n t r i b u t i o n s  t o  s t a t i s t i c a l  methodology w e r e  a l l uded  t o ,  
bu t  only very  b r i e f l y ,  as t i p s  on r e c e n t  developments t h a t  would warran t  
looking i n t o ,  n o t  as integral par t s  of t h e  course. I n  ~uncan's course ,  
on the  o t h e r  hand, b u i l t  as i t  was around H o t e l l i n g  's  l e c t u r e s ,  and t he  
then a v a i l a b l e  mimeographed chap te r s  of H o t e l l i n g ' s  never publ i shed  book, 
S t a t i s t i c a l  In fe rence ,  t h e  c o n t r i b u t i o n s  of Student  and R. A.  Fishe r  
occupied t h e  c e n t e r  of  t h e  s t a g e  a l a r g e  p a r t  o f  t h e  time. 



I n  t he  s p r i n g  af  1933 a crisis developed of  which I was t o t a l l y  
unaware a t  t h e  t ime,  and t h e  p a r t i c u l a r s  of  which I was no t  t o  l e a r n  
u n t i l  some y e a r s  l a t e x .  Wilks was a t  Cambridge Univers i ty  working wi th  
Wishart  on t h e  las t  l a p  of h i s  two-year fe l lowship  program and would b e  
needing a permanent p o s t ,  o r  a t  l e a s t  a new source  of income, by f a l l .  
He had s e n t  r6sum6s of h i s  p r o f e s s i o n a l  c a r e e r  t o  t h e  u n i v e r s i t i e s  i n  t he  
United S t a t e s  known t o  have programs i n  p r o b a b i l i t y  and mathematical  
s t a t i s t i c s ,  i n d i c a t i n g  t h a t  he  was i n  need of an i n s t r u c t o r s h i p  o r  o t h e r  
fu l l - r ime p o s i t i o n  beginning wi th  t h e  academic yea r  1933-34. The r e p l i e s  
t h a t  h e  rece ived  were a l l  negative--the United S t a t e s  was i n  t h e  depth 
(of t h e  Depression, co l l eges  and u n i v e r s i t i e s  were having t o  make do wi th  
dramat ica l ly  reduced income from endowment and o t h e r  sou rces ,  and all, 
it seemed, w e r e  t i g h t e n i n g  t h e  b e l t ,  and none were planning t o  take on 
a d d i t i o n a l  personnel .  With an excep t iona l  t r a i n i n g  i n  mathematical  
s t a t i s t i c s ,  w i th  f o u r  s u b s t a n t i a l  r e sea rch  papers ,  and two r e s e a r c h  n o t e s  
a l r eady  publ i shed ,  one joint r e sea rch  paper  accepted f o r  p u b l i c a t i o n ,  
and two r e sea rch  papers  n e a r l y  ready f o r  p u b l i c a t i o n ,  he w a s  one of  t h e  
most promising young men i n  mathematical  s t a t i s t i c s  and app l i ed  
mathematics g e n e r a l l y ,  y e t  he  had no prospec t  of a job.  ~ i l k s ' s  
s i t u a t i o n  seemed hopeless  and was r a p i d l y  becoming despe ra t e .  Here 
he  was i n  England wi th  h i s  w i f e  and son;  h i s  f e l l owsh ip  funds ,  which 
were never  r e a l l y  adequate  for marr ied  people,  o r  couples  w i t h  c h i l d r e n ,  
were about t o  run o u t ;  and no p rospec t  of  employment. 

Ho te l l i ng ,  knowing f u l l  w e l l  of my f a t h e r ' s  d e s i r e  t o  b u i l d  up a 
program i n  p r o b a b i l i t y  and mathematical s t a t i s t i c s  a t  Pr ince ton  and o f  
t h e  need of t h e  College Entrance Examination Board f o r  a s s i s t a n c e  from 
someone of  Wilks 's  c a l i b e r  on m u l t i v a r i a t e  sampling d i s t r i b u t i o n  problems 
a r i s i n g  i n  e d u c a t i a n a l  testing, appealed d i r e c t l y  t o  my f a t h e r  t o  t ake  
Wilks on a t  P r ince ton ,  s t r e s s i n g  t h e  long-term advantages t o  P r ince ton  
and t h e  ar-the-moment despera teness  of Wilks 's  s i t u a t i o n .  Thus i t  came 
t o  pass  l a t e  i n  the s p r i n g  of  1933 t h a t  my f a t h e r ,  as Chairman of  t h e  
Mathematics Department, o f f e r e d  Wilks an i n s t r u c t o r s h i p  i n  t h e  Department 
of Mathematics f o r  t h e  academic y e a r  1933-34, and advised him of  a 
t e n t a t i v e  arrangement t h a t  he  had made wi th  P ro fe s so r  Carl C. Brigham of 
t h e  Department o f  Psychology and Assoc ia te  Sec re t a ry  of t h e  College 
Entrance Examination Board ( t h e  c e n t r a l  o f f i c e  of which had been a t  
Pr ince ton  for some years) t o  work part- t ime also w i t h  the  Board on 
problems arising i n  t h e  scaling of achievement tests. It was n o t  u n t i l  
many y e a r s  later t h a t  I l ea rned  from my father t h a t  he  had brought  o f f  
t h i s  coup over  t h e  oppos i t i on  of almost every member of h i s  Department. 
I have o f t e n  wondered whether he would have been able t o  b r i n g  i t  o f f  
a year o r  even a i x  month8 l a te r  because, al though he cont inued as Chairman 
of t h e  Mathematics Department u n t i l  1945, i n  mid-1933 he gave up his 
p o s t  as Dean of t h e  Facul ty  t o  become Dean of t h e  Graduate School .  



I a l s o  l ea rned  i n  l a te r  years, after I had r e tu rned  from London 
and had become a c l o s e  pe r sona l  f r i e n d  of Sam and Gena Wilks, t h a t  
Sam had rece ived  o n l y  one o t h e r  o f f e r :  a t  Rothamsted Experimental  
S t a t i o n ,  i n  response  t o  Wishar t ' s  repea ted  p re s su r ing  of R. A. F i she r  
on ~ilks's p l i g h t  and need. The offer i t s e l f ,  however, was h u m i l i a t i n g l y  
n igga rd ly  and g r o s s l y  inadequate  t o  Wilks ' s  needs,  perhaps as a r e s u l t  
of Wilks having a l r e a d y  i n c u r r e d  F i s h e r ' s  wrath over  h i s  a n a l y t i c a l  
( i n  c o n t r a s t  t o  geomet r i ca l )  e x p o s i t i o n  of t h e  independence of sums of 
squares  i n  t he  analysis of va r i ance .  

Wilks a r r i v e d  i n  P r ince ton  i n  September 1933. A s  a new i n s t r u c t o r  
i n  the  Department of  Mathematics,  he  found h imsel f  teaching  t h e  usual 
undergraduate cou r ses  i n  a n a l y t i c  geometry, c a l c u l u s ,  and so  f o r t h  
during the  academic y e a r  1933-34. In  a d d i t i o n  t o  such teaching  t h a t  
f i r s t  yea r ,  Sam cont inued  h i s  r e s e a r c h ,  p r i m a r i l y  i n  m u l t i v a r i a t e  
a n a l y s i s ;  gave m e  h e l p f u l  guidance i n  t h e  p r e p a r a t i o n  on my senior 
t h e s i s  on "The Accuracy of Computations Involving Q u a n t i t i e s  Known 
Only t o  a Given Degree of Approximation"; and spent t h e  remainder of 
h i s  "spare t i m e "  on h i s  "second job1' w i t h  P ro fe s so r  Brigham and t h e  
College Entrance h a m i n a t i o n  Board. The fo l lowing  y e a r ,  1934-35, 
Sam's program w a s  much t h e  same, except  t h a t  he now guided my pos t -  
g raduate  reading and study in p r o b a b i l i t y  and s ta t i s t ica l  theory and 
methodology i n  p r e p a r a t i o n  f o r  my becoming a d o c t o r a l  cand ida t e  i n  
S t a t i s t i c s  under J .  Neyman and E. S. Pearson a t  Univers i ty  Col lege ,  
London, 1935-37. 

Wilks taught  h i s  f i r s t  s t a t i s t i c s  course  a t  t h e  Un ive r s i t y  of 
Pennsylvania,  i n  P h i l a d e l p h i a ,  dur ing  1935-36. (Dr. George Gai ley  
Chambers, P ro fe s so r  of Mathematics, Un ive r s i t y  of Pennsylvania ,  had 
d ied  on 24 October 1935, s h o r t l y  a f t e r  h i s  graduate  course "Modern 
Theory of S t a t i s t i c a l  Analysis'' had g o t t e n  under way. Sam was 
commissioned t o  complete t h e  teaching  of t h i s  course i n  his s t e a d . )  
During t h e  same p e r i o d  Sam gave an informal  course-- i .e . ,  n o t  l i s t e d  
i n  t he  o f f i c i a l  U n i v e r s i t y  course  catalog-- to t h r e e  P r ince ton  s e n i o r s ,  
Walter W. Merrill, John 0. Rohm, and W i l l i a m  C .  She l ton ,  on much the  
same m a t e r i a l ;  and supe rv i sed  S h e l t o n ' s  s e n i o r  t h e s i s  on "Regression 
and Analysis  of Variance". (Shol ton cont inued in S t a t i s t i c s ,  r i s i n g  
t o  become Special A s s i s t a n t  t o  t h e  Commissioner of Labor S t a t i s t i c s .  
M e r r i l l  and Rohm took up account ing  and law, r e s p e c t i v e l y . )  

Wilks was promoted t o  a n  a s s i s t a n t  p ro fe s so r sh ip  i n  1936; and 
i n  1936-37 taught  h i s  f i r s t  s t a t i s t i c s  courses  a t  P r ince ton ;  a 
graduate  couxae du r ing  t h e  F a l l  Term--see WILKS 1937--and a n  under- 
graduate cburee during the Spr ing  Term. A P r ince ton  s e n i o r  that yea r  



who took the  g radua te  course, Irving E. Segal  (now a Prof ,  of Math 
a t  MIT),  wrote a s e n i o r  t h e s i s  under Sam's supe rv i s ion  t h a t  was 
subsequent ly publ i shed  i n  t h e  Proceedings of t h e  Cambridge Ph i lo soph ica l  
Society (SEGAL 1938) . 

The p u b l i c a t i o n ,  i n  t h e  January 1973  issue of t h e  IMS B u l l e t i n ,  
of P ro fe s so r  Harry C, Carver 'e  l e t t e r  of 1 4  A p r i l  1972 to  P r o f e s s o r  
W i l l i a m  Jackson Hall on the '!beginnings of  t h e  Annalst1 prompts m e  
t o  c o r r e c t  a mistaken con jec tu re  contained t h e r e i n  on why Sam Wilks 
was n o t  permi t ted  t o  teach  a  course  i n  mathematical s t a t i s t i c s  dur ing  
h i s  f i r s t  few y e a r s  a s  an i n s t r u c t o r  i n  t he  Mathematics Department 
t he re .  P ro fe s so r  Carver wrote :  

I t .  ..one day I asked [Wilks] how i t  was t h a t  he  was n o t  
teaching a course  i n  mathematical  s t a t i s t i c s  a t  P r ince ton ,  
H e  repl ied t h a t  he  had t r i e d  t o  start such a course  t h e r e ,  
b u t  h i s  s u p e r i o r s  tu rned  down h i s  r eques t  each time,-- 
probably because mathematical  s t a t i s t i c s  and p r o b a b i l i t y  
had n o t  y e t  rung a b e l l  i n  t he  s t a i d  Eas te rn  co l l eges  . I f  

The f a c t  of t h e  matter is that mathematical  s t a t i s t i c s  and 
p r o b a b i l i t y  a l r e a d y  had "rung a b e l l "  a t  Pr ince ton:  two y e a r s  b e f o r e  
WiZks's a r r i v a l ,  Acheson 3 .  Duncan had been sent o f f  a t  Un ive r s i t y  
expense t o  s tudy  w i t h  P ro fe s so r s  Henry Schul tz  and Harold H o t e l l i n g  
f o r  the express purpose of readying himself  t o  i n i t i a t e  courses  i n  
11 mathematical economics" and 'Cmodern s t a t i s t i c a l  theory1' on h i s  r e t u r n .  
It was this p r i o r  arrangement and commitment, n o t  lack of appreciation 
o f  t h e  importance of  mathematical  s t a t i s t i c s  and probabi l i ty - -or  o f  
Wilks 's  excep t iona l  q u a l i f i c a t i o n s - - t h a t  c o n s t i t u t e d  the primary 
o b s t a c l e  t o  Wilks 's  o f f e r i n g  an undergraduate  course i n  mathematical 
s t a t i s t i c s  dur ing  h i s  f i r s t  t h r e e  years as a member of t h e  Mathematics 
Department of  P r ince ton  Un ive r s i t y .  Duncan 's course on "modern statistical 
theory' '  had been scheduled t o  be  o f f e r e d  f o r  the first rime dur ing  t h e  
F a l l  Term of 1933 b e f o r e  t h e  p o s s i b i l i t y  of Wilks's coming t o  P r ince ton  
had even been cons idered .  I n  view of t h e  expense t h a t  t h e  Un ive r s i t y  
had incur red  i n  underwr i t ing  Duncan's year of training i n  p r e p a r a t i o n  
f o r  t h e  o f f e r i n g  of t h i s  course ,  and the s a c r i f i c e  t h a t  Duncan had 
made i n  postponing work on his d o c t o r a l  d i s s e r t a t i o n  i n  o r d e r  t o  
a c q u i r e  t he  r e q u i s i t e  t r a i n i n g  a t  t h e  ~ n i v e r s i t y ' s  r e q u e s t ,  i t  would 
have been very improper and c r u e l  t o  have shelved Duncan's course  and 
le t  Wilks start one i n s t e a d .  I am sure t h a t  Wilks recognized t h i s ;  and 
was also cognizant  of  the  o t h e r  f a c t o r s  t h a t  delayed h i s  g e t t i n g  a 
course  of  his own i n  the Mathematics Department. 

The three-year delay between Sam's a r r i v a l  a t  Pr ince ton  and 
h i s  first o f f i c i a l l y  recognized course  i n  s t a t i s t i c s  under t h e  ausp ices  
of t h e  Mathematics Department was t h e  result of  a t  l e a s t  four f a c t o r s .  



F i r s t ,  t h e r e  was t h e  p r i o r i t y  t h a t  c i rcumstances had accorded t o  
Duncan's course  i n  t h e  Department of  Economics and Soc ia l  I n s t i t u t i o n s .  
Furthermore, t h a t  Department had taken t h e  i n i t i a t i v e  i n  t h e  m a t t e r ,  
and was des i rous  of  modernizing i t s  ou t look  and cou s e  o f f e r i n g s  w i t h  
r e s p e c t  t o  mathematical  economics and s t a t i s t i c s .  4 

Second, under t h e  c i rcumstances ,  any course  on "mathematical 
s t a t i s t i c s " ,  "statistical ana lys i s " ,  " s t a t i s t i c a l  in ference" ,  o r  
whatever,  t o  be  o f f e r e d  by Wilks i n  t h e  Mathematics Department would 
have t o  be  an a d d i t i o n a l  new cour se ,  and would r e q u i r e  t h e  approval  
of t h e  al l -powerful  Course of Study Committee of t h e  Facul ty .  A new 
course  a t  Pr ince ton  had ro be  desc r ibed  i n  d e t a i l  by t h e  department 
proposing t o  o f f e r  i t .  Facul ty  approval  gave t h e  department t h e  r i g h t  
t o  t each  t h e  desc r ibed  s u b j e c t  m a t t e r .  I a m  n o t  s u r e  t h a t  t h i s  w a s  
an e x c l u s i v e  r i g h t ,  b u t  I doubt t h a t  t h e  Course of Study Committee 
would have approved teaching  e s s e n t i a l l y  t h e  same m a t e r i a l  i n  two 
departments .  Hence a major o b s t a c l e  t o   am's t eaching  an undergraduate  
course  i n  S t a t i s t i c s  wae t h e  h i s t o r i c a l  f a c t  t h a t  S t a t i s t i c s  had been 
t h e  province of t h e  Department of Economics and S o c i a l  I n s t i t u t i o n s .  

Third,  u n t i l  Sam was promoted t o  an  a s s i s t a n t  p ro fe s so r sh ip  i n  
1936, he was only  an  i n s t r u c t o r ;  and i n  a department having the  s t a t u r e ,  
n a t i o n a l l y  and i n t e r n a t i o n a l l y ,  of P r i n c e t o n ' s  Mathematics Department 
i t  w a s  d e f i n i t e l y  n o t  customary f o r  an undergraduate ,  much less a 
graduate  course ,  t o  be  i n i t i a t e d  by and b e  t h e  s o l e  r e s p o n s i b i l i t y  of 
an i n d i v i d u a l  wi th  t h e  rank of i n s t r u c t o r ,  

A f o u r t h ,  and v e r y  i n h i b i t i n g  f a c t o r  was the  unfavorable  mathematical 
11 c l imate1 '  t h a t  p reva i l ed  i n  F ine  H a l l ,  which housed P r i n c e t o n ' s  Mathe- 
ma t i c s  Department dur ing   am's e a r l y  y e a r s  a t  P r ince ton .  Geometry had 
occupied t h e  c e n t e r  of t h e  s t a g e  i n  t h i s  Department, f o r  over  a q u a r t e r  
of a century ,  w i th  Algebra and Analys is  accorded much less e x a l t e d  
r o l e s .  Then, i n  1932, the  new I n s t i t u t e  f o r  Advanced Study, an 
i n s t l t u t i o n  completely d i s t i n c t  from Pr ince ton  Un ive r s i t y ,  had come i n t o  
be ing ,  and t h e  members of i t e  School o f  Mathematics were granted  o f f i c e  
space i n  t h e  Mathematics Department 's F ine  Hall u n t i l  t h e  completion of 
t h e i r  first b u i l d i n g ,  Fuld Hall, i n  1939. Alber t  E i n s t e i n  (1879-1955) 
a r r i v e d  t o  t ake  up his p o s t  i n  t h e  I n s t i t u t e  dur ing  t h e  Winter of  1933, 
and Hermann Weyl (1885-1955) a r r i v e d  a few months e a r l i e r .  John Von 
Neumann (1903-1957) was a l r e a d y  there (Lec tu re r ,  1930-31,Princeton,  then P ro fes so r  
of Mathematical Physics, 1931-33; P r o f e s s o r  of Mathematics, I n s t i t u t e  
f o r  Advanced Study, 1933-57); as were a l s o  E .  U, Condon (1903-1961; 
A s s i s t a n t  P ro fe s so r  of  Mathematical Phys i c s ,  P r ince ton ,  1928-31; 
Associate Pro fes so r ,  1931-38, P r o f e s s o r ,  1938-47), and E. P . Wigner 
(Lec turer  i n  Mathematical Phys i c s ,  P r ince ton ,  1930; P ro fe s so r ,  1930-36; 
1938-1971). With t h i s  galaxy of mathematical  p h y s i c i s t s  a l l  t oge the r  
i n e  one p l ace  f o r  t h e  f i r s t  time, t h e  mathematical  theory  of r e l a t i v i t y  



and quantum mechanics were d e f i n i t e l y  t h e  f a sh ion  of t h e  day i n  Fine 
Hall--a d i f f i c u l t  "climate" i n  which t o  i n i t i a t e  a program i n  
mathematical s t a t i s t i c s .  

By 1936-37, t h e  d i v i s i o n  of t e r r i t o r y  between t h e  Department of 
Mathematics and t h e  Department of Economics and S o c i a l  I n s t i t u t i o n s  
had been reso lved .  The latter would b e  r e s t r i c t e d  t o  i n s t r u c t i o n  i n  
s t a t i s t i c a l  theory  and methods p e r t i n e n t  t o  t h e  economic and s o c i a l  
s c i e n c e s ;  and the  b a s i c  gene ra l  undergraduate  couxse(s)  i n  s t a t i s t i c a l  
theory  and methodology, and t h e  g radua te  courses  i n  advanced mathematical 
s t a t i s t i c s  would be t h e  province  of t h e  Mathematics Department. A s  we 
have a l r eady  s a i d ,  Wilks taught  h i s  f i r s t  s t a t i s t i c s  course a t  P r ince ton  
in t h e  f a l l  of 1936, the graduate  course  l ead ing  t o  h i s  l i thographed  
l e c t u r e  notes on S t a t i s t i c a l  ~a fe rence - - (1937) ;  and i n  t h e  s p r i n g  of 
1937, a sophmore course  wi th  c a l c u l u s  as p r e r e q u i s i t e ,  q u i r e  
p o s s i b l y  t h e  f i r s t  carefully formulated c b l l e g e  underclass course 
:Ln mathematical  s t a t i s t i c s  a t  t h i s  l e v e l .  It was o f f e r e d  t h e r e a f t e r  
f o r  a number of y e a r s  t o  s t u d e n t s  i n  a l l  fields i n  the second h a l f  o f  
t h e  sophomore year. The m a t e r i a l  p re sen ted  i n  t h i s  course ,  extended 
and pol i shed ,  became gene ra l ly  a v a i l a b l e  a  decade later i n  his ' b l u e  
book", Elementary S t a t i s t i c a l  Analys is  (1948b). A t h i r d  course ,  a l s o  
one semester  i n  l eng th ,  was added i n  1939-40. It was an upperc lass  
course f o r  s t u d e n t s  who wanted t o  s p e c i a l i z e  i n  s t a t i s t i c s ,  and 
c o n s i s t e d  o f  a r a t h e r  thorough mathematical  t rea tment  of statistical 
theory  i n  t h e  classroom p l u s  a l a b o r a t o r y  s e c t i o n  devoted t o  app l i ca -  
t i o n s  and computations.  This course  was taken a l s o  by beginning graduate  
s t u d e n t s .  Wilks 's  f i r s t  d o c t o r a l  s t u d e n t ,  Joseph F. Daly rece ived  
h i s  Ph.D. i n  1939. George W. Brown and Alexander M. Mood followed i n  
1940. World War TI demolished h i s  p l ans  for s a b b a t i c a l  l eave  t o  lecture 
i n  South America and accept  an o f f e r e d  exchange p ro fe s so r sh ip  f o r  one 
semester  a t  t h e  Nat iona l  Un ive r s i t y  in San t i ago ,  Chile. A s  World War I1 
progressed ,  Sam became eve r  more deeply involved  i n  war research--1 
shall r e t u r n  t o  t h i s  i n  a moment--and i n  due course  was r e l e a s e d  from 
academic d u t i e s  e n t i r e l y .  Helped by two of h i s  g radua te  s t u d e n t s ,  
T .  W. Anderson and D. F. Votaw, J r . , and  Henry Schef f6 ,  he succeeded i n  
s ee ing  through t o  l i t h o p r i n t e d  p u b l i c a t i o n  t h e  graduate  level text ,  
Mathematical- s t a t i s t i c s  (1943), b e f o r e  becoming t o t a l l y  involved  i n  
war work. This  was t he  forerunner  of h i s  po l i shed  comprehensive t r e a t -  
ment bear ing  t h e  aame t i t l e  publ i shed  as a type-se t  book i n  1962. 

In keeping w i t h  my f a t h e r ' s  p o l i c y  of promotions as soon as mer i ted  
without  regard t o  l e a v e  of absence, Sam w a s  promoted t o  a f u l l  P ro fe s so r  
of Mathematics i n  1944 ,  e f f e c t i v e  on h i s  r e t u r n  t o  academic duties; 
and p lans  were l a i d  f o r  a Sec t ion  of Mathematical S t a t i s t i c s  w i t h i n  
t he  Department of  Mathematics. Following t h e  war there was a s t eady  
flow of able graduate s t u d e n t s  and p o s t d o c t o r a l  r e sea rch  a s s o c i a t e s ,  
same of whom, l i k e  Robert Hooke and Henry Schef fh ,  were changing from 



mathematics t o  s t a t i s t i c s .  By t h e  t ime of Sam's dea th  (1964),  Pr ince ton  
had granted  Ph.D.'s t o  approximately 40 men inma themat i ca l  s t a t i s t i c s  and 
p r o b a b i l i t y ,  a l l  of whom had s t u d i e d  t o  some e x t e n t  w i t h  Wilks,  and t h e  
d i s s e r t a t i o n s  of about h a l f  had been supe rv i sed  by him. 

It would be a mis take  t o  i n f e r  from t h e  foregoing  t h a t  Wi lks ' s  
educa t iona l  a c t i v i t i e s  were l i m i t e d  t o  reachingand t h e s i s  guidance i n  
mathematical  s t a t i s t i c s .  H e  was deeply i n t e r e s t e d  i n  t h e  whole spectrum 
of  mathematical  educa t ion .  I n  "personnel  and Tra in ing  Problems i n  
~ t a t i s t i c s "  (1947) he o u t l i n e d  t h e  growing use  of s t a t i s t i c a l  methods, 
t h e  demand f o r  personnel ,  problems of t r a i n i n g ,  and made recommendations 
t h a t  se rved  as a guide i n  t h e  r ap id  growth of u n i v e r s i t y  c e n t e r s  of 
t r a i n i n g  i n  s t a t i s t i c s  a f t e r  World War 11. Drawing on h i s  exper ience  
a t  P r ince ton ,  he  urged,  i n  "Teaching S t a t i s t i c a l  In fe rence  i n  Elementary 
Mathematics ~ o u r e e s "  (1958), t eaching  t h e  p r i n c i p l e s  of s t a t i s t i c a l  
i n fe rence  t o  freshman and sophmores, and f u r t h e r  proposed revamping 
high school  c u r r i c u l a  i n  mathematics and t h e  s c i e n c e s  t o  provide  topics 
i n  p r o b a b i l i t y ,  s t a t i s t i c s ,  l o g i c  and o t h e r  modern mathematical  s u b j e c t s ,  
In  f u r t h e r a n c e  of h i s  i d e a s  i n  t h i s  d i r e c t i o n  he ca-authored, as a 
member of t h e  Commission on Mathematics of the C o l l e ~ e  Entrance Examina- 
t i o n  Board 1955-195 8, t h e  In t roduc to ry .  . . ~ x p e r i m e n t a i  Course (1957) t h a t  
recommended major changes i n  t h e  teaching  of  mathematics i n  t h e  secondary 
schools  and suggested i n c l u s i o n  of  an op t ion  of In t roduc to ry  p r o b a b i l i t y 7  
wi th  s t a t i s t i c a l  a p p l i c a t i o n s  i n  t h e  t w e l f t h  grade.  During h i s  l a s t  
few y e a r s  he worked with an exper imenta l  program i n  M i s s  Mason's School 
i n  Pr ince ton  which in t roduced  new mathematics a t  t h e  elementary l e v e l ,  
down t o  kindergarden,  During h i s  f i n a l  week of l i f e ,  he  was cons ide r ing ,  
as a  member of  t h e  Advisory Board of the School Mathematics Study Group, 
how much t ime t h e  fo l lowing  summer he would be  a b l e  t o  devote t o  w r i t i n g  
on p r o b a b i l i t y  and s t a t i s t i c s  f o r  t h i s  group. 

few more words are i n  o r d e r  on Wilks 's  f u r t h e r  c o n t r i b u t i o n s  t o  mathematical  
s t a t i s t i c s  be fo re  t u rn ing  t o  his many s e r v i c e s  t o  the U.S. Government 
g e n e r a l l y  and t o  the Amy i n  p a r t i c u l a r .  

Wilks was d e f i n i t e l y  n o t  an ivo ry  tower r e s e a r c h e r .  A g r e a t  many 
of his r e sea rch  papers i n  mathematical s t a t i s t i c s  were w r i t t e n  t o  meet 
needs that he pe r sona l ly  had encountered i n  h i s  a p p l i e d  work; and, 
e s p e c i a l l y  i n  h i s  e a r l i e r  papers ,  he u s u a l l y  inc luded  e x p l i c i t  worked 
examples of t h e  a p p l i c a t i o n  of t h e  new theory  concerned. Thus, h i s  
f i r s t  important  c o n t r i b u t i o n  t o  m u l t i v a r i a t e  a n a l y s i s  a f t e r  a r r i v i n g  
i n  P r ince ton ,  "On the  Independence of k S e t s  of  Normally D i s t r i b u t e d , . .  
Variables'' (1935a),  appears  t o  have been w r i t t e n  t o  meet a need Wilks 
encountered i n  his work wi th  t h e  College Entrance Examination Board i n  
Pr ince ton ,  N . J , ;  a s  do a l so  many of h i s  l a t e r  c o n t r i b u t i o n s  t o  m u l t i -  

t l  v a r i a t e  a n a l y s i s ,  e.g.:, Weighting Systems f o r  Linear Funct ions of  
Cor re l a t ed  Variables., (193Eb)and "Sample C r i t e r i a  f o r  Tes t ing  E q u a l i t y  
of Means, Equal i ty  of  Variance,  and Equa l i t y  of Covariances. . ." (1946); 



and ? M u l t i v a r i a t e  S t a t i s t i c a l  O u t l i e r s "  (1963), t h e  last of  h i s  t o t a l  
of f i f t e e n  research papers  on topics i n  m u l t i v a r i a t e  analysis, has a 
d e f i n i t e l y  app l i ed  f l a v o r .  

I n  a d d i t i o n  t o  the e x t e n s i v e  and p e n e t r a t i n g  s t u d i e s  of l i k e l i h o o d  
r a t i o  t e s t s  for va r ious  hypotheses r e l a t i n g  t o  m u l t i v a r i a t e  normal 
d i s t r i b u t i o n s  embodied i n  t h e  aforementioned papers ,  Wilks i n v e s t i g a t e d  
(1935b) l i k e l i h o o d  r a t i o  tests f o r  v a r i o u s  hypotheses r e l a t i n g  to  
mu1 t i nomia l  d i s  t r i b u t l o n s  and t o  independence i n  two- three-  and h i g h e r -  
dimensional cont ingency t a b l e s ,  and provided (1938a) a compact proof 
of the basic theorem on the  large-sample d i s t r i b u t i o n  of t h e  l i k e l i h o o d  
r a t i o  c r i t e r i o n  f o r  t e s t i n g  "composite" s t a t i s t i c a l  hypotheses,  i.e., 
when t h e  "nu l l  hypothes is"  t e s t e d  s p e c i f i e s  t h e  va lues  o f ,  s a y ,  on ly  
m ou t  of t h e  h parameters  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  concerned. -- 
Jerzy Neyman ' s  b a s i c  paper  on t h e  theory  of conf idence - in t e rva l  e s t ima t ion  
ixppeared i n  1937. The fo l lowing  y e a r  Wilks showed ( 1 9 3 8 ~ )  that, under 
f a i r l y  gene ra l  cond i t i ons ,  confidence i n t e r v a l s  for a parameter  of  a 
p r o b a b i l i t y  d i s t r i b u t i o n  based upon i t s  maximum-likelihood e s t i m a t o r  
a r e  on t h e  average the s h o r t e s t  o b t a i n a b l e  i n  l a r g e  samples; and a y e a r  
l a t e r ,  i n  a joint paper  w i t h  J. F. Daly, gene ra l i zed  t h i s  result t o  t h e  
case  of s e v e r a l  parameters .  

In  response t o  a need expressed  by Shewhart, Wilks, i n  " ~ e t e r -  
minat ion of Sample S izes  f o r  S e t t i n g  Tolerance Limits"  (1941), l a i d  
rhe  foundat ions  o f  t h e  theory  of s t a t i s t i c a l  " to l e rance  limits", 
which are  a c t u a l l y  conf idence  l i m i t s ,  i n  t h e  s e n s e  of Neyman's theory ,  
n o t ,  however, f o r  t h e  v a l u e  of  some parameter  of t h e  d i s t r i b u t i o n  
sampled a s  i n  Neyman's development, bu t  r a t h e r  f o r  t h e  l o c a t i o n  o f  
a s p e c i f i e d  f r a c t i o n  of t h e  d i s t r i b u t i o n  sampled. I n  t h i s  paper  he 
showed t h a t  a s u i t a b l y  s e l e c t e d  p a i r  o f  ordered  obse rva t ions  ("order  
s t a t i s t i c s " )  i n  a sample of s u f f i c i e n t  s i z e  from an a r b i t r a r y  cont inuous 
d i s t r i b u t i o n  provide  a p a i r  of l i m i t s ,  s t a t i s t i c a l  " to l e rance  l i m i t s " ,  
t o  which t h e r e  corresponds a s t a t e d  chance t h a t  a t  l e a s t  a s p e c i f i e d  
f r a c t i o n  o f  t h e  under ly ing  d i s t r i b u t i o n  is  conta ined  between t h e s e  
limits, thus  provid ing  t h e  " d i s t r i b u t i o n - f r e e "  s o l u t i o n  needed when the 
assumption of an under ly ing  normal d i s t r i b u t i o n  of  i n d u s t r i a l  p roduct ion  
is unwarranted. I n  t h e  same paper  he  de r ived  t h e  corresponding pa r sme t r i c  
eo lu r ion  of maximum e f f i c i e n c y  i n  t h e  case of sampling from a normal 
d i s t r i b u t i o n  (based on the sample mean and s t anda rd  d e v i a t i o n ) ,  and an  
express ion  f o r  t h e  r e l a t i v e  e f f i c i e n c y  o f  t h e  d i s t r i b u t i o n - f r e e  s o l u t i o n  
i n  t h i s  case. I n  " S t a t i s t i c a l  P r e d i c t i o n . .  ." (1942),  h e  found formulas 
for t h e  p r o b a b i l i t i e s  chat a t  l e a s t  a f r a c t i o n  No/N of  a second random 
sample of N observations from an a r b i t r a r y  cont inuous d i s t r i b u t i o n  
would (a) l i e  above t h e  r t h  "order  s t a t i s t i c "  (rth obse rva t ion  i n  
increasing o r d e r  of s i z e ) ,  15 r 5 n ,  i n  a f i r s t  random sample of s i z e  n 
from the  same d i s t r i b u t i o n ;  (b) be iacluded between t h e  rth and s th  
o rde r  s t a t i s t i c s ,  1 2  r 5 s f n ,  of t h e  f i r s t  sample; and i l l u s t r a t e d  
t h e  a p p l i c a t i o n  of  these r e s u l t s  t o  the s e t t i n g  of one- and two-sided 



s t a t i s t i c a l  t o l e r a n c e  l i m i t s .  These papers  embodied t h e  e a r l i e s t  of a 
s e r i e s  of c o n t r i b u t i o n s  made by Wilks t o  "nonparametrlc" o r  " d i s t r i b u t i o n -  
f r e e "  methods of s t a t i s t i c a l  i n fe rence .  an a r e a  of r e sea rch  i n  which h e  
persuaded a number o f  h i s  s t u d e n t s  t o  w r i t e  s e n i o r  t heses  o r  d o c t o r a l  
d i s s e r t a t i o n s ;  and of  which he provided an ex tens ive  review i n  depth  i n  
"order s t a t i s t i c s "  (1948a), an expos i to ry  paper  t h a t  w a s  i n  l a r g e  p a r t  
r e spons ib l e  f o r  the ensuing  blossoming of  r e sea rch  a c t i v i t y  i n  t h i s  a r e a .  

Wilks was one of t h e  small group of mathematicians and s t a t i s t i c i a n s  
who a t  Ann Arbor, Michigan, on September 1 2 ,  1935, founded t h e  I n s t i t u t e  
of Mathematical S t a t i s t i c s ,  and t h e r e a f t e r  was an a c t i v e  and l e a d i n g  
member. A t  this meeting,  Harry C .  Carver, who had founded, e d i t e d ,  and 
personal ly  f inanced  and publ i shed  t h e  Annals of Mathematical S t a t i s t i c s  
( i n  a f f i l i a t i o n  w i t h  t h e  American S t a t i s t i c a l  Assoc ia t ion)  from 1930, 
vo lunteered  t o  turn over  the  e d i t i n g  and p u b l i c a t i o n  of Annals t o  t h e  
I n s t i t u t e  as i t s  o f f i c i a l  organ as soon as t h e  I n s t i t u t e  was a b l e  t o  
assume t he se  r e s p o n s i b i l i t i e s .  The I n s t i t u t e  assumed f u l l  r e s p o n s i b i l i t  
f o r  t h e  Annals, and Wilks took over as e d i t o r ,  with t h e  June 1938 issue. b 
H e  served a s  e d i t o r  through the December 1949 i s s u e ,  and guided t h e  
development of t h e  Annals from a margina l  j o u r n a l  w i th  a  sma l l  s u b s c r i p t i o n  
l i s t ,  t o  t he  foremost p u b l i c a t i o n  i n  i t s  f i e l d ,  wi th  a ten-fold i n c r e a s e  
i n  i nd iv idua l ,  and a f l v e - f o l d  i n c r e a s e  i n  l i b r a r y  s u b s c r i p t i o n s ;  and 
i n  the  process ,  f o s t e r e d  the  growth of  the I n s t i t u t e ,  from a once 
marginal  s o c i e t y  t o  a mature i n t e r n a t i o n a l  o r g a n i z a t i o n ,  l a r g e  i n  both 
s i z e  and c a n t r i b u t i o n .  His e d i t o r s h i p  of the Annals w a s  h i s  g r e a t e s t  
con t r ibu t ion  t o  mathematical s t a t i s t i c s .  

In 1954 Wilks j o ined  Walter Shewhart i n  e d i t i n g  t h e  Wiley P u b l i c a t i o n s  
i n  S t a t i s t i c s ,  a major U.S. p u b l i c a t i o n  effort t h a t  d i d  much t o  change 
s t a t i s t i c s  from a subord ina t e  branch of t he  s o c i a l  s c i e n c e s  i n  t h e  19301s, 
t o  a respec ted  d i s c i p l i n e  i n  i t s  own r i g h t  w i th  a l a r g e  and s o l i d  
l i t e r a t u r e  i n  t he  1960's. 

6 .  HIS BROAD CAREER OF GOVERNMENT SERVICE, AND AS INITIATOR OF 
THESE EXPERIMENT DESIGN CONFERENCES, I n  1936, when my f a t h e r  recommended 
Sam f o r  promotion t o  A s s i s t a n t  P r o f e s s o r  of Mathematics he noted  i n  h i s  
recommendation t h a t  Sam had j u s t  r ece ived  an  appointment as a C o l l a b o r a t o r  
i n  a United S t a t e s  S o i l  Conservat ion Program of the. Department of 
Agr icu l ture .  A broad c a r e e r  of government service was underway that 
was t o  range widely and con t inue  through t h e  last twenty-eight y e a r s  of  
h i s  l i f e .  H e  se rved  t h e  United S t a t e s  Government as a member of the  
Applied Mathematics Panel ,  NDRC, OSRD, and d i r e c t o r  of  i t s  Pr ince ton  
S t a t i s t i c a l  Research Group, 1942-1945; chairman, mathematics p a n e l ,  
Research and Development Board, DOD, 1948-1950; member, s c i e n t i f i c  
advisory c o r n i t t e e ,  S e l e c t i v e  Se rv i ce  System, 1948-1953; "cha r t e r "  
member, ASA advisory  ~0rIIiniEtee t o  t h e  Bureau of the  Budget, 1951-1964; 



member, d i v i s i o n a l  committee f o r  t h e  mathematical ,  phys i ca l  and engineer ing  
s c i e n c e s ,  NSF, 1952-1956; member, committee on b a t t e r y  a d d i t i v e s ,  NAS, 
1953; member, d i v i s i o n a l  committee f a r  the  s o c i a l  s c i ences ,  NSF, 1957-1962; 
member, s c i e n t i f i c  advisory  board,  NSA, 1953-1964 (chairman, 1958-1960); 
member, U.S. National Conrmission f o r  UNESCO, 1960-1962; and academic 
member, Army Mathematics Advisory Panel  ( c a l l e d   my Mathematics 
S t e e r i n g  ~ommi t t ee" ,  from 1956 on ) ,  1954-1964. It was i n  this a t e r  
c a p a c i t y  t h a t  he  i n i t i a t e d  these Experiment Design Conferences. id 

General L e s l i e  E .  Simon, upon becoming Chief of t h e  Research and 
Development Div is ion  i n  the Off i ce ,  Chief of Ordnance, i n  1951, en t e red  
i n t o  an agreement wi th  Duke Un ive r s i t y  t o  e s t a b l i s h  on t h a t  campus, an 
O f f i c e  of Ordnance Research t o  sponsor  e x t e r n a l  b a s i c  research  i n i t i a t e d  
by non-government i n v e s t i g a t o r s  w i th  ordnance i n t e r e s t s ,  Such r e s e a r c h  
had always been c a r r i e d  out  by a l l  Army Technica l  Se rv i ces ,  bu t  p rev ious ly  
imder vague mandate and seldom on an  apprec iab le  s c a l e .  The l e v e l  of 
e f f o r t  had been wholly dependent on the s o p h i s t i c a t i o n  of t h e  a d m i n i s t r a t o r s  
concerned. A S t a t i s t i c s  Branch, and o t h e r  u n i t s  w i th  s t a t i s t i c a l  interests, 
were included i n  t h e  setup. 

I n  1954 the Army Research Office--Durham ( then  t h e  O f f i c e  of Ordnance 
Research) upon the r eques t  of the Chief of Research and Development 
D iv i s ion ,  Office, A s s i s t a n t  Chief of S t a f f  G-4, Department of t h e  Amy, 
e s t a b l i s h e d  t h e  Army Mathematics Advisory Panel  (AMAP) as an ad hoc 
committee t o  provide  adv ice  on t h e  mathematical  needs of t h e  Army. (The 
Panel was r e c o n s t i t u t e d  as a permanent body, t h e  Army Mathematics S t e e r i n g  
Committee, on 27 February 1956 .) 

Soon a f t e r  i t s  formation,  t h e  AMAP conducted a comprehensive inqu i ry  
i n t o  t h e  ~rmy's uses of mathematics;  whether t h e s e  uses could be 
advantageously extended;  what f u t u r e  needs might be  a n t i c i p a t e d ;  and what 
measures might t hen  be taken t o  insure a f u t u r e  c a p a b i l i t y  adequate  t o  
t h e s e  needs. A s  an academic member, Wilks surveyed t h i r t y  Army i n s t a l l a t i o n s  
with t h e  AMAP and r epor t ed  t h a t  " the  most f r e q u e n t l y  mentioned needs 
expressed  by t h e  s c i e n t i f i c  personnel  were f o r  g r e a t e r  knowledge of  
modern s t a t i s t i c a l  theory of t h e  des ign  and a n a l y s i s  of experiments" 
(STMON 1965, p. 958), c l e a r l y  implying t h a t  a major de f i c i ency  of Amy 
r e s e a r c h ,  development and t e s t i n g  was i n s u f f i c i e n t  use  of modern 
s t a t i s t i c a l  experiment des ign  techniques .  H e  proposed, t h e r e f o r e ,  t h a t  
t h e  Amy e s t a b l i s h  a series of Army-wide conferences on design of 
experiments  i n  Army r e sea rch ,  development and t e s t i n g .  D r .  Frank E.  

who had chaired an Ordnance symposium on S t a t i s t i c a l  Methods i n  %?w B trongly indorsed Wilks ' proposa l  for Armyride conf erenced 
devoted primari ly t o  des ign  of experiments ,  General Simon gave t h e  
proposal a green l i g h t  and his s u p p o r t ,  Upon making fu r ther  i n q u i r i e s  
i t  was found t h a t  a number of  r e s e a r c h  workers a t  va r ious  f a c i l i t i e s  



expressed an i n t e r e s t  i n  c o n t r i b u t i n g  pape r s  t o  such a conference.  
Others  had unsolved o r  p a r t i a l l y  so lved  problems which they wished t o  
p r e s e n t  f o r  d i s c u s s i o n .  

The AMAP decided t o  organize  a three-day conference on t h e  des ign  
of experiments w i t h  t h r e e  k inds  of s e s s i o n s .  The f i r s t  group of  s e s s i o n s  
would c o n s i s t  of i n v i t e d  papers  by well-known a u t h o r i t i e s  on t h e  philosophy 
and g e n e r a l  p r i n c i p l e s  of t h e  des ign  of  experiments.  The second group 
would c o n s i s t  of t e c h n i c a l  papers  c o n t r i b u t e d  by r e sea rch  workers from 
va r ious  Army r e s e a r c h ,  development and t e s t i n g  f a c i l i t i e s .  The t h i r d  
group would be clinical s e s s i o n s  c o n s i s t i n g  of p r e s e n t a t i o n s  and 
discussions of p a r t i a l l y  so lved  and unsolved problems which had a r i s e n  
i n  t hese  e s t ab l i shmen t s .  

Wilks agreed t o  serve as chairman of  t h e  f i r s t  Conference, which was 
h e l d  on October 19-21, 1955 a t  the Diamond Ordnance Fuze Labora to r i e s  
and the Nat iona l  Bureau of Standards i n  Washington, D , C .  It was a t t ended  
by over  230 r e g i s t r a n t s  and p a r t i c i p a n t s  r e p r e s e n t i n g  some SO o r g a n i z a t i o n s .  
Speakers and a t h e r  p a r t i c i p a n t s  i n  t h e  conference  came from t h e  Bell 
Telephone Labora to r i e s ,  Johns Hopkins U n i v e r s i t y ,  P r ince ton  Un ive r s i t y ,  
V i r g i n i a  Poly technic  I n s t i t u t e ,  Buw of Ships 

, Nat iona l  Bureau of 
S tandards ,  and 18 Army f a c i l i t i e s .  

More s p e c i f i c a l l y ,  t h e  p r i n c i p a l  speake r s ,  and t h e i r  t o p i c s ,  were: 

1. W. G. Cochran, The Philosophy Underlying t h e  Design of  
Experiments. 

2 .  Church i l l  E i senha r t ,  The P r i n c i p l e  of Randomization i n  t h e  
Design of Experiments.  

3 ,  M. E. Terry ,  Flnding Optimum Condit ions by Experimentat ion.  

4.  Panel  Discussion l e d  by John W. Tukey on How and Where Do 
S t a t i s t i c i a n s  F i t  In .  (The o t h e r s  on t h i s  Panel  were: Besse B. 
Day, Cuthber t  Daniel, Church i l l  E i s e n h a r t ,  M. E. Terry, and 
S .  S. Wilks) .  

5. W. J. Pouden, Design o f  Experiments i n  I n d u s t r i a l  Research 
and Development. 

I t  was such a success  t h a t  t he  Amy has  cont inued  t h e s e  conferences 
annual ly  i n  October o r  November s i n c e  1955, fo l lowing  t h e  same format .  
(See t he  Appendix f o r  p l aces  and d a t e s  of t h e  f i r s t  n ine t een  Conferences,  
and names and t o p i c s  of the I n v i t e d  speakers a t  t h e s e  Conferences.)  
Wilks cha i r ed  the f i r s t  n i n e  o f  these Conferences (1955-1963), and wrote  
t h e  Foreword t o  t h e  Proceedings of t h e  first e i g h t .  A t  t h e  t e n t h  



Conference, h e l d  i n  1964 and dedica ted  t o  Wilks ' s  memory, es tab l i shment  
of  t h e  Samuel S. Wllks Memorial Award and Medal was announced, t o  be 
adminis te red  by t h e  American S t a t i s t i c a l  Assoc ia t ion ,  and t o  be awarded 
annual ly  "to a a t a t i s t i c i a n . . . b a s e d  p r i m a r i l y  on h i s  c o n t r i b u t i o n s  ... to 
t h e  advancement of s c i e n t i f i c  o r  t e c h n i c a l  knowledge i n  Army s t a t i s t i c s ,  
h g e n i o u s  a p p l i c a t i o n  of such knowledge, o r  s u c c e s s f u l  a c t i v i t y  i n  t h e  
f o s t e r i n g  of coope ra t ive  matters which c o i n c i d e n t a l l y  b e n e f i t  t h e  Army, 
the  DOD and t h e  Government, as d i d  Samuel S. Wilks himself";  and t h e  
i n i t i a l  award p re sen ted  t o  D r .  Frank E. Grubbs, B a l l i s t i c  Research 
Labora to r i e s ,  Aberdeen Proving Ground. In 1947, Wilks was awarded 
t h e  P r e s i d e n t i a l  C e r t i f i c a t e  of Merit f o r  his c o n t r i b u t i o n s  toward 
ant isubmarine war fa re  and t h e  s o l u t i o n  of convoy problems; and t h e  same 
year, t h e  Centennia l  Alumni Award of t h e  Un ive r s i t y  of Iowa. 

6, HIS DEATH, AND CONCLUDING REMARKS. 

Sam became "my teacher"  and guid ing  s p i r i t  a t  once i n  1933; and 
i n  l a t e r  y e a r s ,  he proved "a f r i e n d  indeed", on a number of  " d i f f i c u l t "  
occas ions .  H e  d i ed  most unexpectedly i n  his s l e e p ,  on March 7 ,  1964, 
a t  h i s  home i n  P r ince ton ,  New Je r sey .  A t  t h a t  i n s t a n t  S t a t i s t i c s  
l o s t  one of i t s  g r e a t e s t  champions; government agencies ,  p r o f e s s i o n a l  
~ o c i e t i e s ,  and t h e  f i e l d  of educa t ion  a devoted work mate,  h e l p i n g  
hand, and guide ; and I, "my t eacher"  and "a f r i e n d  indeed". 

A s  W .  G.  Cochran has s a i d :  "He will be long remembered w i t h  
a f f e c t i o n  and g r a t i t u d e :  no man of  h i s  gene ra t ion  d i d  as much t o  
ensure  t h a t  the r a p i d  growth of s t a t i s t i c a l  t heo ry ,  a p p l i c a t i o n s ,  and 
educa t ion  i n  t h e  United States took p l a c e  along sound and h e a l t h y  l i n e s . "  
(COCHRAN 1964, p. 191) ;  and Egon S.  Pearson: " . . , i t  is hard  t o  t h i n k  
of any mathematical  s t a t i s t i c i a n  of t h e  p a s t  30 y e a r s  who combined t o  
a g r e a t e r  e x t e n t  an  exce l l ence  i n  t h e  f i e l d  of theory  wi th  a power of 
i n s p i r i n g  confidence i n  government agencies ,  n a t i o n a l  r e sea rch  i n s t i t u t i o n s ,  
and educa t iona l  a u t h o r i t i e s ,  as a wise counse l lo r  i n  p r a c t i c a l  a£ f a i r s  . I t  

(PEARSON 1964, p .  5 9 7 )  

He is  su rv ived  by h i s  widow, Gena Orr Wilks,  h i s  son, S t an ley  N .  
Wilks; a brother ,  W i l l i a m  Weldon Wilks, t h r e e  granddaughters ,  one grand- 
son; and a has t  of f r i e n d s .  

8. POSTSCRIPT AND ACKNOWLEDGMENTS. A t  t h e  Tenth Conference (1964) 
ded ica t ed  t o  t h e  memory of P ro fe s so r  Wilks, I spoke from n o t e s  on "Sam 
Wilke as I Remember ~ i h " .  The m a t e r i a l  presented was for t h e  most p a r t  
subseqaenrly written up and a t y p e s c r i p t  p repared ,  bu t  unfortunately no t  
Ln t i m e  for p u b l i c a t i o n  i n  the Proceedings of t h a t  Conference--nor i n  the 
Proceedinge of t he  Eleventh Conference, as was suggested. Por t ions  of  
the t y p e s c r i p t  were submi t ted  t o ,  and comments received i n  w r i t i n g  f rom 



Alva E. Brandt,  Acheson J. Duncan, t h e  l a t e  Freder ick  F. Stephan (1903-1971) 
and the  l a t e  George W. Snedecor (1881-1974). Large p o r t i o n s  of t h a t  pre- 
v ious  manuscript  have been taken over bod i ly  and incorpora ted  i n  the  
p r e s e n t  t e x t ,  w i th  revisions i n  t h e  l i g h t  of t h e  comments r ece ived  from 
the foregoing ,  f o r  which I am very g r a t e f u l .  Use has  also been made of 
comments rece ived  from Frede r i ck  M o s t e l l e r  on t h e  penul t imate  d r a f t  of 
a biography of Wilks prepared f o r  p u b l i c a t i o n  i n  a f o r t h c o m i n ~  volume of 
t h e  Dic t ionary  of S c i e n t i f i c  Biography (New York: Charles  s c ; ibne r f s  
Sons, Pub l i she r s ,  1970- ) ,  l i kewise  gratefully acknowledged. In  a d d i t i o n ,  
I have taken advantage o f ,  and have very  probably incorporaEed more than 
I r e a l i z e ,  from t h e  o b i t u a r i e s  and o t h e r  memorial a r t i c l e s  on Wilks t h a t  
have appeared during t h e  pas t  decade,  especially: ANDERSON (1965), 
COCHRAN ( 1 9 6 4 ) ,  DIXON (1965), HANSEN (1965a, 1965b),  MOOD (1965), 
MQSTELLER (1964, 1968) ,  PEARSON (L964), SIMON (1965), STEPHAN AND TUKEY 
(1965),  and TLTKEY (1965).  My thanks t o  t h e s e  f o r  what I have "borrowed1', 
e x p l i c i t l y  o r  otherwise. For whatever f a u l t s  of commission o r  omission 
s t i l l  afflict t h i s  memorial t o  Sam Wilks, I must assume f u l l  r e s p o n s i b i l i t y .  



NOTES 

1. Alexander Mc Fa r l ane  Mood was the  second o f  Sam's graduate  s t u d e n t s  
t o  r ece ive  a Ph.D, (1940) i n  mathematical  s t a t i s t i c s  from Pr ince ton  
Univers i ty .  A f t e r  teaching a t  t h e  Un ive r s i t y  of Texas, and s e r v i n g  
as a  s t a t i s t i c i a n  i n  t h e  Bureau of Labor S t a t i s t i c s ,  Mood r e t u r n e d  
t o  Pr ince ton  du r ing  World War I1 as a research  a s s o c i a e  i n  t h e  
S t a t i s t i c a l  Research Group-Princeton, engaged i n  war r e sea rch  under 
Wilks's d i r e c t i o n  as an arm of t h e  Applied Mathematics Panel  (AMP) 
of t h e  Nat iona l  Defense Research Committee (NDRC) of t h e  O f f i c e  of 
S c i e n t i f i c  Research and Development (OSRD) ,  under a c o n t r a c t  between 
Pr ince ton  Un ive r s i t y  and t h e  OSRD. It was as a member of  this group 
t h a t  he and W i l f r i d  J. Dixon wrote  t h e i r  famous memorandum, l a te r  
publ ished as an  a r t i c l e  i n  t h e  Jou rna l  of  the  American S t a t i s t i c a l  
Assoc ia t ion  (Vol. 43. No. (March 1948).  109-126). on t h e  s t a t i s t i c a l  . - 
theory of t he  "up-and-down" o r  "Bruceton" method of o b t a i n i n g  and 
analyzing s e n s i t i v i t y  d a t a ,  w i th  which they had become acquainted i n  
1943 a t  t he  NDRC'S Explosives Research Laboratory (now a u n i t  of t h e  
Bureau of Mines, U.S. Department of  t h e  I n t e r i o r ) ,  a t  Bruceton,  
Pennsylvania.  Subsequently Mood became a p ro fe s so r  of mathematical  
s t a t i s t i c s  a t  Iowa S t a t e  Col lege ;  deputy c h i e f ,  mathematics d i v i s i o n ,  
RAND Corporat ion;  p r e s i d e n t ,  General Analysis Corporat ion;  a vice 
p r e s i d e n t  of CEIR, Inc.; and at the t ime of w r i t i n g  h i s  t r i b u t e  t o  
Wilks, was A s s i s t a n t  C o m i s s i o n e r  o f  Education, U.S. Office of 
Education. 

2. Dodd had jo ined  the  s t a f f  o f  the Unive r s i ty  of Texas i n  1907 as 
I n s t r u c t o r  in Pure Mathematics. H e  seems t o  have been s i l e n t  
publ icat ion-wise u n t i l  1912 when two papers  by him appeared,  one 
on plane and skew curves ,  and t h e  o t h e r  on t h e  method of least 
squares  and or thogonal  t r ans fo rma t ions .  These were fol lowed 
immediately i n  1913 by f o u r  papers  on statistical p r o p e r t i e s  of  t h e  
a r i t h m e t i c  mean, the median and "other func t ions  of measurements". 
One of t hese  latter, e n t i t l e d  "The p r o b a b i l i t y  of the a r i t h m e t i c  
mean compared w i t h  t h a t  of  certain o t h e r  func t ions  of t h e  measurements", 
was publ ished i n  the Aqnals of Mathematics (Vol. 14,  pp,  186-198, 
June 1913). of which my father (Luther  P f a h l e r  E i senha r t ,  1876-1965) 
was then an e d i t o r .  My f a t h e r  seems t o  have corresponded wi th  
Professor  Dodd w i t h  regard  t o  t h i s  paper .  The rea f t e r  P r o f e s s o r  Dodd 
s e n t  my father r e p r i n t s  of many of  his subsequent papers  on f u n c t i o n a l  
and s t a t i s t i c a l  properties of v a r i o u s  types  of  'beans".  These r e p r i n t s  
proved t o  be very  h e l p f u l  t a  m e  when I became i n t e r e s t e d  i n  such 
ma t t e r s  i n  t h e  early '30's. I had t h e  good f o r t u n e  t o  meet Pro fes so r  
Dodd, when 1 went w i t h  Sam t o  the J o i n t  Meeting of  the  American 
Mathematical Soc ie ty  and I n s t i t u t e  of Mathematical S t a t i s t i c s  i n  
Ind ianapo l i s  i n  December 1937. (For a d d i t i o n a l  in format ion  on Dodd, 



see foo tno te  4 ;  J ,  C. Poggendorff,  Bio~raphisch-Literarisches 
Handworterbuch fir Mathematik ..., Vol. 5 (1904-1922), Le ipz ig  and 
B e r l i n ,  1926, p. 299; and C. D. Simmons, "~dward  Lewis Dodd, 
1875-1943", Jou rna l  of t h e  American S t a t i s t i c a l  Assoc ia t ion  Vol. 38, 
No. 222 (June 1943) , 247-248. ) 

3 .  The Univers i ty  of Iowa i n  Iowa C i t y  (now known as t h e  "S ta t e  
Univers i ty  of Iowa") was, i n  t h e  1920 ' s ,  t h e  leading c e n t e r  i n  
t h e  United S t a t e s  f o r  r e s e a r c h  and t r a i n i n g  i n  mathematical 
s t a t i s t i c s .  It should n o t  be confused wi th  Iowa S t a t e  College a t  
Ames  (renamed "Iowa S t a t e  ~ n i v e r s i t y "  on t h e  occas ion  of  i t s  centenary  
i n  1958),  which, dur ing  t h e  same pe r iod ,  was t h e  l ead ing  c e n t e r  f o r  
a p p l i c a t i o n  o f ,  and teaching  t h e  a p p l i c a t i o n  o f ,  modern s t a t i s t i c a l  
methods i n  t h e  exper imenta l  s c i e n c e s ,  e s p e c i a l l y  i n  a g r i c u l t u r a l  
research  and c l o s e l y  r e l a t e d  f i e l d s .  

4 .  Professor  Dodd a f t e r  r e c e i v i n g  h i s  Ph.D. i n  mathematics from Yale 
i n  1904, had served  as an I n s t r u c t o r  i n  mathematics f o r  two yea r s  
(1904-06) a t  t h e  Un ive r s i t y  of  Xawa, and one y e a r  (1906-07) a t  t h e  
Univers i ty  of  I l l i n o i s ,  i n  Urbana, A t  the Unive r s i ty  of I l l i n o i s ,  
Dodd had become acquain ted  with Rietz, who at t h a t  t ime was d iv id ing  
h i s  t ime about e q u a l l y  between h i s  p o s i t i o n  of A s s i s t a n t  P ro fe s so r  
of Mathematics i n  t h e  Department of Mathematics, and h i s  p o s i t i o n  
of S t a t i s t i c i a n  i n  t he  Experiment S t a t i o n  of t h e  College of 
Agr i cu l tu re .  R ie t z  was t eaching  a course  in t he  Mathematics Depart- 
ment e n t i t l e d  "Averages and Mathematics of Investment",  which he had 
been induced t o  develop two y e a r s  b e f o r e ,  when a  demand had arisen 
f o r  a course in s t a t i s t i c s  which none of t h e  members of t h e  Mathe- 
mat ics  Department were p a r t i c u l a r l y  prepared  t o  g ive .  Also, a t  t h a t  
time R ie t z  was very  busy working on h i s  f i r s t  pub l i ca t ion  i n  
s t a t i s t i c s ,  a 32 page appendix ( " S t a t i s t i c a l  Methods. Appendix t o  
P r i n c i p l e s  of Breeding") t o  A T r e a t i s e  on Thremmatology by Eugene 
Davenport, Dean of t h e  College of A g r i c u l t u r e  and Di rec to r  a£ t he  
4 r i c u l t u r a l  Experiment S t a t i o n  (Boston: Gina and Co., 1907, 
pp. 681-713); and a l s o  on h i s  b u l l e t i n  (wi th  Dean Davenport) on 
S t a t i s t i c a l  Methods Applied t o  t h e  Study of  Type and V a r i a b i l i t y  
i n  Corn ( I l l i n o i s  Agriculture Experiment S t a t i o n  B u l l e t i n  No. 119,  
1907).  From then  u n t i l  he was c a l l e d  t o  t h e  Univers i ty  of Iowa i n  
1918 as Head of t h e  Ilepartment of Mathematics,  R ie t z  publ i shed  a 
long l is t  of papers  on s t a t i s t i c a l  t o p i c s ,  same pure ly  t h e o r e t i c a l ,  
some e x p o s i t i o n a l ,  some a r i s i n g  o u t  of h i s  connect ion wi th  t h e  
College of A g r i c u l t u r e ,  I mention these d e t a i l s  t o  emphasize the  
f a c t  t h a t  t h e  development of statistical theory  and methodology 
i n  t h e  United States owes Ear more t o  t h e  needs and support  of 
workers i n  a g r i c u l t u r e  than  many people  r e a l i z e  today.  



5 .  Under R i e t z ' s  l e a d e r s h i p  t h e  Un ive r s i t y  of  Iowa r a p i d l y  became one 
of  t h e  l e a d i n g  c e n t e r s  of a c t u a r i a l  mathematics i n  t h e  United S t a t e s ,  
and - t h e  l e a d i n g  c e n t e r  f o r  r e sea rch  i n  mathematical  s t a t i s t i c s .  
(Other notable c e n t e r s  of a c t u a r i a l  mathematics and mathematical  
s t a t i s t i c s  were t h e  Univers i ty  of Michigan, i n  Ann Arbor, under the 
l e a d e r s h i p  of James W. Glover (1868-1941) and Harry C. Carver ,  who 
i n  1930 founded, and f o r  f i v e  y e a r s  p e r s o n a l l y  f inanced  t h e  Annals 
of  Mathematical Statistics; and Harvard Un ive r s i t y ,  under t h e  l eade r -  
s h i p  of Edward V. Huntington (1874-1952), Truman L. Kel ley (1884-1961) 
and Warren M. Persons (1878-1937).) Two of R i e t z ' s  p u b l i c a t i o n s  he lped  
t o  f i r m  up t h e  Un ive r s i t y  of Iowa's e t and ing :  ( I )  t h e  Handbook of  
Mathematical S t a t i s t i c s  (Boston: Houghton M i f f l i n  Company, 1924)  
prepared by t h e  "Members of t h e  Committee on t h e  Mathematical Analys is  
of S t a t i s t i c s  of t h e  Div is ion  of Phys i ca l  Sc iences  of t h e  Nat iona l  
Research Council" (H. C. Carver, A. R. Crathorne,  W. L.  Crum, James 
W. Glover,  E. V. Huntington, Truman L .  Kel ley ,  Warren M. Persons,  
H. L. R l e t z ,  and Allyn A. Young) w i t h  Ftietz s e r v i n g  as Editor-in-Chief;  
and (2)  R ie rz ' a  own Carus Mathematical Monograph ( N o .  3) e n t i t l e d  
Mathematical S t a t i s t i c s ,  publ i shed  f o r  t h e  Mathematical Assoc ia t ion  
of America by t h e  Open Court Pub l i sh ing  Company i n  1927, which se rved  
a s  t h e  b a s i s  f o r  coursea i n  mathematical  s t a t i s t i c s  given i n  Depart- 
ments of Mathematics of many u n i v e r s i t i e s  and c o l l e g e s  f o r  yea r s  
a f t e rward .  The j o i n t l y  w r i t t e n  Handbook was doomed, however, t o  
become o b s o l e t e  almost upon p u b l i c a t i o n :  t h e  f u t u r e  of mathematical  
s t a t i s t i c s  w a s  be ing  shaped i n  t h e  1920's by t h e  papers  of R. A,  
Fi she r ;  and t h e  future of s t a t i s t i c a l  methodology, by his S t a t i s t i c a l  
Methods f o r  Research Workers (1925),  which r a p i d l y  became "the ~ i b l e "  
of s t a t i s t i c a l  methodology Iowa S t a t e  College,  Ames, under t h e  
guidance of P r o f e s s o r s  George W .  Snedecor (1881-1974) and A. E. 
Brandt.  (For  a d d i t i o n a l  in format ion  on R i e t z ,  see A. R. Crathorne,  
"Henry Lewis Rietz--In ~emor iam",  Annals of  Mathematical S t a t i s t i c s ,  
Vol. 15, No. 1 (March 1944),  102-108, which con ta ins  l ists of  
s e l e c t e d  p u b l i c a t i o n s  of R ie t z ,  of h i s  books, and of  d o c t o r a t e  
d i a s e t t a t i o n s  w r i t t e n  under h i s  s u p e r v i s i o n ;  and Frank Mark Weida, 
"Henry Lewis R ie tz  , 1875-1943", ~ o i r n a l  of t h e  American S t a t i s t i c a l  
Assoc ia t ion ,  Vol. 39, No. 226 (June 1944),  249-250.) 

6. After one year of graduate  work i n  a c t u a r i a l  mathematics a t  Iowa, 
C u r t i s s  dec ided  a g a i n s t  a c a r e e r  a s  a n  a c t u a r y ,  and went on ro earn 
h i s  Ph.D. i n  pu re  mathematics ( a n a l y s i s )  a t  Harvard in 1935. However, 
f i v e  y e a r s  later, as i n s t r u c t o r  i n  mathematics a t  Corne l l  Un ive r s i t y ,  
and t h e  most j u n i o r  member o f  t h e  Mathematics Department, he was 
as s igned  t h e  r e s p o n s i b i l i t y  of a cour se  i n  mathematical  s t a t i s t i c s ,  
To prepare f o r  t h i s  course ,  t o  answer the t e a s i n g  query of  h i s  s e n i o r  
co l l eagues ,  "What i s  t h e r e  t o  s t a t i s t i c s  anyway?", he dug i n t o  t h e  
first t en  volumes o f  t h e  Annals of  Mathematical S t a t i s t i c s ,  t he  
f i r s t  six volumes of t h e  Supplement t o  t h e  J o u r n a l  of t h e  Royal 
S t a t i s t i c a l  Soc ie ty  (borrowed from t h e  late Frede r i ck  F. Stephan 
(1903-1971), and J. 0 .  I rw in ' s  s e r i e s  of reviews of "Recent Advances 
i n  Mathematical S t a t i s t i c s 1 '  i n  t h e  Journal of t h e  Royal S t a t i s t i c a l  Society, 



and o t h e r  sou rces .  In t h e  t h i r d  of t h e s e  reviews ( f o r  1932), he 
no doubt n o t i c e d  nine of  t h e  fou r t een  pages o f  t h e  s e c t i o n  on 
"&act sampling d i s t r i b u t i o n s "  w e r e  devoted t o  d i scuss ion  of fou r  
papers of  h i s  f r i e n d  Sam Wilks. During World War I T ,  C u r t i s s ,  as 
a L t .  Commander, USNR, appl ied  modern s t a t i s t i c a l  theory  and 
methodology t o  problems o f  nava l  engineer ing  wi th  cons iderable  
success  i n  t h e  Bureau of Ships of t h e  U . S .  Navy Department. (For 
d i scuss ion  of some of these a p p l i c a t i o n s ,  s e e  J. H. C u r t i s s  
" S t a t i s t i c a l  In fe rence  Applied t o  Naval Engineering1', J o u r n a l  of 
t h e  American Soc ie ty  of  Naval Engineers ,  Vol. 58, No. 3 (August 
1946),  335-398.) I n  A p r i l  1946, he  w a s  brought t o  t he  Nat iona l  
Bureau of  Standards by i ts  new Director, D r .  E. U .  Condon (1902-1974), 
and appointed s t a t i s t i c a l  a s s i s t a n t  t o  t h e  Di rec to r  f o r  t h e  express 
purpose of i n t roduc ing  modern s t a t i s t i c a l  theory  and methodology 
i n t o  t h e  s c i e n t i f i c  and t e c h n i c a l  programs of t h e  Bureau. However, 
before C u r t i s s  could g e t  such a program under way, D r .  Condon was 
obl iged  t o  t u r n  over  t o  him the  day-to-day admin i s t r a t i on  of t h e  
Bureau's new r e s p o n s i b i l i t i e s  i n  t h e  development of  l a rge - sca l e  
automatic  d i g i t a l  computers, and of an a s s o c i a t e d  program of developing 
t h e  mathematics of  numerical a n a l y s i s .  John ' s  o r i g i n a l  assignment 
at t h e  Bureau w a s  t h e r e f o r e  ptaced on my shou lde r s ,  when I a r r i v e d  
a t  t h e  Bureau t o  r e c e i v e  it on October 1, 1946--and t h e  rest of t h a t  
s t o r y  you know. 

7. See WILKS 1941, 1942, 1948; pp. 18-19 o f  ANDERSON 1965; and 
i t e m s  ( 4 0 ) ,  (41), and (45) i n  t h e  l i s t  of  he P u b l i c a t i o n s  of 
S. S. Wilksl' appended t h e r e t o .  

8. Rietz gave a pape r ,  "Comments on Appl ica t ions  of  Recently Developed 
Theory of Small Samples", a t  t h e  92nd Annual Meeting of t h e  American 
S t a t i s t i c a l  Assoc ia t ion ,  Cleveland, Ohio, 30 December 1930, which saw 
p u b l i c a t i o n  i n  the Journal of t h e  American S t a t i s t i c a l  Assoc ia t ion ,  
Vol. 26, No. 175 (June 1931), 150-158. 

9. Thus Paul  Rider, i n  a va luab le  review a r t i c l e ,  A Survey of t h e  
Theory of Small Samples (Annals of  Mathematics, 2nd Series, 
Vol. 31, No. 4 ,  (October 1930), pp. 5 7 7 ~ 6 2 8 ) ~  which was l a t e r  t o  
"save my neck" on a number of occas ions ,  wrote  (p . 578) : 

"Undoubtedly t h e  l ead ing  w r i t e r  i n  t h e  theory 
of s m a l l  samples I s  R. A.  F i she r ,  whose work i n  
t h i s  f i e l d  has r evo lu t ion ized  modern sampling theory .  
Much of i t  is  t o  be found i n  h i s  book, S t a t i s t i c a l  
Methods f o r  Research Workers, b u t  t h i s  book i s  
extremely u n s a t i s f y i n g  t o  a mathematician,  as i t  - - 
merely &&tea r e s u l t s  wi thout  p roo f s  and usua l ly  
w i thou t  even i n d i c a t i n g  how a g iven  r e s u l t  may be  
derived. ft d i s c u s s e s  such things as t h e  d i s t r i b u t i o n  
of t wi thout  t e l l i n g  what t h e  d i s t r i b u t i o n  is. H i s  



o r i g i n a l  papers a r e  much more en l igh ten ing ,  but  
from t h e  references  a s  given i n  the  book it i s  
sometimes d i f f i c u l t  t o  t e l l  which paper t r e a t s  
o f  a given t o p i c .  Even these  papers s u f f e r  i n  
p laces  from t h e  same d e f e c t s  as those of  t h e  book, 
and they a r e  o f t e n  troublesome t o  follow." 

I don' t  know whether Paul l a t e r  r e t r a c t e d  these  remarks, o r  
Fisher  was fo rg iv ing ,  because, when I got  t o  Universi ty College, 
London, i n  1935, t o  s tudy under J. Neyman and E.  S. Pearson, 
t h e r e  was Paul s i t t i n g  a t  a desk up i n  "Fisher t e r r i t o r y "  (the 
Galton Laboratory and Department of Eugenics), working on moment 
functions f o r  F i s h e r ' s  k - s t a t i s t i c s  i n  samples from a f i n i t e  
population. 

10. Hote l l ing ' s  paper on "The d i s t r i b u t i o n  of c o r r e l a t i o n  ratios 
ca lcu la ted  from random data",  i n  Proceedings of t h e  National  
Academy of Sciences,  11, no. 10 (Octaber 1925), 657-662, made 
him t h e  first person i n  the  United S t a t e s  t o  respond i n  kind t o  
R. A, F i s h e r ' s  s i g n a l  con t r ibu t ions  t o  t h e  theory of smal l  samples-- 
h i s  d e r i v a t i o n  employed t h e  same kind of  geometrical  reasoning i n  
terms of Euclidean N-dimensional space t h a t  F i she r  had used s o  
e f f e c t i v e l y .  This paper c a r r i e s  a foo tno te  t h a t  I ' v e  always 
considered t o  be very s i g n i f i c a n t .  T b e l i e v e  it a f fo rds  an explana- 
t i o n  of why s o  many American mathematicians had d i f f i c u l t y  following 
Fisher ' s  geometrical  proofs .  Anyone who a t tempts  t o  d u p l i c a t e  
Fisher's geometrical  reasoning soon discovers t h a t  a c r u c i a l  step 
i s  t he  c o r r e c t  eva lua t ion  of t h e  r e l evan t  element of volume. 
Hote l l ing ,  a t  t h i s  juncture i n  h i s  paper ,  gives a genera l  expression 
f o r  the  r e l e v a n t  element of volume, which he numbers "(17)", and 
then remarks i n  a footnote: 

I 1  This important expression f o r  the  volume element has been used i n  
lectures by [at Princeton Univers i ty]  by Professors  0 .  Veblen and 
L. P. Elsenhar t .  I do not  f i n d  i t  i n  any of the t r e a t i s e s  on 
Calculus, Analysis o r  D i f f e r e n t i a l  Geometry, save f o r  t h e  special 
caae i n  which the manifold of i n t e g r a t i o n  is  a surface. It may 
r e a d i l y  be  proved by showing f i r s t  t h a t  (17)  is  a r e l a t i v e  i n v a r i a n t  
under a r b i t r a r y  transformations of t h e  parameters; and second, that 
i f  the parameters of the hypersurface are orthogonal at a p o i n t ,  
(17) becomes at t h i s  point t h e  simple expression f o r  the volume 
element i n  c a r t e s i a n  coordinates. ' '  

Hotel l ing had gone t o  Pr inceton Universi ty as a J.S.K. Fellow i n  
mathematics, 1921-1922, a f t e r  rece iv ing his A. B. (1919) and an 
M.S. (1921) from the Universi ty of Washington, i n  S e a t t l e .  H i s  
i n t e r e s t s  i n  s t a t i s t i c s  predated h i s  going t o  Princeton i n  t h e  Fall 



of 1921. He had hoped t o  find some work i n  p r o b a b i l i t y  theory  and 
the  mathematics of  s t a t i s t i c s  going on t h e r e  i n  t h e  Mathematics 
Department. Finding none, he undertook i n s t e a d  a program of  s tudy  
and research  i n  topology ( then  c a l l e d  "ana lys i s  s i t u s1 ' )  and 
d i f f e r e n t i a l  geometry, under t h e  d i r e c t i o n  of Professor  Oswald 
Veblen (1880-1960) and my f a t h e r ,  Luther P fah le r  Elsenhar t  (1876-1965). 
H e  s tayed  on a t  P r ince ton ,  1922-1924, as an I n s t r u c t o r  in Mathematics 
and received h i s  Ph.D. from Pr ince ton  University i n  June 1924,  h i s  
d o c t o r a l  d i s s e r t a t i o n  be ing  on "~hree -d imens iona l  manifolds  of  
s t a t e s  i n  motion." In 1927 he  publ i shed  a paper  "An a p p l i c a t i o n  of 
a n a l y s i s  s i t u s  t o  s t a t i s t i c s "  ( B u l l e t i n  of t h e  American- Mathematical 
Soc ie ty ,  Vol. 33, (1927),  pp.  467-476), which had t o  do wi th  
topo log ica l  a s p e c t s  of  s e r i a l  and m u l t i p l e  c o r r e l a t i o n s .  

Following r e c e i p t  of h i s  Ph.D., H o t e l l i n g  r e tu rned  t o  the West 
Coast,  t o  S tanford  U n i v e r s i t y ,  where he was a J u n i o r  Research 
Assoc ia te  (1924-25), and then  Research Assoc ia te  (1925-27), i n  the  
Food Research I n s t i t u t e ;  and f i n a l l y ,  an Assoc ia te  P r o f e s s o r  of  
Mathematics (1927-311, i n  the  Department of Mathematics, H o t e l l i n g  
v i s i t e d  F isher  i n  England, i n  1929, hoping t o  persuade F i s h e r  t o  
j o i n  wi th  him i n  t h e  p r e p a r a t i o n  of  an up-to-date textbook on t h e  
mathematics of  S t a t i s t i c a l  In fe rence .  F i she r  was n o t  i n t e r e s t e d  i n  
the propos i t i on .  In  1931, H o t e l l i n g  was c a l l e d  t o  Columbia U n i v e r s i t y ,  
i n  N ~ W  York C i ty ,  as P ro fes so r  of ~ c o n o m i c s  t o  develop f u r t h e r  t h e  
e x i s t i n g  work t h e r e  I n  Mathematical Economics, and t o  i n i t i a t e  a 
program i n  Mathematical S t a t i s t i c s .  

11. These papers had been followed by t h e i r  more e l e g a n t l y  written "On 
the  problem of two samples11 ( B u l l e t i n  de llAcad&mie Polona ise  e t  
des  L e t t r e s ,  S e r i e s  A, 1930, 471-494), and "On t h e  problem of k 
samples" (idem, - 1931, 460-481), i n  which t h e  l i k e l i h o o d - r a t i o  
technique had l e d  d i r e c t l y  t o  the now famous test f o r  t h e  homogeneity 
of va r i ance  invo lv ing  the  r a t i o  o f  t h e  weighted a r i t h m e t i c  mean of 
the sample variances (with weights  subsequent ly modified by Bartlett). 
This great discovery  was d i scussed  by Pearson i n  one of  h i s  
l e c t u r e s ,  and no doubt c o n t r i b u t e d  t o  Sam's enthusiasm f o r  l i k e l i h o o d -  
r a t i o  res ts .  

It was too  e a r l y  to claim t h a t  t h e  tests t hus  found were "best"  i n  
some sense inasmuch as t h e  Neyman-Pearson Lemma was y e t  to come 
i n  J. Neyman and E .  S .  Pearson,  "On t h e  problem of t h e  most e f f i c i e n t  
t e s t s  of s t a t i s t i c a l  hypothesis",communicated t o  t h e  Royal Socie ty  

I t  of London i n  August 1932, read"  to the Soc ie ty  on November 10 ,  1932 .  
and publ ished on February 1 6 ,  1933 i n  the s o c i e t y ' s  ~ h i l o s o ~ h i c a l  
Transac t ions ,  Seriea A ,  Vol. 231, pp. 289-337; which, i n c i d e n t a l l y  
was r e f e reed  by Fisher who, a t  t h e  time, considered i t  an important  
s t e p  forward. 



12. Time and aga in  dur ing  h i s  y e a r s  a t  t h e  Bureau I would h e a r  him t e l l  
a consu l t ee ,  o r  an audience ,  t h a t  he w a s  "a chemist" ,  implying t h a t  
he was - n o t  a s t a t i s t i c i a n .  Well,  Jack may have been - a l l  chemist a t  
one time, b u t  by 1931 he was a l r e a d y  on h i s  way t o  becoming an 
exponent and p r a c t i t i o n e r  of F i s h e r i a n  methods too. He had come 
upon Student ' s  t t e s t  '%by a c c i d e n t  ... i n  1925" (W. J. Youden, Risk,  

-- 

choice  and P r e d i c t i o n :  An I n t r o d u c t i o n  t o  Experimentat ion,  Dwbury Press, 
North S c i t u a t e ,  Mass., 1974, p .  5).  By t h e  "summer of 1931 [he] had 
obta ined  one of t h e  1050 copies  p r i n t e d  of  the f i r s t  e d i t i o n "  of 
F i s h e r ' s  S t a t i s t i c a l  ~ e t h o d s  for -Research  Workers (1925), and when 
F i she r  " v i s i t e d  Corne l l "  t o  a t t e n d  t h e  6 t h  I n t e r n a t i o n a l  Congress of  
Genet ics ,  24-31 August 1931, Youden "drove t h e r e . .  . t o  show him an 
experimental  arrangement". (Quotat ions are from p.  727 of  W. J .  
Youden, "Memorial t o  Sir Ronald Aylmer F i she r , "  J o u r n a l  of  t h e  American 
S t a t i s t i c a l  Assoc ia t ion ,  Vol. 57, No. 300 (Dec. 1962), 727-728.) 
From H o t e l l i n g ' s  l e c t u r e s  Youden " f i r s t  g o t  some h i n t  t h a t  [ F i s h e r ' s  
S t a t i s t i c a l  ~ e t h o d s  . . . ] a l s o  h e l d  a message f o r  mathematicians.  . .He  
t o l d  t h e  young men l i s t e n i n g  t o  him n o t  t o  be mis led  by t h e  l a r g e  
p r i n t ,  t h e  wide margins ,  and a t e x t  almost  devoid of mathematical  
symbols, that i n  t h i s  book were concepts  as new t o  t h e  t h e o r i s t s  as 
t o  t h e  researchers" .  (Quoted from p.  47 of W. J. Youden, "The F i s h e r i a n  
Revolution i n  Methods o f  Experimentat ion,"  J o u r n a l  of t h e  American 
S t a t i s t i c a l  Assoc ia t ion ,  Vol. 46, No. 253 (March 1951), 47-50.) 
During the  next  few y e a r s  he  publ i shed  a v a r i e t y  of papers  expounding 
and demonstrat ing t h e  a p p l i c a t i o n  of  known s t a t i s t i c a l  t echniques  t o  
va r ious  problems a r i s i n g  i n  studies of app le s ,  seeds, e o i l s ,  l e aves ,  
tomatoes, trees and viruses. H e  had c l e a r l y  "crossed t h e  Rubicon"; 
was on h i s  way t o  becoming an  e x p e r t  e x p o s i t o r  and p r a c t i t i o n e r  of 
s t a t i s t i c a l  methods i n  exper imenta t ion ;  and from then  on he  became 
more and more of a statistlcian--or s h a l l  we say, "experimentrician1'-- 
and l e s s  and less "chemist". 

13, Spearman devoted over  40 years of h i s  l i f e  t o  t h e  development of  a 
psychologica l  theory  of menta l  a b i l i t y  b u i l t  around a General  F a c t o r ,  
g ,  t h a t  c h a r a c t e r i z e s  an i n d i v i d u a l ' s  "genera l  mind powern--see 
h i s  The A b i l i t i e s  of Man (New York: The Macmillan Company, 1972);  
bu t  i s  most wide ly  known among s t a t i s t i c i a n s  today f o r  a comparat ively 
minor c o n t r i b u t i o n ,  h i s  c o e f f 2 c i e n t  of rank-order c o r r e l a t i o n  (1904). 

14. Whether t h e  popu la t ion  tetrad d i f f e r e n c e s ,  ~ 1 2 3 1 ,  = p . 1 2 ~ 3 1 ,  - P13P24 a d  
'1324 - P j 3 P 2 4  - P l ~ , P 2 3 ~  were bo th  ze ro ,  bo th  non-zero, o r  one zero and t h e  
o t h e r  non-zero, where p i s  t h e  c o e f f i c i e n t  of c o r r e l a t i o n  between 

i j t he  i - t h  and j - th  traits, was of d e c i s i v e  Importance i n  Spearman's 
theory  o f  menta l  a b i l i t l e e  of man. 

15. Rietz had cha i r ed  t h e  seesion on S t a t i s t i c a l  Methodology on the  f irst  
day of t h e  92nd Annual Meeting of  t h e  American S t a t i s t i c a l  Assoc ia t ion  
i n  Cleveland,  Ohio, December 29-31, 1930, a t  which Shewhart had 



presented  h i s  paper  on " S t a t i s t i c a l  Method from an Engineering 
viewpoint' '  (publ i shed  i n  t h e  Proceedings of t h e  Meeting as " ~ p p l i c a -  
t i o n s  of S t a t i s t i c a l  Method i n  ~ n g i n e e r i n g " ,  J o u r n a l  of t h e  American 
S t a t i s t i c a l  Assoc ia t ion ,  Vol. 26,  March 1931 Supplement, pp. 214-221); 
and t h e  follow in^ day Shewhart had been t h e  i n v i t e d  d i s c u s s a n t  of  
H o t e l l i n g ' s  pape; on- " ~ e c e n t  Improvements i n  S t a t i s  t i c a l  inferencei' 
(same Supplement, pp. 79-87; d i s c u s s i o n ,  pp. 87-89). 

16 ,  Thi s  was Karl Pearson ' s  l a s t  y e a r  as t h e  f i r s t  Gal ton P ro fe s so r  
of National. Eugenics (1911-1933), as E d i t o r  of  t h e  Annals of Eugenics,  
which he had founded and e d i t e d  s i n c e  1925, and a s  Head of t h e  
Department of Applied S t a t i s t i c s  (1911-1933), which inc luded  t h e  
Biometr ic  Laboratory (which Pearson had o r i g i n a t e d  i n  1895, a s  a 
c e n t e r  f o r  pos tg radua te  s tudy  i n  t h i s  new branch of a p p l i e d  mathe- 
ma t i c s  when Goldsmid Professor of  Applied Mathematics and Mechanics 
(1884-1911))and t h e  F ranc i s  Galton Laboratory of Nat iona l  Eugenics 
(which had been formed, and placed under  earsa an's d i r e c t i o n ,  i n  
1906 a t  Galton's r e q u e s t ,  a s  succes so r  t o  Gal ton ' s  own Eugenics 
Records Office e s t a b l i s h e d  a t  Un ive r s i t y  College i n  1904 by a g i f t  
from Galton t o  t h e  University of London for t h i s  purpose) .  H e  
cont inued ,  however, t o  e d i t  Biometrika, o f  which he was one of t h e  
t h r e e  founders ,  always t h e  p r i n c i p a l  e d i t o r  (vols .  1-28, 1901-1936), 
and for many y e a r s  the s o l e  e d i t o r ;  and had almost seen t h e  f i n a l  
p roo f s  o f  t h e  f i r s t  h a l f  o f  volume 28 through the p r e s s  when he 
d i ed  on 27 A p r i l  1936. 

When I a r r i v e d  a t  Un ive r s i t y  College i n  October 1935 as a Ph.D. 
cand ida t e  i n  s t a t i s t i c s ,  w e  were t o l d  t h a t  Karl Pearson ' s  s t r e n g t h  
was r a p i d l y  f a i l i n g ,  t h a t  he  was s t i l l  d r i v i n g  himself  t o  s h u t  ou t  
h i s  g r i e f  ove r  t h e  thwarting of h i s i d e a l  of an Applied S t a t i s t i c s  
I n s t i t u t e  (with Readers i n  Genet ics ,  Medicine, Psychology, Mathematical 
S t a t i s t i c s ,  e t c . )  by t h e  break up of h i s  Department i n t o  s e p a r a t e  
Departments of Eugenics and Applied S t a t i s t i c s ;  and t h a t  h e  was very 
r e l u c t a n t  t o  see v i s i t o r s .  The end came before Paul  Rider  and I 
and many of ou r  f e l l ow s t u d e n t s  were g ran ted  o p p o r t u n i t i e s  t o  meet 
him. I have never q u i t e  recovered from t h a t  l o s t  oppor tun i ty ,  

E. S. Pearson had spent some t ime w i t h  Shewhart and h i s  co l l eagues  
a t  t h e  Bell Telephone Labora to r i e s  dur ing  h i s  1931 visit  t o  t h e  
United States. H e  was one of t h e  e a r l y  exponents  i n  England of 
Shewhart 's  con t ro l - cha r t  t echniques ,  and a t  t h e  t i m e  of Sam's v i s i t  
was engaged i n  t h e  p repa ra t ion  of a paper  on " s t a t i s t i c a l  Method 
i n  t h e  Control and S tanda rd iza t ion  of  t h e  Qua l i t y  of Manufactured 
Products" ,  p re sen ted  a t  t h e  December 1932 meet ing of t h e  Royal 
S t a t i s t i c a l  Soc ie ty ,  and l a t e r  publ i shed  i n  t h e  S o c i e t y ' s  J o u r n a l ,  
(Vol, 96 (1933), pp. 21-60). This paper  was l a r g e l y  r e spons ib l e  
f o r  t h e  format ion  of t h e  I n d u s t r i a l  and A g r i c u l t u r a l  Research 



Sec t ion  of t h e  Royal S t a t i s t i c a l  Soc ie ty  on November 23, 1933,  and 
t h e  subsequent  p u b l i c a t i o n  of t h e  now-famous Supplement t o  t h e  
Jou rna l  of t h e  Royal S t a t i s t i c a l  Soc ie ty  t o  p rov ide  a medium f o r  
p u b l i c a t i o n  of papers  of t h i s  Sec t ion .  (For f u r t h e r  d e t a i l s ,  
s e e  E. S.  Pearson,  "Some H i s t o r i c a l  Re f l ec t ions  on t h e  I n t r o d u c t i o n  
of S t a t i s t i c a l  Methods i n  Indus t ry :  The S t a t i s t i c i a n ,  Vol. 22 ,  No. 3 
(Sept .  1973), 165-179. ) 

18. S tan ley ,  l i k e  h i s  f a t h e r ,  rece ived  an A.B.--but i n  mathematics,  
n o t  a rch i tec ture- - f rom North Texas S t a t e  College ("Teacher 's" 
having been dropped from t h e  name) i n  1955. He studied at  
Cambridge U n i v e r s i t y  1955-1956; marr ied  Jocelyn Wilk ins ,  daughter  
of a  c lassmate  of Sam's a t  North Texas S t a t e ,  i n  1958; r ece ived  an 
M.S. i n  a p p l i e d  mathematics from Columbia Un ive r s i t y  i n  1961; 
has  t h r e e  daughters  and a son; and works f o r  t h e  Department of 
Defense as a mathematician.  

19.  John Wishart  had gained F i r s t  Class  Honors Degree i n  Mathematics 
and Natu ra l  Philosophy a t  t he  Un ive r s i t y  of Edinburgh, i n  Scot land ,  
i n  1922. A t  Edinburgh he had a t t ended  t h e  l e c t u r e s  of E. T. 
Whit taker  (1873-1956), on wh he Calculus of Observat ionst t  which 
were l a t e r  t o  appear  i n  book form (T. WHITTAKER and ROBINSON, 
The Calculus of Observat ions,  London and Glasgow: Blackie  and 
Son, Ltd. ,  1924) ,  and had l ea rned  numerical  mathematics " the  ha rd  way", 
i.e., without  t h e  b e n e f i t  of a  desk c a l c u l a t o r ,  i n  Whi t taker ' s  Mathematical 
Laboratory.  In  the autumn of  1924, Wishart  had jo ined  Karl 
Pearson a t  U n i v e r s i t y  College,  as a Research Assistant. One of 
Wishar t ' s  main t a s k s  on a r r i v i n g  t h e r e  was t o  g e t  work on Pearson ' s  
Tables  of t h e  Incomplete Beta-Funct ion  underway, 

Wishart  s t a y e d  w i t h  Pearson f o r  t h r e e  y e a r s  and then  i n  t h e  autumn 
of 1927  accepted  a teaching  p o s i t i o n  a t  t h e  Imper ia l  College of 
Sc ience  and Technology (of t h e  Un ive r s i t y  of  Londod, inasmuch as 
he was a t e a c h e r  by t r a i n i n g  and temperament. W h i l e  s t i l l  wi th  
Pearson h e  had c o l l a b o r a t e d  wi th  R. A. F i s h e r  on a j o i n t  paper  
"On t h e  d i s t r i b u t i o n  of t h e  e r r o r  of an  i n t e r p o l a t e d  v a l u e  and on 
t h e  c o n s t r u c t i o n  o f  t a b l e s "  (Proceedings of t h e  Cambridge P h i l o s o p h i c a l  
Soc ie ty ,  Vol. 23, P a r t  8 (October 1927) ,  pp. 917-921). Be was 
b a r e l y  s e t t l e d  i n  h i s  new p o s t  a t  Imper ia l  Col lege ,  when, a t  the 
beginning of  1928, he  w a s  of fered and accepted  an appointment as 
S t a t i s t i c a l  A s s i s t a n t  t o  R.  A .  F i she r  a t  Rothamsted Experiment 
S t a t i o n .  With F i s h e r ' s  encouragemenr, he de r ived  
"The g e n e r a l i z e d  product moment d i s t r i b u t i o n  i n  samples from 
a normal m u l t i v a r i a t e  popula t ion"  ( ~ i o r n e t r i k a ,  Vol. 22A, P a r t s  1&2 
( J u l y  19281, pp. 31-52), by a  geometr ica l  argument analogous t o  
those  used p rev ious ly  by F i s h e r ,  t h e  s imultaneous d i s t r i b u t i o n  of  
t h e  sample e s t i m a t e s  of t h e  v a r i a n c e s  and covar iances  of a mul t i -  
v a r i a t e  normal popu la t ion  corresponding t o  a  sample of N i t e m s  from 
such a popu la t ion ,  and prepared an e x t e n s i v e  t a b u l a t i o n  of t h e  
moments and product  moments of t h i s  d i s t r i b u t i o n ,  which i s  now known 



as "Wishart 's  d i s t r i b u t i o n " .  Wishar t ,  dur ing  his three years at  
Rothamsted (1928-31) p a r t i c i p a t e d  f u l l y  n o t  only i n  the mathematical  
research  on sampling d i s t r i b u t i o n s  and t h e i r  p r o p e r t i e s ,  but a l s o  
i n  t h e  advisory  and s e r v i c e  a c t i v i t i e s  of Rothamsted S t a t i s t i c a l  
Department du r ing  t h a t  pe r iod ,  a s  r e f l e c t e d  by t h e  twenty p u b l i c a t i o n s  
of which he was t h e  s i n g l e  o r  j o i n t  au tho r  during t h i s  pe r iod .  

In  October 1931, a few months a f t e r  G, U, Yule 's  r e t i r e m e n t  from 
fu l l - t ime t each ing  a s  Reader i n  S t a t i s t i c s  i n  the Unive r s i ty  of 
Cambridge, Wishart was appoin ted  t o  a  newly c r e a t e d  p o s t  of Reader 
i n  S t a t i s t i c s  i n  t h e  Facul ty  of  A g r i c u l t u r e ,  wi th  r e s p o n s i b i l i t i e s  
a l s o  f o r  some reaching  i n  t h e  Facu l ty  of Mathematics. This  w a s  an 
excep t iona l ly  f i n e  appointment:  a t  Cambridge, as a t  o t h e r  Engl i sh  
u n i v e r s i t i e s ,  a Readership i s  only  one s t e p  below a  P r o f e s s o r s h i p ,  
and u n t i l  t h e  l a t e  1950's  P ro fe s so r sh ips  were very  few and f a r  
between, t h e r e  o r d i n a r i l y  being only  one p e r  e s t a b l i s h e d  d i s c i p l i n e  
(e .g. ,  Mathematics),  which S t a t i s t i c s  c e r t a i n l y  was not: a t  t h a t  
t ime. (Thus Yule himself  had been merely a Un ive r s i t y  l e c t u r e r  i n  
S t a t i s t i c s  from 1912 u n t i l  on ly  a few months be fo re  h i s  premature 
r e t i r emen t  owing t o  ill h e a l t h ) .  Wishart  saw i n  h i s  Cambridge 
appointment an oppor tun i ty  t o  i n t r o d u c e  s t a t i s t i c s  t o  mathematical  
undergraduates ,  and began a t  once t o  o f f e r  n o t  on ly  a g e n e r a l  
course  on s t a t i s t i c a l  methods i n  t h e  Facul ty  of Agr i cu l tu re ,  b u t  
a l s o  a  course  on mathematical  s t a t i s t i c s  which undergraduate  s t u d e n t s  
i n  t he  Facul ty  of Mathematics could o f f e r  f a r  Schedule B of t h e  
Mathematical T r ipos .  Among h i s  e a r l y  s t u d e n t s  i n  t h i s  program were 
M. S .  B a r t l e t t  (B. A.,  Queens' Col lege ,  1932) and W. G. Cochran 
(B.A. , S t .  ~ o h n ' s  Col lege ,  1933) . (For a d d i t i o n a l  in format ion  on 
Wishart ,  see E. S .  Pearson,  "John Wishart ,  1898-1956", Biometr ika,  
Vol. 44, Pts. 1&2 (June 1957),  1-8, which inc ludes  a b ib l iog raphy  of 
h i s  publ ished work: and M. S.  Bar t l e t t ,  "John Wishart ,  D.Sc., 
F . R . S  .E . I 1 ,  ~ o u r n a l ~  of t h e  Royal s t a t i s t i c a l  ~ s s o c i a t i o n ,  S e r i e s  A,  
Val. 119, P t .  4 (1956),  4 9 2 - 4 9 3 . )  

20. A f e w  words a r e  i n  o r d e r  on how my f a t h e r  became i n t e r e s t e d  i n ,  
and p a r t i a l  t o  s t a t i s t i c s .  

My f a t h e r ' s  pr imary mathematical  i n t e r e s t  was d i f f e r e n t i a l  geometry, 
and his r e sea rch  was e x c l u s i v e l y  i n  t h a t  a r e a .  Exac t ly  when h e  began 
t o  t ake  an "outside" i n t e r e s t  i n  mathematical s t a t i s t i c s  T do n o t  
knaw. I t  may have been as early as 1913, when a s  noted e a r l i e r ,  he  
corresponded w i t h  Edward L. Dodd on v a r i o u s  a s p e c t s  of t h e  l a t t e r ' s  
paper e n t i t l e d  "The p r o b a b i l i t y  of t h e  a r i t h m e t i c  mean compared w i t h  
t h a t  of c e r t a i n  o t h e r  f u n c t i o n s  of measurements", which was pub l i shed  
in t h e  Annals of Mathematics (Vol. 1 4 ,  pp. 186-198, June 1913) ,  of which 
my father was then  an e d i t o r .  A t  any r a t e ,  t h e r e a f t e r  Dodd s e n t  my 
fa the r  r e p r i n t s  of many of h i s  subsequent  papers  on f u n c t i o n a l  and 
statistical p r o p e r t i e s  of various types of "means", which my f a t h e r  kep t  
and u l t i m a t e l y  turned  ove r  t o  m e  when I became i n t e r e s t e d  i n  such 
matters i n  the  early '30's. 



Ear ly  i n  1924 ,  "a t  t he  r eques t  o f  t h e  Commission on New Types of 
Examination of t he  College Entrance Examination Board", my f a t h e r  
I1 formed a committee of mathematicians t o  examine c r i t i c a l l y  c e r t a i n  
s t a t i s t i c a l  methods used i n  t h e  i n v e s t i g a t i o n s  of t h e   omm mission" 
(American Mathematical Monthly, Vol. 31, No. 4 (Apr i l  1924) ,  p. 209) .  
The "mathematicians" of t h e  Committee inc luded  t h e  econamic 
s t a t i s t i c i a n s  W. Randolph Burgess and W. L. Crum (1894-1967) of t h e  
Federa l  R e s e n e  System and Economics Department, Harvard, r e s p e c t i v e l y ;  
t h e  mathematicians E. V. Huntington (1874-1952) and J .  H. M. 
Wedderburn (1882-1948), of Harvard and P r ince ton ,  r e s p e c t i v e l y ;  and 
t h e  mathematical s t a t i s t i c i a n ,  H. L .  R ie t z .  

The f ind ings  of t h i s  Committee, my f a t h e r ' s  cont inued adv i so ry  
r e l a t i o n s  wi th  t h e  higher-ups of the College Entrance Examination 
Board (CEEB), and Wilks ' s  c o n t r i b u t i o n s  a t  Iowa (and under H o t e l l i n g  
a t  Columbia) t o  the s o l u t i o n  of s t a t i s t i c a l  problems a r i s i n g  i n  
educa t iona l  t e s t i n g ,  made i t  p o s s i b l e  f o r  my f a t h e r  t o  a r r ange  a 
part- t ime appointment w i th  t h e  CEEB concurren t  w i th  h i s  i n i t i a l  
Univers i ty  appointment--a r e l a t i o n s h i p  wi th  the  Board, and i t s  
succes so r ,  t h e  Educat ional  Tes t ing  Se rv i ce ,  t h a t  cont inued u n t i l  
Wilks ' s  dea th .  

A s  mentioned e a r l i e r ,  Ho te l l i ng ,  a f t e r  r ece iv ing  h i s  Ph.D. i n  
mathematics from Pr ince ton  i n  1924, went t o  S t an fo rd  Un ive r s i t y ,  
f i r s t  t o  a p o s i t i o n  i n  t h e  S tan fo rd  Food Research I n s t i t u t e ,  l a t e r  
i n  t he  Mathematics Department, Stanford Un ive r s i t y ,  During t h e s e  
yea r s  a t  S tanford  (1924-1931) he wrote and publ i shed  a s t r eam of 
important  o r i g i n a l  c o n t r i b u t i o n s  t o  s t a t i s t i c a l  theory  and mathe- 
m a t i c a l  economics; reviews of American and Engl i sh  books on 
s t a t i s t i c a l m e t h o d s ,  ( e . g . ,  of S t a t i s t i c a l  Analysis  by Edmund 
E. Day (New York: The Macmillan Company, 1925),  i n  J o u r n a l  of the 
American S t a t i s t i c a l  Assoc ia t ion ,  Vol. 21, No. 155 (Sept.  1926),  
360-363) ,  i n  which he deplored t h e  obso le t eness  of teaching  a n d  
research i n  s t a t i s t i c s  ia t h e  United S t a t e s  and p laced  the blame 
square ly  on t h e  doors teps  of Departments of Mathematics ; and 
expos i tory  articles on " B r i t i s h  s t a t i s t i c s  and s t a t i s t i c i a n s  today" 
(Journal  of t h e  American S t a t i s t i c a l  Assoc ia t ion ,  Vol. 25, No. 170 
(June 1930).  186-190), "Recent improvements i n  statistical 
inference ' '  (cited fully i n  f o o t n o t e  15), e t c . ,  i n  which he d i d  h i s  
very  best t o  acqua in t  American r e a d e r s  w i th  t h e  "new look" i n  
s t a t i s t i c s .  He r e g u l a r l y  s e n t  r e p r i n t s  of a l l  of t hese  t o  my 
f a t h e r .  When m y  f a t h e r  gave them t o  m e  i n  the  Fall of 1932, as 
I was reading  up on "Student-Fisher s t a t i s t i c s " ,  i t  was quite clear 
t h a t  my f a t h e r  had more than a  s u p e r f i c i a l  knowledge of  t h e  papers  
on s t a t i s t i c a l  theory ,  and had "got t h e  message" of H o t e l l i n g ' s  
book reviews and expas i to sy  a r t i c l e s .  



21. This assignment was very  d i s r u p t i v e  t o  Duncan a t  t ha t  time. When 
asked t o  undertake i t  he was a l r e a d y  a t  work on h i s  d o c t o r a l  
d i s s e r t a t i o n  on "South Afr ican  gold and i n t e r n a t i o n a l  t rade" ;  and 
h i s  acceptance of  i t  delayed u n t i l  1936 his completion of t h e  
requirements for h i s  Ph.D. i n  Economics. H e  a l s o  lost ou t  on one 
of t h e  f e a t u r e s  tha t  "sweetenedtt t h e  p ropos i t i on ,  an oppor tun i ty  
t o  v i s i t  t he  West Coast--when the p l a n s  were made, H o t e l l i n g  was 
a t  S tanford  U n i v e r s i t y ,  but  had moved on t o  Columbia Unive r s i ty  
be fo re  t he  t ime a r r i v e d  f o r  Duncan t o  s tudy  under him. This  
assignment was t o  be i n s t r u m e n t a l  i n  changing the  d i r e c t i o n  of 
Duncan's subsequent  c a r e e r .  

22. The aim of the Department of Economics and Soc ia l  I n s t i t u t i o n s  
was t o  improve i ts  own o f f e r i n g s  i n  s t a t i s t i c s  f o r  economics 
s t u d e n t s  by i n t e g r a t i n g  and updat ing  t h e  Smith-Duncan sequence 
of courses  w i t h i n  t h a t  department .  The a t e n t  t o  which t h i s  a i m  
was achieved i s  evidenced by t h e  two volumes Fundamentals of t h e  
Theory of S t a t i s t i c s :  Vol. 1, Elementary S t a t i s t i c s  and App l i ca t ions ;  
Vol. 2 ,  S a m p l i n ~  S t a t i s t i c s  and App l i ca t ions ,  authored j o i n t l y  by 
P ro fe s so r s  Smith and Duncan and publ i shed  by t h e  McGraw-Hill Book 
Company, Inc., i n  1944, 1945, r e s p e c t i v e l y . )  

23. For f u r t h e r  details on the founding and e a r l y  years of  the 
Annals of Mathematical S t a t i s t i c s  s e e  the l e t t e r  from Harry C .  
Carver ,  da ted  14  A p r i l  1972, t o  P ro fe s so r  [W. J.J Hall, reproduced 
i n  the  I n s t i t u t e  of  Mathematical S t a t i s t i c s  B u l l e t i n ,  2 ,  No. 1 
(Jan. 1973),  11-14;  and Al len  T. Cra ig ,  "our S i l v e r  Anniversary", 
i n  Annals of  Mathematical S t a t i ~ t i c s ,  31, no. 4 (Dec. 1960),  
835-837. 

24. The m a t e r i a l  of t h e  f ive fo l lowing  paragraphs is  taken for the 
most p a r t  from MALONEY 1962 and SIMON 1945, where f u r t h e r  d e t a i l s  can 
be found on the h i s t o r y  of s t a t i s t i c a l  methodology i n  Army re sea rch ,  
development and t e s t i n g ,  

2 5 ,  See Proceedi,!gs of t h e  F i r s t  Symposium on S t a t i s t i c a l  Methods: 
Sampling Techniques (4-5 November 1953), B a l l i s t i c  Research 
Laboratories Report No. 897, Aberdeen Proving Ground, Maryland, 
January 1954. 

26. Proceedings of the First Conference on t h e  Desipn of Experiments 
i n  Amy Research, Development and Tes t ing ,  Office of Ordnance 
Research Report No. 57-1, Office of Ordnance Research, Durham, 
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ABSTRACT. Through the use of the principle of minimum discrimination 
information estimation, leading to exponential families or multiplicative 
models or log-linear models it has been shown, using illustrative exmp- 
les exhibiting different aspects of contingency table analysis, that: 

( 7 )  Estimates of the cell entries under various hypotheses 
ox models can be obtained; 

(2) The adequacy or fit of the model, or the null hypothesis, 
can be tested; 

( 3 )  Main effect and interaction parameters can be estimated; 
(4) The structure of the table can be studied in detail in 

terms of the various interrelationships among the classi- 
ficatory variables ; 

s The procedures can be applied to test hypotheses about 
particular parameters and linear combinations of parameters 
that are of special interest; 

(6) The procedures provide indication of outlier cells; 
( 7 )  Since the procedures and concepts are based on a general 

principle a unified treatment of multi-dimensional contin- 
gency tables is possible; 

( 8 )  ?!he procedure provides estimates based on an observed or 
sample table, which satisfy certain external hypotheses 
as to underlying probability relations in the population 
t a b l e .  These estimates also preserve the inherent pro- 
perties of the observed data not affected by the hypo- 
thesis; 

( 9 )  la general, the rn.d.i. estimate is best asymptotically 
normal ; 

(10) The minimum discrimination information test statistics are 
asymptotically distributed as chi-squared with appropriate 
degrees of freedom; 

(11) Convergent iterative computer algorithms are available 
Yor the analyses. 

COpTIJlGXQC4 T&Bl#@. "Jlhere are two ways in which Statistical data are 
collected. In one form, actual measureme~ts are recorded for each 
individual  in the sample; in the other, the individuals are classi- 
fied as belonging to different categories. On many occasions classi- 
l ' icat ions rtre used to reduce original data on direct measurements. A 
w r l l  known example i:; that of "frequency-distributions". D a t a  collec- 
tcld i l l  Sht> form of measurements may later be grouped and presented as 
tt t'rcgut~ricy distribution. An important advantage of grouping is that 
i 1, resuJ  L:; in a considerable reductiorl of data. On the other hand, it 
is rivt u.j~u+Lly possib lc to cunvert grouped or classified data back into 
i,lir original form, 

D u t n  which results from experiments in the physical sciences and 
t . t lgi~leering are usually outcomes of controlled experiments, and expres- 



s i b l e  i n  q u a n t i t a t i v e  terms. In  many o the r  f i e l d s  however, t h e  da ta  
are  seldom r e s u l t s  of con t ro l l ed  experiments. In  add i t ion ,  t h e  ob- 

servat ions  usua l ly  c a n  be expressed only i n  q u a l i t a t i v e  o r  ca tegor ica l  
terms, a yes - no,  a l i v e  - dead, agree - disagree ,  c l a s s  A - c l a s s  
B - c l a s s  C ,  e t c .  type of response. 

A contingency t a b l e  i s  a form of p resen ta t ionof  grouped data .  In  
t h e  simplest  case ,  a group of N items may be c l a s s i f i e d  i n t o  j u s t  two 
groups, according t o ,  s a y ,  presence o r  absence of a  c e r t a i n  c h a r a c t e r i s t i c .  
For a  f ixed  (g iven)  c h a r a c t e r i s t i c  the  d i f f e r e n t  groups of c l a s s i f i c a t i o n  
a r e  c a l l e d  ca tegor ies .  For example, a  group of  N indiv iduals  may be 
c l a s s i f i e d  according t o  h a i r  color  ( c h a r a c t e r i s t i c ) ,  t h e  ca tegor ies  being 
b lack,  brown, blonde and "other". The ca tegor ies  may be q u a l i t a t i v e  a s  
above, o r  m q q  be q u a n t i t a t i v e ,  as f o r  example i n  the  c l a s s i f i c a t i o n  by 
weight i n  pounds cons i s t ing  of  f i v e  ca tegor ies :  40-80, 80-120, 120-160, 
160-200, 200-240. When t h e r e  i s  only one c h a r a c t e r i s t i c  according t o  
which da ta  a r e  c l a s s i f i e d  we g e t  a  one-way-table. If t h e r e  a r e  two 
ways of c l a s s i f i c a t i o n ,  say according t o  Rows and C o l m s ,  the  Row- 
c l a s s i f i c a t i o n  having x categor ies  and t h e  Column-cla~s i f ica t~ion having 
c ca tegor ies ,  t h e  t a b l e  i s  cal led a two-way t a b l e  o r  a r x c  t a b l e .  
The l a t t e r  no ta t ion  gives the number of ca tegor ies  i n  each c l a s s i f i c a t i o n .  
Carrying t h i s  no ta t ion  f u r t h e r ,  a r x c  x  d t a b l e  w i l l  have t h r e e  char- 
acteristics of c l a s s i f i c a t i o n ,  the  f irst  having r ca tegor ies ,  t he  second 
having c and t h e  t h i r d  d. 

For example, an ind iv idua l  may be c l a s s i f i e d  by sex, by race, by 
profess ion,  by smoking h a b i t ,  by age, by incidence of coronary h e a r t  
d isease .  I f  w e  take  observations over a sample of  many such ind iv idua l s ,  
t h e  r e s u l t  w i l l  be a multidimensional contingency t a b l e  wi th  as many 
dinlensions a s  t h e r e  a re  c l a s s i f i c a t i o n s .  Contingency t a b l e s  a r e  cross- 
c l a s s i f i c a t i o n s  of vectors  of d i s c r e t e  random var iab les  showing the num- 
be r  of sub jec t s  belonging t o  d i s t i n c t  ca tegor ies  of each of  seve ra l  quali-  
t a t i v e  o r  c a t e g o r i c a l  c l a s s i f i c a t i ons .  The number of  counts of ind iv idua l s  
i n  a c e l l  of t h i s  table represents  t h a t  po r t ion  of t h e  s m p l e  having the spe- 
c i f i c  a t t r i b u t e s  wi th in  each of the  c l a s s i f j c a t i o n s .  A problem of i n t e r ~ s t ,  
f o r  example, might be t o  determine t h e  factors t h a t  art associated with t h e  
presence o r  absence of  coronary h e a r t  d isease .  

Data from many f i e l d s  are o f t en  presented i n  t h i s  manner, t h a t  i s ,  
i n  a cross-tabulated form. S t a t i s t i c a l  analyses of t h e s e  types of da ta  
has had a long h i s t o r y ,  bu t  were mainly  concerned with t h e  sirnple k ind,  
t h e  two-way t a b l e .  Analyses of multidimensional contingency t a b l e s  have 
been inves t iga ted  in tens ive ly  only during t h e  las t  decade o r  so. 

Conclusions d r a w n  from contingency t a b l e s  m a y  be only explarat.ox-y 
i n  nature.  One of the  d i f f i c u l t i e s  car1 be the  a v a i l a b i l i t y  of meaning- 
f'ul and r e l i a b l e  da ta .  The f i r s t  problem one faces i n  the  m a u s i s  of 
c ross -c las s i f i ed  data i s  the  decision on t h e  number of  c l a s s i f i c a t i o n s  
t o  be included and the  ca tegor ies  wi th in  each c l a s s i f i c a t i o n .  Typical 
among t h e  problems i n  the analysis i s  how t o  segregate t h e  e f f e c t  on 
t h e  response of some of the  background v a r i a b l e s ,  indiv idual ly  o r  j o i n t l y ,  
from t h a t  of the  o the r s  t h a t  are of p a r t i c u l a r  i n t e r e s t .  The d a t a  analy- 
t i c  a t t i t u d e  i s  e rnp i r ica  rather than t h e o r e t i c a l .  A more empir ica l  
a t t i t u d e  i s  natural when d e t a i l e d  t h e o r e t i c a l  understanding i s  unava i l ab le ,  



Estimation of  parameters i n  models should b e  considered less  as a t tempts  
t o  discover  underlying truths and more as d a t a  c a l i b r a t i n g  devices  which 
make it e a s i e r  t o  conceive of noisy d a t a  i n  terms of smooth d i s t r i b u t i o n s  
and r e l a t i o n s .  With a given d a t a  s e t ,  a v a r i e t y  o f  models may be t r i e d  
on, and one s e l e c t e d  on t h e  ground of looks and f i t .  

I n  t h e  a n a l y s i s  of contingency t a b l e s  w e  a r e  u s u a l u  i n t e r e s t e d  i n  
t h e  r e l a t i o n s h i p  between one c l a s s i f i c a t i o n  and one o r  more of  t h e  o t h e r  
c l a s s i f i c a t i o n s ,  A s  an example, cons ider  a three-way r x c x d cont in-  
gency t a b l e  i n  which t h e  row-c la s s i f i ca t ion  r e p r e s e n t s  t h e  response of  
an experiment on animals ,  t h e  column c l a s s i f i c a t i o n  types  of t rea tment  
and t h e  depth c l a s s i f i c a t i o n  sex. The fol lowing hypotheses may be of 
i n t e r e s t .  

1. Response i s  independent of t rea tment  i r r e s p e c t i v e  of s ex .  
2. Response i s  independent o f  t h e  d i f f e r e n t  combinations of 

t rea tment  and sex  ( a s  a g a i n s t  t h e  p o s s i b i l i t y  t h a t  a p a r t i -  
c u l a r  t reatment  i s  more "e f f ec t ive"  i n  terms of t h e  response ,  
f o r  a p a r t i c u l a r  sex) .  

3. Given sex, response i s  independent of  t rea tment .  

Of'  course ,  n o t  a1.l. contingency t ab les  can bc i n t e r p r e t e d  i n  such 
a s t ra ight forwnr t l  rnallner. I n  some i n s t a n c e s ,  a l l  t h r e e  c l a s s i f i c n t i o n s  
car1 be con:;iderrd as responses ;  than  w e  may be i n t e r e s t e d  i n  t h c  iridp- 
pendence o r  assoc i  utiorl mong these responses.  In o t h e r  case:;, rl  r l a s s i -  
f i c a t i o r l  may be  c o n t r o J l e d ,  experimental ly  o r  n a t u r a l l y ,  l i k c  th ree  spec i -  
fied l e v e l s  of f e r t i l i z e r  app l i ed  o r  sex, and then  t h e  c l n s s i f i c e t , i o n  i s  
termed a f a c t o r .  For convenience, w e  s h a l l  group a l l  t h e  corlcepts of 
a s s o c i a t i o n ,  dependence, e t c .  under the gene ra l  term of i n t e r a c t i o n .  
No i n t e r a c t i o n  between t rea tment  and sex  appears  t o  be  a more acceptab le  
phrase than  independence between t rea tment  and sex, s i n c e  t h e  term inde- 
pendence i s  u s u a l l y  resesved  t o  express  the  r e l a t i o n s h i p  between random 
v a r i a b l e s .  We may a l so  say  t h a t  t h e  i n t e r a c t i o n  between response and 
treabment does no t  i n t e r a c t  with sex, meaning t h e  degree of  a s s o c i a t i o n  
between response and t rea tment  i s  t h e  same f o r  bo th  sexes .  The concept 
g ives  r i s e  Lo t h e  i d e a  of  second-order i n t e r a c t i o n .  There a r e  a numbw 
of d i f f e r e n t  approaches t o  t h e  mathematical formulat ion and i n t e r p r e t a t i o n  
of t h e  coricept of  "no inl;eraction". One such, approach, through t h e  cnn- 
cep t  of "genera l ized  independence" i s  powerful and gene ra l  enough to  in-  
c lude  a l l  hypo Lheses of "no i n t e r a c t i o n "  (formulated i n  a spec i f ic  manner.) 
and many o t h e r  hypotheses about homogeneity, symmetry, e t c .  t h a t  we come - 
across i n  a n a l y ~ i n g  contingency t a b l e s .  

Consider ,  f o r  example, an experiment t o  compare t h e  e f f e ~ l ~ i v e n e s s  of 
safety release devices  f o r  r e g r i g e r a t o r s  i n  r e l a t i o n  t o  chi lc2rcnfs  s a f e t y .  
Children between two t o  f i v e  yea r s  of age a r e  induced t o  crawl i n t o  refr i-  
gerators equipped wi th  s i x  d i f f e r e n t  types o f  r e l e ~ ~ s e  devices .  If a chi ld.  
can open t h e  door of t h e  r e f r i g e r a t o r ,  from i n s i d e ,  w i th in  8 c e r t n i n  time 
per iod ,  t h e  response i s  c l a s s i f i e d  as a success ,  oi;herwise a f a i l u r e .  The 
background v a r i a b l e s  s t u d i e d  irlcluded age, sex, weight ,  socio-economic 
s t a t u s  of  p a r e n t s .  The experimental v a r i a b l e  w a s  one of six devices .  
(A p a r t i a l  m a l y s i s  of t h i s  data may be found i n  page 581 of Kullback, S . ,  
K u ~ ~ e r m m ,  M. , and Ku, H.H. (1962), Tests  f o r  contingency t a b l e s  and Markov 
chains ,  Technometrics, 4, 573-608). Some ba lanc ing  of  the background v a r i -  
ab le s  was achieved. 



In other instances none of the factors are subject to experimental 
control, and whatever available data could be collected is re~orted. 
The analysis of this type of data, though it may Only be seeking prelim- 
nary information can be important in fields of health and safety. The 

uncontrolled experimental data are sometimes the only real is t ic  data 
available when these data deal with life, death, health, and safety, and 
some of these factors and responses are only expressible in qualitative 
terms, in the present state of art. 

It is expected that the number of problems calling for the tech- 
niques of the analysis of multidimensional contingency tables will 
increase. Experience at the George Washington University with such a 
growing demand confirms this. Tkie examination and interpretatton of 
data from social phenomena, housing, psychology, education, environmcn- 
tal problems, health, safety, manpower, business, experimentul testiriy 
of' devices, military research and development, etc., are potential source 
areas. 

Classical problems in the historical development of the analysis of 
contingency tables concerned themselves primarily with such questions as 
the independence or conditional independence of the classificatory vari- 
ables, or homogeneity or conditional homogeneity of the classificatory 
variables,aver time or space, for example, similar to such tests in multi- 
variate analysis as independance, multiple correlation, partial correlation, 
canonical correlation, etc. Such classical. problems turn out to be special 
cases of the technique we discuss. 

These techniques result in analyses which are essentially regression 
type analyses. As such they enable us to determine the relationship o f  
one or more "dependent" qualitative or categorical. variables of interest 
on a set of "independent" classificatory var iab les ,  as well as the rela- 
t i ve  effects of changes in the "independent" variables on the "dependent 
variablesft. The object of the analyses is the study of the interaction 
between and among the classifications. l 'he term interaction is used here 
in a general sense to cover both dependence and association. 

Critics of methods for contingency table analysis have maintained 
that most of the procedures used, at least in the past, were 0111~ of a 
global chi-squared test nature. However, fc)s a recent example of this 
see Patil, K,D, (1~74)~Interaction test for three-dimensional contingency 
tables, Journal Am. Statist. Assg, 2 1164-168. Through the use of the 
principle of minimum discrimination information ( m . d . i . )  estimation, lead- 
ing to exponential families or multiplicative models (generalized indepen- 
dence) or log-linear models we show that : 

(1) Estimates of the cell entries under various hypotheses or models 
can be obtained; 

(2) The adequacy or fit of the model, or the null hypothesis, can 
be tested; 

( 3 )  Main effect and interaction parmeters can be estimated; 
( 4 )  1he structure of the table can be studied in detail in terms 

of t he  various interrelationships among the classifict~tory 
vari~bles ; 

( 5 )  The procedures can be applied to test hypotheses about particu- 
lar parameters and linear combinations of parameters that are 
of special interest; 



(6) The procedures provide indication of outlier cells. These may 
cause a model not to fit overall, yet fit the other cells exclu- 
ding the outliers; 

(7) Since the procedures and concepts are based on a general prin- 
ciple a unified treatment of multidimensional contingency tables 
is possible. Sequences of generalizations step by step to high- 
er order dimensional contingency tables are not necessary as has 
been the case with other ad hoc procedures (see for example, 
Patil (1974), Sugiura, N and Otake, H. (1974), An extension of 
Mantel-Haenszel procedure to k 2 x c contingency tables and the 
relation to the logit model, Communications in Statistics, to 

appear ; 
(8) The procedure provides estimates based on an observed or sample 

table, which satisfy certain external hypotheses as to under- 
lying probability relations in the population table. These 
estimates also preserve the inherent properties of the observed 
data not affected by the hypothesis; 

( 9 )  In general, the m.d.i. estimates are best asymptotically normal 
(BAN) and in the many applications of fitting models to a table 
based on observed sets of marginal values or linear restraints 
of observed values, the m.d.i. estimates in particular are 
maximum-likelihood estimates; 

(10) The test statistics are minimum discrimination information 
( m.d. i. ) statistics which are asymptotically distributed as 
chi-squared with appropriate degrees of freedom. In the case 
of fitting models to a table based on observed sets of marginal 
values or linear restraints of observed values, the rn.d.i. stat- 
istics are log-likelihood ratio statistics. The m.d.i. statis- 
tics are additive, as are the associated degrees of freedom, so 
that the total under an hypothesis can be analyzed into components 
each under sub-hypotheses. The analysis is analogous to analy- 
sis of variance and regression analysis techniques. It uses a 
design matrix, a set of regression parameters, and explanatory 
variables, and analysis of information tables. 

(11) I n  models fitting estimates to an observed table based on sets of 
observed marginal values as explanatory variables, some estimates 
can be expressed explicitly as products of marginal values. 
However, this is not generally true, and expected cell frequencies 
(functions of marginal values), can be computed by an iterative 
proportional fitting procedure, and the use of a computer to aerform 
the iterations becomes necessary, For the foregoing cases which we 
term internal, and problems involving tests of external hypotheses 
on underlying populations a number of iterative computer progrw~is 
are available. They provide as output, design matrices, the obser- 
ved cell entries and thc cell estimates as well as their logarithms, 
parameter estimates, outlier values, m.d.b. statistics arid their 
corresponding significance levels, and covariance matrices of para- 
meter estimates, to assist in and simplify the numerical aspects of 
the inference. In this respect it is of interest to cite the 
following quotation from a book review by D.J. Finney i n  Journal 
Royal Statistical Society, Series A(Genera.1) Vol. 136(1973), part 

1 3 ,  p. 461, 'NO mention is made of the extent to which computers 
have destroyed the need to assess statistical methods in terns of 
arithmetical simplicity: indeed the emphasis on avoiding lengthy, 
but easily programmed, iterative calculations is remarkable". 
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ABSTRACT. The simulation of radar scattering signatures, including 
radar cross section and glint, of complex targets for use in air defense 
system simulations is a difficult and time consuming task. Although it 
is possible to develop deterministic models of the radar signature, as a 
function of the target aspect angles, it is generally not possible to use 
these models in a realtime simulation because of the computational require- 
ments involved in using such a model. Statistical and stochastical models 
of radar signatures are generally limited to the classical radar cross 
section models, although some models do include crudely correlated glint 
models as well. It is possible to describe statistically the radar scat- 
tering signature in terms of the probability density and covariance func- 
tions, but the processes generally are non-stationary, non-Gaussian, non- 
Markovian processes. Even reduction of the process to a stationary, 
Markovian, non-Gaussian process does not presently reduce the problem to 
an analytically solvable problem. The development of techniques to gener- 
ate these multidimensional random processes is needed to make more real- 
istic simulations practical. 

I. INTRODUCTION. The simulation of realistic radar signatures of 
aircraft for use in air defense (AD) system simulations is a difficult 
task, Stochastic models capable o f  representing the multidimensional 
radar signature with any realism do not exist, so complex deterministic 
models are used when realism is required. These deterministic models 
require significant computer resources in terms of both computation time 
and memory, but they can represent the nonstationary multidimensional 
signature with sufficient accuracy to make them invaluable in all digital 
simulations. The computation time requirements generally exclude deter- 
ministic models from realtime hybrid simulations, i . e , ,  those simulations 
with actual system hardware in the loop. It is for these realtime, hybrid 
simulations that realistic stochastic models are needed. 

The purpose of this paper is to present the problem with a descrip- 
tion of the process and the underlying phenomena from which it is derived. 



11. DESCRIPTION OF TKE PROBLEM 

1. General. The first step is to establish the definition and 
description of the radar signature. The elements, or parameters, of the 
signature can be addressed one at a time or in pairs to arrive at a 
statistical description of the overall process. 

The radar signature is defined to be the set of target induced param- 
eters which are measured by the observing radar(s) or which directly 
influence the radar measurements or tracking systems. These include the 
radar cross section (RCS), azimuth glint ( e n ) ,  elevation glint (e ) ,  and 

(P 
intrinsic phase (a). Other parameters, such as range glint, which are 
dependent on system mechanization will not be considered. Each of  these 
four parameters is range independent for far field conditions, which is 
assumed for simplicity. Since most of the Army AD systems are semi-active 
systems, each of these parameters must be considered twice: once for the 
ground radar, and once for the missile seeker. The signature, therefore, 
is eight dimensional. 

The problem is further complicated by the fact that these parameters 
are functions of the target aspect angles which are nonstationary functions 
of time. Figure 1 depicts the plan view of an arbitrarily selected flight 
path and Figure 2 depicts the aspect angles of a perfectly controlled tar- 
get in still air as seen from a ground radar located at the origin. (The 
+ sysbols are taken at equal time intervals.) A realistic target will 
experience random rotational (and resulting translational) perturbations 
from wind gusts and autopilot noise and response characteristics, so that 
the actual aspect angles will be a two-dimensional random process with 
averages approximately as shown in Figure 2. The nature of the random 
perturbations is a function of the assumed environment and the target 
aerodynamic and control response characteristics. 

The problem, then, is to develop a stochastic model of a nonstationary 
eight-dimensional random process, The correlations among the various param- 
eters must be malntained because they significantly affect the response of 
the AD system, It is clear that some simplifications to the problem are 
required before any attack can be made on the problem. An investigation of 
the various parts of the problem will reveal some significant simplifications. 

2. Target Signature Characteristics. The most realistic deter- 
n~inistic radar signature models are based on the N-body approach. This 
approach assumes that the signature can be assumed to be generated by N 
scatrerers or scattering centers. The components of the radar signature 
can be given by [ 11 : 



and 

where 

fli =- -x  cos Q cos ~p - cos 0 sin ( p  - z sin 0 
i Y i i 2 

(xi, yi3 z ) are the coordinates of the i - t h  sca t te rer ,  i 

S is the RCS of the i-th scatterer, 
i 

and 

ai 
i s  the phase angle associated with the i-th scatterer. 

The RCS is given in square meters, and the eg and e are given as 
iP 

errors in the apparent target position, in meters, in a plane orthogonal 
to the l i n e  of s i g h t  a t  the  target. It: has been demonstrated that the  
glint errors, e and e can be expressed as the gradients of the phase 

9 0' 
with respect to the appropriate angles [2,3]. Conversely, it i s  possible 
to compute the random component of the intrinsic phase as the integral of 
the phase gradient. 

Figures 3 ,  4 ,  and 5 depict the RCS, RCS* eg (theta component of non- 

radial power) and RCS* e (phi component of non-radial power) for a 
9, 

selected region of aspect angles for a simple mathematical model of the 
MQM-34D (BQM-34A) target  drone 1 11 for a frequency of 1 GHz. The noni 
linear nature of these £unctions is clear, but the correlation is not. 



The c o r r e l a t i o n  of  i n t e r e s t  i s  t h e  s t a t i s t i c a l  c o r r e l a t i o n .  I f  i t  i s  
assumed t h a t  t h e  a s p e c t  angles  have some s t a t i s t i c a l  r e l a t i o n s h i p s ,  i t  
i s  p o s s i b l e  t o  compute t h e  s t a t i s t i c a l  r e l a t i o n s h i p s  of  t h e  s c a t t e r i n g  
components. 

The nons t a t i ona ry  n a t u r e  O F  t h e  process  can be handled i n  a r e l a t i v e l y  
s t r a igh t fo rward  manner. S ince  t h e  average a s p e c t  angles  gene ra l l y  change 
slowly wi th  r e s p e c t  t o  t h e  random components, i t  i s  reasonable  t o  cons ider  
the  random component s e p a r a t e l y .  It i s  assumed t h a t  t h e  random components 
of t h e  aspect: ang le s  a r e  s t a t i o n a r y  Markov processes .  Th i s  i s  not: s t r i c t l y  
t r u e  bu t  t h e  lack o f  d e f i n i t i v e  measurements on a i r c r a f t  motion and t h e  
r ea l i sm  o f  t h e  r a d a r  s i g n a t u r e  models make t h e  assumption accep tab l e .  S ince  
t h e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  of t h e  s i g n a t u r e  components a r e  func t ions  
of t h e  a spec t  ang le s ,  the  s t a t i s t i c a l  c h a r a c t e r i s t i c s  o f  t h e  s i g n a t u r e  a r e  
a l s o  assumed t o  be  s t a t i o n a r y  processes  when considered from t h e  s h o r t  term 
viewpoint .  

3. S t a t i s t i c a l  C h a r a c t e r i s t i c s  oE t h e  Radar S igna tu re .  The s t a t i s -  
t i c a l  c h a r a c t e r i s t i c s  o f  t h e  radar s i g n a t u r e  of a t a r g e t  a r e  functions of  
many v a r i a b l e s ,  t w o  e s p e c i a l l y  important  ones being r ada r  frequency and 
a s p e c t  angle  s t a t i s t i c s .  Figures 3,  4 ,  and 5 were computed f o r  1 GIIz. 
The lob ing  s t r u c t u r e  i nc reases  approximately l i n e a r l y  with frequency, bu t  
the averages and va r i ances  do no t .  A Monte Car lo  t y p e  s imula t ion  o f  the  
t a r g e t  a t  a po in t  corresponding t o  H = 103.8 degrees ,  q) = 38.67 degrees  
wi th  0 and cp j o i n t l y  normal and cr = 3.07 degrees  u = 1.46 degrees ,  and 

0 rP 

"acp = 0.543 r e s u l t e d  i n  t h e  r e s u l t s  shown i n  F igu re s  6 through 11. These 

f i g u r e s  p re sen t  p l o t s  of  t h e  r a d a r  s i g n a t u r e  parameters o r  r e l a t e d  param- 
e te rs .  These p l o t s  i n d i c a t e  t h e  t ype  of  random processes  t h a t  are t o  be 
modeled. F igures  12 through 16  p re sen t  p r o b a b i l i t y  dens i ty  func t ions  of  
t h e  d a t a  i n  F igures  6 through 11 and Figures  1 7  through 20 p re sen t  t y p i c a l  
covar iance  func t ions  f o r  p a r t  o f  t h e s e  d a t a .  

Three c l a s s i c a l  s t a t i s t i c a l  RCS models a r e  of i n t e r e s t .  They a r e  t h e  
Swerl ing 1, Swerl ing 3, and log-normal. The equa t ions  f o r  t h e s e  models 
are given by: 

Swerl ing 1 

Swerl ing 3 



and log-normal 

where 

and 

Models of the nonradial  components of  power have not  been developed a t  
t h i s  time. 

The problem of b i s t a t i c  angles must a l s o  be addressed. It  can be 
shown t h a t  t h e  b i s t a t i c  s ignature  i s  bes t  approximated by the  monostatic 
s ignature  f o r  t h e  aspect  angles c,orresponding t o  those of the  b i s e c t o r  
of the  ground radar  aspect  angles and the  m i s s i l e  seeker aspect  angles  
reduced by a scale f a c t o r  which i s  a function of the  b i s t a t i c  angle. The 
covariance of t h e  RCS as a function of one ha l f  of the b i s t a t i c  angle i s  
approximately the  same shape as the  covariance of the RCS as a function 
of  t h e  aspect  angle. 

The r o l l - o f f  of RCS a s  a function of b i s t a t i c  angle f o r  t h e  MQM-34D 
drone near nose-on appears t o  be exponential i n  shape with a reduction of 
approximately 4.5 decibels  (mul t ip l i ca t ive  f a c t o r  of approximately 3) i n  
30 degrees i n  average and standard devia t ion .  

A review of t h e  known data  i s  appropr ia te  a t  t h i s  point  t o  determine 
what d a t a  a r e  missing. The first o r d e r  p robab i l i ty  densi ty funct ions  and 
covariance functions can be assumed t o  be known fo r  the  monostatic RCS 
and nonradial components of power and f o r  the b i s t a t i c  RCS and nonradial  
components of power. The covariance function o f  the monostatic and 
b i s t a t i c  RCS i s  a l s o  known. The covariance functions of  the  monostatic 
and b i s t a t i c  nonradial  components of power a r e  no t  known, but  theory and 
experiments i n d i c a t e  that f o r  the  frequencies of i n t e r e s t  and b i s t a t i c  
angles  exceeding 5 degrees, these  covariance functions can be assumed t o  
be zero. The i n t r i n s i c  phase i s  most r e a d i l y  computed as the  i n t e g r a l  of 
the g l i n t  (phase gradient)  s ince  absolute  phase i s  not important. Thus 
the s t o c h a s t i c  process i s  a c t u a l l y  reduced b a s i c a l l y  t o  a p a i r  of three-  
dimensional random processes,  w i t h  a c o r r e l a t i o n  between the monostatic 
and b i s t a t i c  RCS f o r  s m a l l  b i s t a t i c  angles. 

The f i r s t  order  p robab i l i ty  dens i ty  functions fo r  t h e  RCS w i l l  
generally be se lec ted  from one of the  th ree  c l a s s i c a l  models previously 
given. 'She probab i l i ty  dens i ty  functions f o r  the nonradial  components 
of power remain t o  be determined, a t  l e a s t  i n  a n a l y t i c a l  form. The 



covariance func t ions  appear t o  be approximately exponent ia l  f o r  t h e  ca se s  
s t u d i e d  t o  d a t e .  Analys i s  o f  o t h e r  d e t e r m i n i s t i c  models, t h e  MQM-341) 
and o t h e r  t a r g e t s ,  may i n d i c a t e  o t h e r  shapes f o r  t h e  covar iance  func t ions ,  
however. 

The nons t a t i ona ry  a spec t  o f  t he  problem can probably be handled by 
us ing  averages and va r i ances  which a r e  func t ions  of t h e  a spcc t  angles  a n d ,  
hence, of t ime ,  

That l e a v e s  one major problem a r e a ,  t h e  genera t ion  o f  a three-dimen- 
s i o n a l  random process  with non-normal p r o b a b i l i t y  dens i ty  f u ~ l c t i o n s  and 
s p e c i f i e d  covar iance  func t ions .  Techniques a r e  a v a i l a b l e  f o r  handl ing  
l i m i t e d  classes of  one-dimensional random processes  [ 4 ,  5,  63,  b u t  i t  
appears  t h a t  g e n e r a l i z a t i o n  t o  mult idimensional  p rocesses ,  except  f o r  
very  s p e c i a l  c a se s  [ 51 , has  n o t  been accomplished [ 71 . 

T I I .  CONCLUSION. Thi s  paper has o u t l i n e d  one a r e a  where t h e  mu l t i -  
dimensional random processes  a r e  needed today. No at tempt  has  been made 
t o  p re sen t  a l l  of  t h e  d a t a  necessary  t o  completely d e f i n e  t h e  problem. 
I11 f a c t ,  t h e  au tho r  i s  not  s u r e  what d a t a  are needed t o  completely de f ine  
t h e  na tu re  of the s t o c h a s t i c  p rocess  t h a t  i s  t o  be modeled. The data  
presen ted  are g e n e r a l l y  accepted  as necessary  bu t  are probably n o t  su f -  
f i c i e n t  t o  permit  complete c h a r a c t e r i z a t i o n .  
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Figure  1. Plan v i e w  o f  t a rge t  f l i g h t  p a t h .  
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PHI COMPONENT OF NONRADIAL POWER 





TfME (sec) 

AUTOCOVAR IANCE OF THETA COMPONENT OF NONRADI AL POWER 

Fisure 18. ? b r m a l i z e d  au tocovar iance  of t h e t a  corcponent o f  n o n - r a d i a l  power. 



-1.000 ----i------ "T------ *- =-I--------- 'r---- -7 ----T---7 

0.000 0.990 1 -980 2.970 3.960 4.950 5.940 6.930 7.920 8.91 0 9.900 

T lME Isec) 
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F ~ g u r e  19. ~ormaiized c o v a r i d n ~ e  o f  radar  c r o s s  secT;on and Lneid 
ComDonent nf n n n - r a d i a l  nowpy 
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F i a u r e  20. Normalized c o v a r i a n c e  o f  t he  t h e t a  and p h i  
components o f  non-radial power.  



DESIGN OF EXeERl3IENTS FOR THE WALUATION OF 
MATERIEL PERFORMANCE IN WORLDWIDE ENVIROhD!ENTS 

Bob 0.  Benn 
Waterways Exper iment S t a t i o n  

Corps o f  Engineers 
Vicksburg, M i s s i s s i p p i  

Background 

A review of r e c e n t l y  approved ~ e ~ u i r e d  Operational Capability 

(R.OC) documents reveals that the  user in the Army is requesting a 

hos t  of materiel i t e m s  w i t h  t r u l y  exceptional performance capabil i t ies .  

A good example of t h i s  trend toward m a t e r i e l  s o p h i s t i c a t i o n  can be  

found in t h e  ROC'S dealing with, intrusion detection, target-position 

l o c a t f o n ,  and t a r g e t  discrimination. It is axiomatic that t h e  more 

complex the system, the more sensitive it can be t o  i ts  operational 

I environment. Nevertheless, t h e  systenis are intended t o  func t ion  

adequate ly  i n  the majority of worldwide t e r r a i n  or environmental 

condi t ions .  

The Test Methodology Directorate, U. S. Amy Test and  Evaluation 

Cammand (TECOM), has recognized f o r  some t i m e  tha t  adequate t e s t i n g  

px-ocedures are not avai lable  f o r  comprehensive evaluat ion of materiel 

of the type discussed  i n  the preceding paragraph. To a large extent, 

the inadequacy results because empir ica l  tests t o  e v a l u a t e  materiel  

items are conducted in a specific (and only a limited number o f )  

t e r r a i n  o r  environmental cond i t i ons ;  yet those test r e s u l t s  must be 

extrapolated to w o r l d w i d e  conditions if the  evaluations a r e  t o  be' 



conclusive. A s  part of TECOM's endeavor to  Improve i t s  test and evaluation 

capab i l i ty ,  the U. S. Army  Engineer Waterways Experiment Sta t ion  (WES) 

was  asked t o  develop test  guidance and a n a l y t i c a l  procedures t h a t  could 

b e  used t o  ex t rapo la te  t o  worldwide environments the  results obta ined  i n  

t e s t s  w i t h  unattended sensors  and mines i n  s p e c i f i c  terrains. 

I n  general ,  the problem t o  be addressed was t h e  development 

of guidel ines  f o r  designing an experiment i n  which t h e  items could be 

evaluated t o  determine i f  they w i l l  function above the minimum opera t ing 

criteria stated i n  the ROC. Conventionally, the chief object ives  of 

experimental des ign  are to :  

a. Arrange t h e  experiment so t h a t  t h e  e f f e c t s  of changing - 

each re levan t  condit ion o r  f a c t o r  can be r e a d i l y  measured 

independent of the effects of changing the other  condi- 

tions and of experimental er ro r .  

b.  Obtain a valid est imate of e r r o r  appropr ia te  f o r  assessing - 
independently o r  s y n e r g i s t i c a l l y  t h e  s t a t i s t i c a l  s ign i f i cance  

of t h e  e f f e c t s  of the  f a c t o r s  considered. 

c .  Enable the e f f e c t s  to b e  measured w i t h  the required accuracy. - 
Normally, the experiment i s  arranged so  tha t  one (or at most two 

or three) of the f a c t o r s  or  condit ions which are known t o  be s i g n i f i c a n t  

are varied incremental ly while a l l  others are held constant .  This 

permits t h e  e f f e c t s  of those f a c t o r s  t o  be determined, but  only as 

independent variables, Such a procedure does - not permit the evaluation 

of the effects of a l l  of the  relevant f a c t o r s  acting i n  concert ,  y e t  

that i s  invariably the way they a c t  when the device is i n  opera t ional  



use. Nor does this procedure make any p rov i s ion  f o r  t he  r e c o g n i t i o n  of 

the  f a c t o r s  which are no t  known t o  be  s i g n i f i c a n t  at t h e  beginning of 

t h e  experiment or t e s t .  I n  general, c lass ica l ly-des igned  experiments  

respond t o  this situation only  by inc reas ing  t h e  experimental error. 

The economic a spec t  of experimentat ion cannot be emphasized 

coo s t r o n g l y .  Inductive inference from experimental  d a t a  is  subject 

t:o e r r o r  t h a t  can b e  q u a n t i f i e d  with mathematical statistics; therefore, 

n measure of accuracy i s  ob ta inab le .  I n  practice, it is  necessary t o  

cons ider  the c o s t  of ob ta in ing  a par t i cu la r  accuracy and a t  what stage 

t h e  c o s t  of ob ta in ing  increased accuracy i s  too great. 

Energv E m l o i t a t i o n  

Materiel items that are used f o r  i n t r u s i o n  d e t e c t i o n ,  target-position 

l o c a t i o n ,  and t a r g e t  d i sc r imina t ion  must con ta in  senso r s  that f u n c t i o n  

by e x p l o i t i n g  a wide range of energy propagat ion forms, such as seismic, 

r icoust ic ,  magnetic,  e lec t romagnet ic ,  e t c .  I n  gene ra l ,  an i t em i s  

deslgned t o  e x p l o i t  t h e  energy  generated by a t a r g e t  of m i l i t a r y  i n t e r e s t .  

7,10 be  exp lo i t ed ,  t h e  generated energy must: b e  propagated from the t a r g e t  

t:o the sensor .  The in format iona l  concent of t h e  propagated energy, i . e .  

t:he in format ion  a t  the senso r ,  i s  a c t e d  on by t h e  s i g n a l  processor (i.e. 

t h e  l o g i c )  of the m a t e r i e l  i t e m .  The gene ra t ion  of energy i n  a l l  the 

various forms is a f f e c t e d  by i n t e r a c t i o n  of the genera tor  ( t a r g e t )  and 

the  environment, and the e n e r g y  wave form i s  f u r t h e r  affected by the 

n r c c t i t t m  through which i t  propaga tes .  Every l a r g e  r eg ion  of t h e  wor ld  

cbshihi ts  n wide  va r i e t y  of t e r r a i n  cond i t i ons ,  each  of which may change 



the character of the wave in one or more ways. If the wave is changed to 

a form which the sensor logic has not been designed to "recognize," the 

sensor will not respond. 

The implication of the above is that to design an adequate 

experiment to evaluate the  item's performance, i ts  interactions with 

the operational environment must be understood quantitatively. Prerequisite 

to this understanding is an identification (and quantification) of the 

factors of the environment that control or significantly influence the 

interactions. Thus, two major experimental design steps emerge: 

(a) modeling the item-terrain interaction and (b) quantification of 

the test environment. 

Materiel Item Design 

The design of advanced hardware often requires use of specialized 

technology, and most designs emerge from defense contractors, who may 

have proprietary rights to software and procedures they have developed. 

Because of idiosyncrasies in the  design pracedures, the contractors 

o f t e n  optimize the device for certain environments. Unfortunately, 

testers may not be aware of this because they may not have access to 

critical information on the rationale and procedures used to develop 

the item's design. Furthermore, the as-built specifications are not 

always provi.ded to the test agency. It is the testes's duty to be 

skeptical, and to try to stress the item in a manner analogous to actual 

use  conditions. 

The difficulty in implementing this duty can best be explained by 

designing an experiment for the evaluation of a s p e c i f i c  i t e m .  For 



this discuss ion a seismic sensor that is r equ i r ed  to discribinate 

among classes of targets is chosen. I n  t h i s  case it is  instructional 

t o  consider t h e  problems of designing sensor  l o g i c  t ha t  can discriminate 

among targets. 

The difficulty i n  designing such a se i smic  sensor l ies  i n  the 

fact that sensor l o g i c  must be capable  of iden t i fy ing  se i smic  s i g n a l  

features t h a t  are consistently associa ted  w i t h  a particular target, 

r e g a r d l e s s  of t e r r a i n  or target condit ions.  This generalized problem 

breaks down i n t o  th ree  components: (a) the inadequacy of t h e  techniques 

a v a i l a b l e  for extracting design criteria, (b) the i n h e r e n t  variability 

of seismic signals, and (c) the inadequacy of available seismic data. 

The most popular  method of developing design criteria consists of 

extracting candidate signal c h a r a c t e r i s t i c s  from an empirically generated 

data base.  Br ie f ly ,  the steps are as follows: 

a. Establish signature design data base. This step involves - 

measuring s igna tu re  data from targets of i n t e r e s t  operat ing 

a t  various speeds and in various terrain conditions. 

b. Digitize the  data and s e p a r a t e  them i n t o  two batches.  -- 

c. Select candidate discriminating features measurable from - 

the time- or frequency-domain s i g n a l s .  Examples include 

ratios of energy in selected frequency bands, Fourier 

coefficients, number of zero crossings, peak-to-peak 

r a t i o s ,  root: mean square va lues  of s e l e c t e d  frequency 

ranges, mean values of selected f requency ranges ,  etc.  

1 .  H c . ~ s u r c  candida te  fea tu res  from one batch of t h c  s i g n a t u r e  
.. . 

dnra. 



e. Carrelate features with target c l a s s e s .  Multiple corre- - 

l a t ian  techniques are used in this step to identify the most 

persistent features and relate them to target classes. 

f. Test the correlation derived in step 2, This step - 

involves t e s t i n g  the model against the second batch o f  

signature data not used i n  the development of the model. 

The resu l t s  are often shown as a probability of  c l a s s i -  

fication by target class. 

Because these techniques must rely on a finite number of samples, 

they do not ensure that the l o g i c  will function for all s i tuat ions  i n  

the t o t a l  signature population, i . e .  the data base may not have statistical 

representativeness. As a point of fact, a statistically valid data base 

may be exceedingly difficult to define. If the  des ign  data base is 

inadequate, the adequacy of resulting sensor design is subject to 

question. 

Evaluation Test Design 

Variables  t o  b e  considered 

Because the design technique is sub jec t  to s t a t i s t i c a l  p r o b a b i l i t y ,  

the problem facing the test designer becomes one a£ developing a scheme to 

establish the perfanuance envelope of the sensor, i.e. demonstrate under 

what operational and environmental conditions the sensor will and will 

not meeL the design speci f icat ions  as stated i n  the  ROC. Conventional 

empLrical t e s t  procedures in themselves are wholly inadequate t o  define 

the performance envelope of a sensor capable a£ d i sc r imina t ing  among 

targets. For example, consider a sensor  designed to discriminate among: 



a. Tracked vehicles - 
b. Wheeled vehicles 
+ 

c. Plan o r  men - 

d .  Rotary a i r c r a f t  - 

e. Fixed-wing aircraft - 

f .  Noise - 
To decide the number of test in te rac t ions  required t o  p o s i t i v e l y  define 

the  sensor's performance envelope, the sources of variance in the signal 

c'haracteristics (which are correlated with target class) must be examined. 

Within a given target class ,  such as tracked vehicles, a number of types 

exist ,  e,g. the MI13 personnel c a r r i e r ,  the M60 tank, etc.  Since the  

var ious  types w i t h i n  a class do not have i d e n t i c a l  engines,  d r ive  trains, 

suspensions, etc,, it is very reasonable to assume that values for specif ic  

signal characteristics ( i . e .  within a given terrain and at: a given distance 

from the source) will n o t  n e c e s s a r i l y  be the same for each type of tracked 

vehicle. Thus, some variance in the values of signal c h a r a c t e r i s t i c s  

occurs  because a l l  tracked vehicles are not  the  same. 

A similar, but more subtle, variation in the values of s p e c i f i c  

signal characteristics may occur because all members of a particular type 

of target within a class may not  have exac t l y  identical characteristics. 

Z'or example, all M113 tracked personnel  carriers cer ta in ly  have s imi la r  

power s u p p l i e . ~ ,  drive trains, suspensions, etc.; however, their physica l  

c:haracteristics (such as s p r i n g  constants,  effective horse power, weight, 

t!tc.) n~ay n o t  be i d e n t i c a l .  because of inherent variability in the manu- 

I.acturSng of the. vehic le  and t h e  d i f f e r e n t  degrees of wear and h i s t o r i e s  



A t h i r d  factor, and perhaps one of the more impor tan t ,  i s  the 

I 
influence of t e r r a i n  cond i t i ons  on t h e  va lues  f o r  the signal c h a r a c t e r i s t i c s  

f o r  a g iven  member of a s p e c i f i c  target type and w i t h i n  a s p e c i f i c  

target class. Three gene ra l  phenomena must be  considered:  

a. Generation of t h e  s igna l .  - 
b. Influence of surface and subsur face  conditions on s i g n a l  - 

c h a r a c t e r i s t i c s .  

c. Influence of s u r f a c e  f e a t u r e s  (topography) on s i g n a l  - 

c h a r a c t e r i s t i c s .  

It must be emphasized that the i n f l u e n c e  of s u r f a c e  and subsur face  

cond i t i ons  on s i g n a l  c h a r a c t e r i s t i c s  is a func t ion  of distance from t h e  

source  i n  many cases .  Thus, t h e  in f luence  of the t e r r a i n  can be complex 

indeed. 

The generation of seismic s i g n a l s  is a complex process  and 

depends pr imar i ly  on t h e  t a r g e t  and the te r ra in  cond i t i ons  on which the 

t a r g e t  superimposes an inpu t  stress. When the t a rge t  is  moving, i t  is 

r e a c t i n g  t o  the i r r e g u l a r i t i e s  i n  the s u r f a c e  05 the t e r r a i n ,  and a s  a  

f u n c t i o n  of time i s  pas s ing  onto and over  a var iety of t h e  s u r f a c e  

i r r e g u l a r i t i e s .  The t a r g e t ,  such as  a v e h i c l e ,  w i l l  r e a c t  i n  va r ious  

ways t o  d i f f e r e n t  s i z e s  and shapes of s u r f a c e  i r r e g u l a r i t i e s  and 

therefore w i l l  produce variations i n  the generated s i g n a l s  as a func t ion  

of t i m e .  I n  addition t o  this t imelgeometry problem, the s i g n a l  gene ra t ion  

process is  affected h y  the subsur face  t e r r a i n  conditions; the coupl ing  of 

energy i n t o  t h e  terrain materials by the t a r g e t  i s  not: the same for all 

subsurface  rcrrain conditions. Tllus, the c h a r a c t e r i s t i c s  of the generated 



s i g n a l s  can  vary because of the variations in the energy coupling phenomena 

in d i f f e r e n t  subsurface materials (both configurations and properties). 

The effects of both the s u r f a c e  irregularities and the subsurface 

characteristics are complicated by a n o t h e r  variable, the speed of 

travel of the target. Thus, the variation in the generated signal 

due to surface and subsurface effects may have an additional component 

of variation with changes in target speed. 

In addition to a consideration of signal generation, it is necessary 

to examine signal propagatfon. Once energy is coupled to the medium, 

i t  propagates away from the source in various modes. A s  t h e  signals 

propagate, the terrain materials through which they travel alter the 

frequency and amplitude characteristics of the s i g n a l s  by a c t i n g  as a 

filter. The filtering effect of the terrain materials is a function of 

distance, thus variance in measured signal characteristics can occur  (for 

a given target)  because of d i f f e r e n t  terrain conditions and as a function 

of the d i s t a n c e  from rhe source at which the s i g n a l s  are measured. 

Furthermore, surface irregularities come into play again, i.e. the 

signals propagating near the surface may be altered by reflection, 

refraction, and conversion from one propagation mode to another as a 

result of the interaction of the signal and the surface irregularities. 

An additional source of variation occurs if terrain conditions change 

between the source and rhe point of measurement, Thus, va r ia t ions  in 

tcrrni.11 codditlons in general are the cause of many sources of v a r i a t i o n  

i n  mc~iisurr?il s Lgnnl f eatttres. Another complication can be  added hy n o t i n g  

tliat ul,lny t e r r a i n  parameters, such as soil moisture content and s o l 1  



strength, may v a r y  cons iderably  ( i . e .  a t  one p o s i t i o n )  because af changes 

i n  seasonal  o r  c l i m a t i c  phenomena (e.g. rainfall, f r e e z i n g ,  e t c . ) .  

Other sources of v a r i a n c e  i n  signal c h a r a c t e r i s t i c s  exist, such  as 

t e s t i n g  o r  measurement errors; however, e l a b o r a t i o n  on t h e s e  t o p i c s  is 

beyond t h e  scope of t h i s  d i scuss ion .  The cogent ques t ion  t o  be answered 

is: How can t h e s e  sources  of variance i n  s ignal  c h a r a c t e r i s t i c s  (upon 

which t h e  sensor  des ign  is predicated) be i s o l a t e d  and t h e i r  effects be 

accounted for i n  a test program t o  e v a l u a t e  the performance of the sensor? 

E m p i r i c a l  eva lua t ion  

I f  t h e  assumption i s  made t h a t  t h e  eva lua t ion  can be  mqde by 

empirical t e s t i n g ,  i t  is p e r t i n e n t  t o  examine the influence of the many 

sou rces  of va r i ance  on t h e  number of tests r equ i r ed .  I n  any empi r i ca l  

s tudy  ir is  necessary t o  c o l l e c t  s u f f i c i e n t  data t o  define t h e  v a r i a t i o n  

of a g iven  variable under a s p e c i f i e d  se t  of cond i t i ons .  For example, 

the seismic response (i.e. t h e  amplitudes and f r equenc ie s  of t h e  s e i smic  

s i g n a l )  af a spec i f ic  M113 tracked v e h i c l e  has some d i s t r i b u t i o n  f o r  a 

g iven  set  of terrain and test condi t ions .  Since t h e  i n i t i a l  estimates 

of va r i ance  va lues  are not readily available, s t a t i s t i c a l  theory cannot 

be used t o  c a l c u l a t e  the number of tests necessary  t o  achieve  an adequate  

eva lua t ion .  For t h i s  reason,  a somewhat cursory analysis must be made 

by l i s t i n g  the r e l e v a n t  v a r i a b l e s  and e s t ima t ing  the number of combinations 

of v a r i a b l e s  t h a t  must be t e s t e d .  

A s  stated ea r l i e r ,  bo th  s u r f a c e  and subsur face  terrain cond i t i ons  

:~Sfr+ctr t h c  &ene ra t ion  and propagat ion of seismic energy. Fu r the r ,  

these cond i t i ons  (L.e. s u r f a c e  and subsurface) are. dynamic phenomena that 



are closely related to soil mois ture  content .  Also, the seismic signals 

arc affected by the propagating medium as a function of range. L e t  it 

be assumed rhat  the e n t i r e  spectrum of t e r r a i n  surface condi t ions  of 

interest can be r ep re sen t ed  by 10 s p e c i f i c  s i t u a t i o n s ,  and the spectrum of 

subsurface terrain cond i t i ons  of i n t e r e s t  can be  limited t o  100 s p e c i f i c  

condi t ions .  Since bo th  surface and subsurface cond i t i ons  are dynamic 

phenomena t h a t  a r e  closely r e l a t e d  t o  mois ture  content, let us assume 

that five d i f f e r e n t  situations (e.g. f ive mois ture  condit ions,  etc.) 

can occur .  Also, l e t  us  assume we need measurements a t  10 d i s t a n c e s  

f'roni t h e  target t o  the source. In  t h e  extreme, but cons ider ing  only  

these fac tors ,  the number of p o s s i b l e  combinations t h a t  must be t e s t e d  

ns a s t r i k i n g  50,000. 

I f  t h i s  were not bad enough, cons ider  t h e  fac t  that  i t  is 

necessary t o  def ine  the v a r i a b i l i t y  i n  t h e  s igna l  c h a r a c t e r i s t i c s  

t h a t  may occur f o r  an i n d i v i d u a l  t a r g e t  of a specific type  (e.g. a 

s p e c i f i c  M113). To do t h i s  l e t  us assume the  need f o r  f ive  r e p e a t  

ttrials. Also, s i n c e  a l l  individuals may no t  react the same, let us 

test five i n d i v i d u a l s  of each  t a r g e t  type wi th in  each  t a r g e t  c l a s s .  

I n  a d d i t i o n  t o  t h i s ,  i t  must be remembered t h a t  there a r e  numerous 

t ypes  within each c l a s s ,  say five. Finally, we are deal ing  with s i x  

classes of targets. When a l l  of these combinations are cons idered ,  

thc resultant number of combinations (or  required f i e l d  t e s t s )  could 

t o t a l  37,500,000. Clearly, t h i s  is not  a v iab le  s o l u t i o n ,  e i ther  

technically o r  economically,  and an a l t e r n a t i v e  approach mus t  be sought .  



h p i r i c a l - t h e o r e t i c a l  evaluation 

Perhaps the  most v i a b l e  solution c o n s i s t s  of a balanced experimental  

and t h e o r e t i c a l  program. In  t h i s  approach, wel l -cont ro l led  empirical 

tests are conducted to ensure  that t h e  hardware Eunctlons, i .e. i t  meets 

ruggedness and longev i ty  s p e c i f i c a t i o n s  and t h e  electrical c i r c u i t s  work. 

Equally important, the empi r i ca l  t e s t s  demonstrate how t h e  device works 

in a specific set of test conditions. 

In the t h e o r e t i c a l  po r t ion  of t h e  program, r e a l i s t i c  simulation 

models are used t o  es thate  how t h e  device  would func t ion  i f  the various 

t e r r a i n  and target factors  were var ied  throughout the  range of in teres t ,  

The deficiency i n  apply ing  the balanced approach c e n t e r s  a r o ~ n d  the  f ac t  

that  s imu la t ion  models adequately d e s c r i b i n g  sensor performance as  a 

funct ion of target and environmental conditions are not  r e a d i l y  a v a i l a b l e .  

Further, for p r a c t i c a l  a p p l i c a t i o n s ,  they  must be formulated such t h a t  

they accept unique and measurable target  and environmental factors. 

Although d i f f i c u l t ,  formulation of adequate  s imu la t ion  models is bo th  

p o s s i b l e  and p r a c t i c a l .  To i l l u s t r a t e ,  t h e  fo l lowing  paragraphs b r i e f l y  

describe a seismic sensor performance model developed at the WES. Also 

presented  are examples of how wel l  the signals pred ic t ed  w i t h  the  model 

compare w i t h  measured s i g n a l s  from man-walking and vehicle t a r g e t s .  

Also, presented ate examples of how t h e  signals change as a function 

02 terrain cond i t i ons .  



WES Seismic Sensor Performance Model 

?'he s imu la t ion  process  - 

The seismic p r e d i c t i o n  cha in  f o r  the s imu la t ion  process  developed 

a t  t h e  WES i s  shown i n  fig. 1. Stress s i g n a l s  are predicted by t h e  

va r ious  i n t r u d e r  models (e.g. f o o t s t e p  and wheeled and tracked vehicles) 

f o r  t h e  fo rces  app l i ed  t o  t h e  ground media as the i n t r u d e r  travels over 

it. The stress s i g n a l s  are used by t h e  microseismic signal model t o  

compute microseismic signals. The rnicraseismic s i g n a l s  are a p p l i e d  t o  

t h e  s e i smic  sensor model, which i s  used t o  compute senso r  response  as a 

f u n c t i o n  of s i te  and target properties. The s imu la t ion  models are 

described i n  d e t a i l  in the WES r e p o r t  e n t i t l e d  "Effects of Environment 

on Microseismic Wave Propagat ion Characteristics i n  Support of SID 

Testing at F o r t  Bragg, N. C. ;  Report 2 ,  Comparison of Summer- and Winter- 

Season Condit ions,"  by T. L. Engdahl and H. W. West, soon t o  be published. 

It should be noted t h a t  the model s imu la t ing  the  senso r  can be i n  

the  form of a mathematical t r a n s f e r  func t ion ,  o r  the p red ic t ed  signal 

can be input via magnetic tape d i r e c t l y  i n t o  the senso r  i t s e l f .  For 

t h i s  reason the  senso r  does not n e c e s s a r i l y  have to be modeled,  and t h e  

c r i t i c a l  l i n k  i n  t h e  s imu la t ion  process  i s  rhe p red ic t ion  of the seismic 

s lgnn l .  Fig. 2 demonstrates  how w e l l  t h i s  can be accomplished f o r  a 

s l g n n l  r e s u l ~  tng from a Footstep.  The two s e t s  of measured curves  

(rigs. 2a and 2b) arc f a r  the same walking man a t  t h e  same Fort Rragg, 

N .  C . ,  s i t e ,  h u t  the second set ( f i g .  2b) was recorded n i t e r  a heavy rain 

some 10 days later than t h e  f i rs t  ( f i g .  2a). In the s o i l s  at F o r t  Drsgg 

(predominantly sand) ,  t h e  f o o t s t e p  signals have approximately t h e  same 



amplitude and frequency content  i n  both t h e  w e t  and t h e  dry conditions. 

This i s  n o t  necessarily the c a s e  f o r  a l l  s o i l s ,  b u t ,  under this situation 

an in t e rmed ia t e  cond i t i on  ought t o  show roughly the s a m e  s i g n a l  character- 

ist ics.  The pred ic t ed  signals ( f i g .  2c)  are f o r  such an  intermediate 

condition; the s u r f a c e  r i g i d i t y  data f o r  the f o o t s t e p  model were c o l l e c t e d  

a s h o r t  t i m e  after bo th  sets of f o o t s t e p  s ignal  measurements were taken, 

when the s o i l  mo i s tu re  content was in t e rmed ia t e  t o  before- ra in  and after- 

rain condi t ions .  It can be seen that the  p red ic t ed  signals have wave 

Forms with c h a r a c t e r i s t i c s  (amplitude, frequency content, and signal 

d u r a t i o n )  similar to those  i n  both sets  of measured signals. 

Measured and predicted signals from Fort: Bragg for an M151 jeep 

at 32 b / h z  are compared i n  f i g s .  3 and 4. The measured and p r e d i c t e d  

time-domain signals i n  fig. 3 show very  good agreement a t  ranges of 50, 

100, 150, and 200 m. For t h i s  p a r t i c u l a r  set of p r e d i c t i o n s ,  the s i g n a l s  

are p r i m a r i l y  genera ted  by t h e  suspension as t h e  jeep  t r a v e l s  cross-country.  

I f  t h e  v e h i c l e  had been traveling much s lower o r  t r a v e l i n g  over a smooth 

s u r f a c e ,  t h e  suspension component would b e  reduced and the  se i smic  signal 

would r e v e a l  the  engine signal components. Both t h e  predominan~ frequency 

and t h e  amplitudes are reduced as the range increases. This  i s  shown 

m o r e  clearLy i n  the f requency-dornain s i g n a l s  f o r  the same t e s t  ( f i g .  4 ) .  

As the range increases, the high-frequency s i g n a l  components arc rrduced 

i n  anlplitude a t  a much g r e a t e r  rate than  the low-frequency components. 

This causes the peak in the spectrum to reduce in ampli tude and s h i f t  

t o  lotrer f reqrtencies. 

The terrain i n p u t s  required f o r  the man-walking t a r g e t  p r e d i c t i o n s  

ilre: ccrmpress Lon s p r i n g  consrants  (k ) and d e f l e c t i o n  a t  m a x i m u m  
S ,c 



;bearing capac i ty  (Z ) obta ined  from pla te - load  tests; and thickness (T) , 
m a x  

compression wave velocity (V ), shea r  wave v e l o c i t y  (V ), of t h e  v a r i o u s  
P S 

s o i l  layers as def ined  by se i smic  r e f r a c t i o n  surveys ,  and s o i l  w e t  

density (p).  Normally good comparison of p red ic t ed  and measured s i g n a l s  

can be  obta ined  i f  on ly  the first and second layers  are cons idered .  In 

a d d i t i o n  t o  t h e  s u r f a c e  parameters  ( i . e .  k and Z ) discussed  above 
S , c  max 

f o r  a man-walking t a r g e t ,  a s u r f a c e  geometry p r o f i l e  is requi red  as a n  

input  t o  both the wheeled and tracked v e h i c l e  models. Subsurface data 

(i .e.  T, Vp, V ) and p )  requirements  are i d e n t i c a l  t o  t h a t  required f o r  
S 

making a p r e d i c t i o n  f o r  the s i g n a l  from f o o t s t e p s .  

Ex t r apo la t ion  of test r e s u l t s  

Ex t r apo la t ion  of test r e s u l t s  t o  environmental cond i t i ons  o u t s i d e  

the test area is accomplished by vary ing  the environmental f a c t o r s  

discussed i n  the preceding paragraph. For example, va r ious  combinations 

of the f a c t o r s  r e p r e s e n t i n g  s o f t  s o i l ,  f i r m  s o i l ,  and f rozen  ground a r e  

shown i n  f i g s .  5, 6, and 7. Pred ic t ed  time- and frequency-domain s i g n a l s  

f o r  a man-walking target a t  a range of 5 m is shown i n  f i g .  8. These 

cxamples (which cover a wide range of s o i l  cond i t i ons )  show that t h e  

p a r t i c l e  v e l o c i t y  amplitude f o r  the f rozen  ground is about two o r d e r s  

o f  magnitude (from 20 to . 2  cm/sec x less than that for the s o f t  

soil. Also, the energy i s  propagated a t  higher f requencies  as the s o i l  

rigidity increases. 

Fig. 9 shows predicted r e s u l t s  f o r  a Soviet l i g h t  tank (PT76) 

(111 the same t e r r a i n  renditions as  i n  t h e  man-walking p r e d i c t i o n s .  

l'hc s p e e d  of the v e h L c l ~  i s  5 mph, and it i s  a t  a range of 75 m from 

the sensor .  Thcse p l o t s  show d rama t i ca l ly  how t h e  shape  of wave forms 



from a vehicle depends on terrain condi t ions .  A s  w i t h  f o o t s t e p  s i g n a l s ,  

thc ampl i tude  dec reases  w i t h  soil rigidity. Also, the dominant frequency 

increases  with s o i l  r i g i d i t y .  

Conclusions - 

It must be recognized that t h e  various t e r r a i n  and t a r g e t  parameters 

can combine so  as t o  have a synergistic e f f e c t  on t h e  r e s u l t a n t  wave 

forms; t h e r e f o r e ,  many combinations of terrain factors must be  evaluated. 

The WES sensor performance models use algorithms t h a t  can be  solved 

e f f i c i e n t l y ;  t h e r e f o r e ,  they provide a means f o r  gene ra t ing  a re la t ive ly  

large number of predic t ions  a t  a law u n i t  cos t .  Work i s  now h e i n g  d i r e c t e d  

toward devislng a l i s t i n g  o r  ma t r ix  of terrain factors to provide  a da ta  

base fo r  the comprehensive evaluation of any seismic sensor.  It i s  felt 

t h a t  t h i s  balanced approach, i.e. balance between empirical t e s t i n g  and 

t h e o r e t i c a l  e x t r a p o l a t i o n ,  can be d i r e c t l y  a p p l i e d  t o  the e v a l u a t i o n  of 

many items of advanced ma te r i e l .  
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SHORT PULSE TESTING OF EEDs 

AND 

THE BRUCETON PROBLEM 

Ramie H .  Thompson 
The Frankl in  I n s t i t u t e  Research Labofa tor ies  

and 

Burton V .  Frank 
Nuclear Engineering Di rec to ra t e  

P i c a t  inny Arsenal 

1. INTRODUCTION 

The au thors  have r e c e n t l y  completed t e s t s  of t h e  s h o r t  pu l se  response 

01' some electroexplosive devices .  The primary r e s u l t s  were eva lua ted  

us ing  t h e  c l a s s i c a l  e l ec t roexp los ive  device s t a t i s t i c a l  t echniques .  This 

paper desc r ibes  t h e  t e s t  equipment and technique i n  some d e t a i l .  Hopefully,  

enough de t a i l  t o  allow t h e  reader t o  g e t  a f e e l i n g  f o r  t h e  accuracy of 

t h e  techniques and y e t  not  bore him completely.  I n  any case t h e  s e c t i o n  

desc r ib ing  t h e  s t i m u l i  and t h e i r  genera t ion  can be skipped without  any 

g r e a t  l o s s  of knowledge about t h e  c e n t r a l  ques t ion  we wish t o  r a i s e .  That 

ques t ion  i s  s t r a igh t fo rwasd .  A r e  t h e  commonly used s t a t i s t i c a l  techniques 

of e l ec t roexp los ive  eva lua t ion  adequate f o r  t h e  use t o  which we put  t h e  

information generated by these techniques? 

The au thors  suspec t  that t h e  p r e s e n t l y  used techniques a r e  t h e  b e s t  

of a bed lot-the r e s u l t  o f  economic and t h e o r e t i c a l  compromise-and f rankly  

seek sugges t ions  f o r  improvement o r  a l t e r n a t e  techniques.  

2 .  BACKGROUND 

The Applied Physics Laboratory of The Frankl in  I n s t i t u t e  Research 

Labora tor ies  has been involved wi th  t h e  evaluation of t h e  DC m d  RF (both  

pulsed and continuous wave) responses of Elec t roexplos ive  Devices (EED's) 

for about twenty years. Recently an i n t e r e s t  i n  t h e  response of EED's t o  

very slrort durationlhigh amplitude e l e c t r i c a l  s t i m u l i  has been prompted by 

rncc.m about possible Electromagnet ic  Pu l se  (EMP) i n t e r a c t i o n s  with EEC's . 
'Ille o r i g i n a l  work w e  pel7formed i n  t h i s  f i e l d  used damped s i n u s o i d a l  s t imul i  

bu t  intercnt has s h i f t e d  t o  t h e  more e a s i l y  produced and con t ro l l ed  rec- 

tmgular  pulse shape. A 1 1  of t h e  work discussed  here  u ses  t h e  s h o r t  rec- 

tangular pulse an t h e  basic EED s t i m u l i .  

107 



How s h o r t  i s  a s h o r t  pu lse?  W e  have conducted extensive t e s t s  us ing  

25 n s ,  50 n s  and 100 ns pu l se s  but  pul$e l e n g t h s  can be  increased  without  

t r o u b l e  t o  about 10 microseconds. The primary advantage of our  spec i a l i zed  

pu l se  supplying equipment i s  t h e  a b i l i t y  t o  monitor our  high ampli tude 

s t i m u l i  and responses  without  i n t e r f e rence .  t 

Conventional type twin lead  EED's can be i n i t i a t e d  by two ways: 

(1) Pass ing  c u r r e n t  through t h e  br idgewire ( t h e  convent ional  f i r i n g  
mode) and 

(2) Appl ica t ion  of a h igh  vo l t age  between t h e  p i n s  of t h e  EED and 
t h e  meta l  ca se .  

Our p u l s e  gene ra t ing  equipment can supply s h o r t  p u l s e s  t o  t h e  EED i n  

e i t h e r  of t h e s e  f i r i n g  modes. Figure  1 shows a t y p i c a l  high c u r r e n t  s h o r t  

d u r a t i o n  pu l se  appl ied  t o  the bridgewire of a convent ional  t ype  ho t  wi re  

EED. The o s c i l l o s c o p e  t r a c e s  shown he re  have been t r a c e d  from t h e  a c t u a l  

o s c i l l o s c o p e  photographs. Note that the waveform on t h e  l e f t  shows t h e  

c u r r e n t  thourgh t h e  br idgewire of the EED and t h e  waveform on t h e  right 

shows t h e  v o l t a g e  a c r o s s  t h e  br idgewire.  The t i m e  scale is t h e  same on 

both photographs and t h e  i n d i v i d u a l  sweeps s t a r t  a t  t h e  same time. 

Figure  2 shows a high v o l t a g e  s h o r t  p u l s e  app l i ed  t o  t h e  pin-to-case 

f i r i n g  mode of an EED. Note t h a t  t h e  c u r r e n t  Is very l o w  and t h a t  t h i s  

is  as soc ia t ed  w i t h  a  "no-fire" response of the  EED. Th i s  c u r r e n t  i s  t h a t  

which a c t u a l l y  flows between the p i n s  and t h e  c a s e  of t h e  EED dur ing  t h e  

vo l t age  p u l s e  app l i ca t ion .  

F igu res  3 and 4 show s imp l i f i ed  equivalent c i r c u i t  schematics f o r  the 

pin-to-pin and pins-to-case s h o r t  p u l s e  t e s t i n g  equipment con f igu ra t ions  

and Figure. 5 i s  an o v e r a l l  schematic f o r  the a c t u a l  system. 

 he s h o r t  pu l se  genera t ing  equipment is  descr ibed  i n  great detail i n  
"Pins-to-Case Short  Pulse S e n s i t i v i t y  S tud ie s  f o r  the A t l a s  PC Switch," 
FIW report I-C3410 produced f a r  Picatinny Arsenal .  

+ 
Most of the m a t e r i a l  i n  t h i s  s e c t i o n  i s  taken d i r e c t l y  from "Short Pulse 
Tes t ing  of EED's," a paper by R .  H. Thompson given a t  t h e  8 th  Symposium 
on Explooives & Pyrotechnics  a t  The F rank l in  I n s t i t u t e ,  P h i l a . ,  P a .  i n  
Feb. 1974. 
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Figure 2. H igh  Voltage Square Wave Applied t o  an EED Pin-to-Case Impedance 
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In ope ra t ion  t h e  equipment i s  used i n  t h i s  o rde r :  (Refer to 

Figure  5). 

1 )  Adjust t h e  h igh  vo l t age  supply f o r  t h e  d e s i r e d  vo l t age  and 
p o l a r i t y .  This  charges t ransmiss ion  l i n e s  1 and 2 through 
the  l a r g e  r e s i s t o r s  R1 and R2 .  

2) The c l o s u r e  of pushbutton P ene rg i zes  t ime de lay  r e l a y  K2 f o r  
approximately 2 seconds. 

3) Relay K2 ene rg i zes  t h e  40 KV vacuum relay K1 f o r  2 seconds,  

43 As t h e  c o n t a c t s  of K begin t o  c l o s e  they  even tua l ly  reach a 1 
po in t  where t h e  charged t ransmiss ion  l i n e  ( l i n e  2) a r c s  t o  t h e  
movable c o n t a c t  of K1. This  a r c  e f f e c t i v e l y  connects  t r a n s -  
mission l lne s  2 and 3 toge the r .  This switching action i s  
roughly equivalent t o  t h a t  of a p e r f e c t  swi tch  so  we approximate 
t h e  t h e o r e t i c a l  s i t u a t i o n  of a charged t ransmiss ion  l i n e  connected 
in s t an t aneous ly  t o  a load .  

5 )  The e lec t romagnet ic  d i s tu rbance  caused by t h e  switching propagates  
from t h e  relay c o n t a c t s  i n  two d i r e c t i o n s :  bo th  through l i n e  3 
toward t h e  i n s e r t i o n  u n i t  and back through l i n e  2 toward R2. 
R is chosen t o  be very  large i n  r e l a t i o n  t o  t h e  50 ohm charac- 2 
t e r i s t i c  impedance of l i n e  2 s o  tha t  i t  approximates an open 
c i r c u i t .  The i n s e r t i o n  u n i t  con ta ins  a series o r  p a r a l l e l  
r e s i s t o r  such that  t h e  impedance looking  toward t h e  EED i s  
about 50 ohms. For pin-to-pin tests t h e  i n s e r t i o n  u n i t  con- 
tains a 50 ohm r e s i s t o r  i n  series. For pin-to-case tests a 
55 ohm p a r a l l e l  r e s i s t o r  i s  u s u a l l y  used. In general the choice  
of impedance i n s u r e s  t h a t  t h e  system behaves as i f  l i n e  2 i s  
open c i r c u i t e d  a t  t h e  R end and loaded w i t h  50 ohms a t  t h e  2 
r e l a y  end. Th i s  choice  r e s u l t s  i n  a t h e o r e t i c a l l y  r ec t angu la r  
vo l t age  a c r o s s  t h e  inpu t  impedance t o  t h e  i n s e r t i o n  u n i t .  The 
a p t i t u d e  of t h e  pu l se  i f  t h e o r e t i c a l l y  one-half t h e  DC charging 
vo l t age  and i t s  d u r a t i o n  is  twice  t h e  one way de l ay  t i m e  of 
l i n e  2.  

6 )  The damped r ec t angu la r  s t imu lus  i s  coupled through a t e f l o n  f i l l e d  
coax ia l  c a b l e ,  through t h e  T&M monitor ,  through t h e  t e f l o n  f i l l e d  
c o a x i a l  firing mount and t h u s  t o  t h e  EED. 

7 )  The vo l t age  and c u r r e n t  f o r  the  EED are monitored by t h e  T&M 
monitor and coupled t o . t h e  o s c i l l o s c o p e  by f a i r l y  s h o r t  c o a x i a l  
cab lea .  The traces of the scopes are photographed on high speed 
f i lm.  

Note t h a t  t h e  block diagram shows s e v e r a l  components i n  an o i l  ba th .  

The o i l  used is  s tandard  t ransformer o i l .  It e l i m i n a t e s  corona d i scha rge ,  

and i t s  resulting i n t e r f e r e n c e ,  from t h e  system. The meta l  cans shown i n  

t h e  block diagram are cons t ruc ted  t o  completely conf ine  t h e  e lec t romagnet ic  



noise  due t o  t he  a r c  a t  t h e  switch. Note t h a t  t h e  only connections between 

t h e  shielded volume containing t h e  arc and t h e  outs ide  volume containing t h e  

osci l loscopes  i s  through the  300 f e e t  of RG 14/11, thourgh t h e  300 f e e t  of 

shielded Twinax o r  though t h e  vol tage  and current  monitor cables.  Noise on 

t h e  monitor cables  i s  a r e a l  per turbat ion t o  our measured s i g n a l s  and it: w i l l  

be displayed on t h e  scope as it should be. The other  type of no i se  t h a t  would 

normally a f f e c t  our osc i l loscopes ,  due t o  d i r e c t  coupling between t h e  a r c  

and t he  scopes, does not  show on our  photographs because it  must, i n  our 

system, prapagate a t  l e a s t  t h e  length af the  RG 14/11 and/or the  Twinax 

before it can i n t e r a c t  with t h e  scope. T h i s  takes enough tfme t h a t  our 

photography is  f in ished and t h e  scopes have f in ished their sweep long before 

t h e  no i se  a r r i v e s .  We thus get  clean pictures of t h e  a c t u a l  vol tage  and 

current  across  the  load. 

The two metal sh ie ld ing cans shown i n  Figure 5 d i f f e r  i n  construction.  

The can t h a t  contains B2 i s  a modified one gal lon pa in t  can. The sh ie ld  

l i n e  1 i s  soldered 360 degrees t o  t h e  bottom of t h e  can which it penetra tes .  

The l i d  of t h e  can i s  penetrated by l i n e  2 and t h i s  shie ld  i s  also soldered 

360 degrees. In  use R i s  soldered i n  place with t h e  l i d  almost closed,  the  2 
can i s  f i l l e d  w i t h  o i l ,  t he  l i d  closed and the can submerged i n  an o i l  bath.  

The can containing r e l a y  K1 is a modified 50 c a l i b e r  a m u n i t i o n  can. The 

can has both input  and output connectors. They a r e  Teflon insu la ted ,  General 

Radio, 50 ohm connectors. RF gasketing mate r i a l  has been applied t o  the 

l id/body mating l i n e .  The overcentered c losure  device thus makes a good RF 

j o i n t  when t h e  can i s  closed. The shie ld  of t h e  twin lead relay control  

cable  i s  360 degree soldered where i t  penetra tes  the can. Line 2 is dressed 

with a Teflon insulated connector on the  end opposite  t h e  pa in t  can l i d .  

This connector mates with the input connector on the ammo can. In use the  

can with i ts  input connector is  submerged i n  an o i l  bath. The output con- 

nector  I s  shove t h e  o i l  level. 

Note Lhat l i n e  2 is constructed w i th  a paint  can l i d  soldered a t  one 

end and n connector a t  t h e  other end. The length of t h i s  l i n e  con t ro l s  

t h e  p u l s e  length  of the  o v e r a l l  system. We have constructed l i n e s  giving 

25, 50 and 100 nanosecond pulses and w i t h  the arrangement described above 

we can s u b s t i t u t e  one f o r  another in about f ive minutes, 



The T&M monitor contains a shunt 506 ohm voltage divider  and a 0.051 ohm 

series r e s i s t o r  f o r  current  monitoring. The voltage divis ion r a t i o  is  98.6:l 

and the  output impedance is 50 ohms. The voltage output of t he  T&M monitor 

is  coupled through six feet of 50 ohm l i n e  t o  23 dB of General Radio 50 ohm 

pads. These pads are i n  turn  connected through f i v e  f ee t  of 50 ohm cable 

t o  a shunt 50 ohm load a t  t he  input t o  the voltage monitoring 454 Tektronix 

oscil loscope.  The current  monitoring output of the T&M monitor (which i s  

across t he  0.051 s e r i e s  r e s i s t o r )  i s  connected by 24 feet of 50 o h  cable 

t o  t he  input of t he  current  monitoring scope. This input i s  a l so  shunted 

by a 50 ohm load. The current monitoring scope i s  external ly  tr iggered 

by the  voltage monitoring scope's sweep gate  s igna l  through a six foot  50 ohm 

cable .  The voltage monitoring scope is  internally t r iggered by t he  voltage 

input.  The cable lengths a r e  c r i t i c a l  (within a f e w  f ee t )  f o r  proper time 

r e l a t i on  of the  voltage and current .  

The 98.6:l voltage divider  and the 23 dB pad r e s u l t  i n  an equivalent 

def lect ion fac tor  f o r  the voltage monitoring scope of: 

St imulus 
Vol t s / D i v i  s i o n  

Scope 

Vol t s / D i v i  s ion  

The 0.051 current  monitoring s e r i e s  r e s i s t o r  r e s u l t s  i n  an equivalent 

deflection fac tor  f o r  t he  current  monitoring scope of 

Stimulus 

Amps/Division 

Scope 

Vol t s / D i v i  s i o n  



Since t he  reading of the  osc i l loscope p i c t u r e s  can seldom be d o n e  t o  

better than 5% accuracy the  c a l i b r a t i o n  f a c t o r s  above are rounded o f f  i n  

the  quotat ion of scope d e f l e c t i o n  f a c t o r s .  Thus w e  give 40 amperes p e r  

d i v i s i o n  f o r  an a c t u a l  39.2 ampere p e r  d i v i s i o n  f a c t o r  and we quote 2800 

v o l t s  per  division f o r  an a c t u a l  f a c t o r  of 2786 v o l t s  per .d iv i s ion ,  etc. 

The scopes a r e  ca l ib ra ted  agains t  t h e i r  i n t e r n a l  vol tage  standards 

and the system monitoring equipment i s  ca l ib ra ted  (or  checked) by connecting 

a 50 ohm load on t h e  end of t h e  T&M monitor and observing t h e  magnitude 

of voltage and cur ren t  indica ted .  During t h i s  check the  hor izon ta l  posi- 

t i on ing  con t ro l s  of the  scopes are adjusted so  t h e  pulses  begin a t  t he  same 

place  on t h e  scope faces .  This  f a c i l i t a t e s  comparison of t h e  vol tage  and 

current  photographs. 

Considerable short rec tangular  pulse  t e s t i n g  has been done on the  At las  

Squib Switch. Figure 6 shows a cutaway view of t h e  o v e r a l l  switch and 

Figure 7 shows a disassembled switch. Most of our t e s t i n g  wae done on t h e  
I I plug" alone. This  subasaembly i s  indica ted  i n  Figure 6. 

4.  SOME RESULTS 

Figure 8 i s  a represen ta t ive  set of t r a c e s  of a  25 nanosecond pin-to-pin 

Bruceton test f o r  t h e  Atlas Squib Switch plug.  I f  we assume t h a t  t h e  bridge- 

wire r e s i s t a n c e  i s  constant  dur ing  the  test (and i t  seems l i k e l y  from study 

of the voltage trace i n  F igure  8) w e  can c a l c u l a t e  f i r i n g  energies.  Figure 9 

compares the  mean f i r i n g  energies  fo r  var ious  o ther  Brucetons with t h a t  de- 

termined by our 25 ns t e s t .  Note that the means a l l  roughly compare. This 

r e s u l t  p o i n t s  t o  t h e  fact that t h e  pin-to-pin response t o  s h o r t  pu l ses  is  

i n  keeping wtth t h e  t heo ry  appl icable  t o  longer pulses  and t h a t  no new phe- 

nomena are evidenced i n  t h i s  shor te r  time regime. 

Figures 10and l l show double exposure results of high vol tage  pin-to-case 
I I ~ h o r t  pulse t e s t s  on t h e  Atlas Squib Switch. Both photos show a normal no- 

f i r e "  response wi th  very small cur ren t s  and a " f i r e "  response t h a t  clearly 

shows breakdown and a l a r g e  pin-to-case current .  A considerable number of 

such photos shows tha t  pin-to-case i n i t i a t i o n  i s  a phenomena that takes 
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p lace  on a nanosecond t i m e  s c a l e .  Severa l  de te rmina t ions  of t h e  energy 

de l ive red  t o  t h e  breakdown impedance have been made. The minimum energy 

determined t o  date  i s  about 25,000 e r g s  but  mare work i s  obviously neces- 

s a r y  t o  determine t h e  minimum energy necessary  f o r  i n i t i a t i o n .  W e  f e e l  

t h a t  continued work i n  t h i s  a r e a  could l ead  t o  a much b e t t e r  understanding 

of o v e r a l l  pin-to-case f i r i n g  c h a r a c t e r i s t i c s  of e l e c t r o e x p l o s i v e s .  

5 .  THE BRUCETON AND THE PROBLEM 

Figure  12 shows the  computer ou tput  from a no t  a t y p i c a l  Bruceton* 

c a l c u l a t i o n  us ing  the s h o r t  pu l se  d a t a .  Note t h a t  w e  compute the  Bruceton 

s t a t i s t i c s  using bo th  the " f i r e s "  and t h e  "no f i r e s "  and then  average t h e  

results. The confidence l e v e l s  a r e  computed us ing  t h e  average data. The 

computer program i s  w r i t t e n  i n  For t r an  I V  and can produce 95% o r  90% con- 

f i dence  l e v e l s  a t  choice.  It can a l s o  produce t h e  same s o r t  of ou tput  

as shown i n  Figure 12 f o r t h e  I%, 99% l e v e l s  and t h e  lo%, 90% l e v e l s .  

Other l e v e l s  can of course  be obtained but  w e  would need t o  change t h e  

program cards s l i g h t l y .  

The m o s t  common use  of t h e  no- f i r2  (i,e. 0.1%) p r o b a b i l i t y  l e v e l s  

as determined by the Bruceton test  procedure i s  a s  an a b s o l u t e  s a f e t y  

l e v e l .  For example many radio frequencylEED s a f e t y  analyses u s e  the  

0.1% power l e v e l  ( w i t h  95% conf.) of a r a d i o  frequency Bruceton test as 

t h e  abso lu t e  maximum of power t h a t  can be coupled t o  the EED and have the  

overall system considered s a f e .  Other ana lyses  add a s a f e t y  f a c t o r  by 

d i v i d i n g  the  no f i r e  level  by two or ten. In  any event  a s e n s i t i v i t y  

test tha t  p r e d i c t s  a no-fire l e v e l  t h a t  is  c o n s i s t e n t l y  lower than  t h e  

a c t u a l  tends t o  err an t h e  conserva t ive  o r  safe s i d e .  

Our end uses of the  Bruceton r e s u l t s  mentioned i n  t h i s  r e p o r t  were 

Eor t he  e s t ima t ion  of "no-fire" l e v e l s .  We have used t h e  0.1% l e v e l  (with 

*The "Brucaton" test w e  r e f e r  t o  i s  a test of t he  type  descr ibed  i n  " S t a t i s -  
tical Analysis f o r  a New Procedure i n  S e n s i t i v i t y  Experiments," a r e p o r t  
submitted by t h e  Statistical Research Group, Pr ince ton  Un ive r s i t y ,  t o  the  
Nat iona l  Defense Research Committee J u l y  1944 .  



95% confidence) as this no-five level .  

Our primary questions about the application of the Bruceton in this 

manner are two : 

1) How does the error in the determination of the test levels influence 
the Bruceton results? 

2) Is the Bruceton test procedure a useful tool in this application 
or are there other more "optimum" techniques? 
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ABSTRACT. The de tec t i on  op t im iza t i on  problem can be reduced t o  
simple terms, even though the  s p e c i f i c  technology used may be sophis- 
t i ca ted .  Bas ica l l y ,  the t a r g e t ' s  response s igna l  and i t s  con t ras t  t o  
background i s  t o  be maximi zed and i t  should provide as unique a  s i g -  
nature as possib le.  The f i r s t  two experimental cond i t ions  opt imize  
t a r g e t  v i s i b i l i t y ;  t he  l a t t e r  minimizes f a l s e  s igna ls .  I n  o the r  words, 
the  o b j e c t i v e  i s  t o  opt imize  the  measure o f  a  detec t ion  system's per-  
formance - the de tec t i on  e f f i c i e n c y  and t a r g e t  speci f i  c i t y  . 

This paper provides a general ized ana lys is  o f  de tec t i on  e f f i c i ency  
op t im iza t i on  i n  a  system which measures a spec t ra l  response o f  a  t a r g e t  
i n  a cons is ten t  background. The spect ra l  response i s  assumed t o  be a 
Gaussian shaped enhancement mixed w i t h i n  a un i fo rm background. The 
analys is  re1 ated s igna l  i n t e n s i t y ,  s igna l  t o  background r a t i o ,  back- 
ground determinat ion e r r o r ,  e f f i c iency  and s p e c i f i  c t t y .  Opt imiza t ion  
of the  s i  gnal w i  ndow w id th  and dec is ion  thresh01 d  are const ra in ing  con- 
d i t i o n s .  Calculated r e s u l t s  and the  r e l a t i v e  s e n s i t i v i t y  o f  each o f  
these parameters w i  11 be presented. This analys i  s  provides %he de tec t i on  
sys tem designer w i  t h  the  i nformat i  on needed t o  spec i f y  c r i  ti ca l  parameters 
o r  t o  p r e d i c t  the performance o f  a  given system. 

1  . INTRODUCTION. Another t i t l e  f o r  t h i s  paper could be "A Pedes- 
tri an's Approach t o  Detec t i  on Theory". Being ne i  t h e r  a  s t a t i  s  ti c i  an n o r  
fam i l  i a r  w i t h  the  s t a t e - o f - t h e - a r t  i n  de tec t i on  theory, I have developed 
an approach t o  de tec t i on  op t im iza t i on  i n  a way which makes sense t o  me 
and would 1 i ke t o  share w i t h  you. 

The approach t o  t a r g e t  de tec t i on  which we are going t o  consider i s  
intended t o  be p r a c t i c a l  i n  na ture  and i s  i n  some respects model dependent. 
For c l a r i t y ' s  sake on ly  a simple b u t  somewhat general ized case w i  11 be 
described. Many o f  the  cons t ra in ing  assumptions may be e a s i l y  changed t o  
b e t t e r  approximate a  p a r t i  cu l  a r  technique w i t h  re1 a t i  ve l y  simple modi f i  - 
cat ions  t o  the ana lys is .  

The essence of  t a r g e t  de tec t i on  i s  the  accurate determinat ion o f  
whether o r  n o t  a t a r g e t  i s  w i t h i n  the f i e l d  o f  view o f  a de tec t i on  system 
- of ten under cond i t ions  i n  which the s igna l  i n t e n s i t y  i s  q u i t e  1  i m i  ted. 
This e n t a i l s  t a i l o r i n g  the de tec t i on  system so as t o  maximize the  v i s i b i -  
1 i t y  of the t a r g e t  and p rov id ing  dec is ion  l o g i c  which maximizes the  pro- 



b a b i l i  t y  o f  c o r r e c t l y  cueing on a t a r g e t  wh i l e  min imiz ing the  i n t roduc -  
t i o n  o f  f a l s e  cues. This i n  t u r n  assumes t h a t  the  detec t ion  system provides 
a b ina ry  response, A cue i s  given i f  a t a r g e t - l i k e  s ignature  i s  detected, 
otherwise no cue i s  given. We assume t h a t  t h i s  dec is ion  must be rendered 
i n  a s i n g l e  pass over  the  t a r g e t  and based e n t i r e l y  on the  response o f  
a s i n g l e  detec tor .  

I n  actual  de tec t ion  scenarios an o b j e c t  which simulates a t a r g e t  may 
be encountered, thereby induc ing a f a l s e  s igna l  . Because the d e s c r i p t i o n  
of t h i s  c lass o f  f a l s e  s igna ls  i s  c l o s e l y  l i h k e d  t o  the  s p e c i f i c  technique 
used, i t  w i l l  n o t  be fu rkhe r  considered here, b u t  r a t h e r  assumed t o  be an 
i s o l a t e d  problem t o  be considered by t h e  de tec to r  designer. Another source 
o f  f a l s e  s igna ls  i s  spurious cueing due t o  s t a t i s t i c a l  f l u c t u a t i o n s  i n  the  
de tec to r  response. We assume t h i s  t o  be the  predominant cons idera t ion  i n  
op t im iz ing  detec t ion  s p e c i f i c i t y  . 

The model we w i l l  consider  i s  t h a t  o f  a t a r g e t  which emits e i t h e r  
spontaneously o r  by s t i m u l a t i o n  a c h a r a c t e r i s t i c  spec t ra l  s ignature  , 
which i n  t u r n  i s  measured i n  one pass by the  detec tor .  The reconst ruc ted 
spectrum may look  something 1 i k e  Figure 1. I t  would be composed of a 
background and a s igna l  whose c e n t r o i d  i s  a t  a known p o s i t i o n  i n  the  spec- 
trum. The t a r g e t  emission o r  de tec to r  response i s  assumed t o  be quantized 
o r  quantizable, thus the  spec t ra l  i n t e n s i t y  on t h i s  graph i s  de f ined as 
the number o f  counts, N, corresponding t o  t h e  detected quanta, per  i n t e r v a l  
i n  the  spec t ra l  parameter, x, such as counts per  energy, wavelength, o r  
t ime of a r r i v a l .  Quant ized data i s  p a r t i c u l  a r l y  convenient f o r  computer 
processing, which t h i s  ana lys is  lends i t s e l f  t o .  We w i l l  assume t h a t  both 
s igna l  and background count f l  uctuat ions w i t h i n  an i n t e r v a l  obey Gaussian 
s t a t i s t i c s  w i t h  one standard dev ia t i on  corresponding t o  the  square r o o t  o f  
t h e  number o f  counts w i t h i n  the i n t e r v a l .  Such Poisson f l u c t u a t i o n s  are  
adequately approximated by Gaussian s t a t i s t i c s  i f  the  number o f  counts i s  
la rge.  I n  add i t i on ,  t h e  background shape i s  assumed p red ic tab le  so t h a t  the  
background under t h e  s igna l  can be i n f e r r e d  by normal iz ing  the  counts i n  a 
pure background p o r t i o n  o f  t h e  spectrum. For simp1 i c i  ty the background i s  
assumed f l a t  i n  t h e  reg ion o f  t h e  s i g n a l  so t h a t  t h e  s igna l  shape i s  n o t  
d is torkdd.  The s igna l  i s  assumed t o  have a Gaussian shape. This i s  a good 
approximation i n  many cases, p a r t i c u l a r l y  i f  the  o r i g i n a l  s igna l  w id th  i s  
much l e s s  than the  detec t fon  system reso lu t i on ,  so t h a t  i t  i s  smeared i n t o  
the  Gaussian shape. 

k. MODEL SPECIFICATION. Figure 2 i l l u s t r a t e s  some o f  t he  bas ic  
parameters we w i l l  need, The r e s o l u t i o n  o f  many systems i s  de f ined i n  
terns o f  the f u l l  w id th  a t  h a l f  maximum. For a Gaussian, one standard 
d e v i a t i o n  i s  s l i g h t l y  narrower than t h e  h a l f  w id th  a t  h a l f  maximum and a 
ha1 f - b i n  w id th  parameter, xg , remains t o  be calaulated.  This parameter 
defines the upper and lower bounds o f  t he  opt imal s igna l  wf  ndow,. The s i g -  
na l  which f a l l s  w i t h i n  t h i s  window i s  c a l l e d  S. This window corresponding- 
l y  def ines the  amount o f  background which i s  co l l ec ted ,  B. So and B, a re  







i n t e r n a l l y  ca l cu la ted  numbers, s ince they are a  func t i on  o f  XB ,a c a l -  
cu l  ated parameter. I n  order  t o  e x t e r n a l l y  spec i f y  the  s igna l  and back- 
ground we Bhould s e l e c t  exper imental ly  meaningful d e f i n i t i o n s  . S O  
accordingly i s  de f ined as the  toha1 s igna l  counts i n  the  e n t i r e  Gaussian, 
and B; i s  t he  background counts w i t h i n  the  FWHM i n t e r v a l  o f  t h e  s i g n a l .  

The de tec t i on  system i s  designed t o  cue when the  t o t a l  counts w i t h i n  
the window exceeds a  c e r t a i n  threshold.  The th resho ld  should be as much 
above the  background as poss ib le  f o r  good s p e c i f i c i t y  - t o  avo id  cueing 
on s t a t i s t i c a l  f l u c t u a t i o n s  - and below the t o t a l  s igna l  p lus  background 
fo r  good de tec t i on  e f f i c i e n c y .  We can w r i t e  t h i s  

where u i s  t h e  number o f  standard dev ia t ions  above the  background and 
o i s  t i e  corresponding parameter below t h e  s igna l  p lus background. Note 
t f i a t  t h e  0 ' s  are  t h e  number o f  standard dev ia t ions  and n o t  the  standard 
dev ia t i on  i t s e l f .  

The e r r o r  on the  background i s  more than j u s t  the  s t a t i s t i c a l  e r r o r .  
There i s  a l so  a  determinat ion e r r o r ,  s ince B must be i n f e r r e d .  Thus the  
compl e t e  expressions f o r  a standard devi a t i o n  are  

--T T 1 = B + 0  G A B  
s - 

T,=S+B-ere k + B + A B ~ '  

where AB i s  t he  determinat ion e r r o r .  I n  a c t u a l i t y  T1 = T2 which i s  the  
de tec t i on  threshold,  T, and i t  i s  opt imized when both o ' s  are  maximized. 

The speci f i  c d e t e c t i  an problem determines the  re1 a t i  ve importance o f  
e f f i c i e n c y  and s p e c i f i c i t y .  This r a t i o  i s  designated, K ,  t he  s igna l  &C 
background r a t i o  i s  p , and 6 i s  t h e  r a t i o  o f  background measurement e r r o r  
t o  s  t a t i  s  ti c a l  e r r o r .  

u 
K = e  

us 

Mak3ng these s u b s t i t u t i a n s  and s e t t i n g  T, = T, we ob ta in  t h e  fo l lowing 
expression. 



Since the  a ' s  are t o  be maximized t h e  expression $ should be minimized. 

The s igna l  i s  w r i t t e n  as a f u n c t i o n  o f  t he  spect ra l  parameter x 
whose o r i g i n  i s  assumed t o  

So i s  t h e  t o t a l  s igna l  counts and as before  x i s  the  Gaussian's w id th  
expressed as one standard dev ia t ion  and i s  approximately 42 percent  of 
t he  f u l l  w id th  a t  h a l f  maximum. 

1 

x. = y (FWHM) , y = (8  an 2)-' = 0.42 

To prov ide general ized dimensionless var iab les  we de f ine  z ei x y x ,  and 
def ine A as the d e f i n i t e  i n t e g r a l  o f  t he  Gaussian. 

n 

This expression can be numer ica l ly  approximated by an i n v e r t e d  polynomial 
ser ies .  The signal can then be w r i t t e n  

where z i s  t h e  h a l f  s igna l  window width.  An exper imenta l ly  convenient 
way t o  sxpress t h e  background i s  as counts per  FWHM i n t e r v a l .  We have 
designated t h i s  B o ,  so the  background w i t h i n  the  s igna l  windew, B, i s  

This r e f l e c t s  the assumption t h a t  the  background i s  f1 a t .  Thus, the 
signal  to background rat1 o 



Now w i t h  these expressions fo r  S and p ,  @ becomes a constant times 
4 '  , a reduced minimizat ion func t ion .  

where 

Note t h a t  a l l  var iab les  are dimensionless and t h a t  z i s  a f u n c t i o n  on ly  
o f  the  th ree i n p u t  parameters, K ,  p,, and 13. B 

3 .  MODEL SOLUTION. The complexity o f  the expression f o r  4 '  doesn ' t  
lend i t s e l f  t o  an a n a l y t i c  s o l u t i o n  o f  i t s  d e r i v i  t i v e s  t o  determine t h e  z 
corresponding t o  i t s  minima. Thus i t e r a t i v e  s o l u t i o n  by computer i s  used. 
A program, GREgP, has been w r i t t e n  t o  run on the  MERDC CDC 6600 t o  calcu-  
1 ate z . Some o f  these r e s u l t s  are summarized i n  F igure 3. Here r i s  
n o t  dieplayed - r a t h e r  z ~ / ~ ,  where y = 0.42, i s  contoured on a vbrsus 
K p l o t  i n  which the background i s  assumed w e l l  known. I f  13 > 0 the op- 
t ima l  w id th  decreases s l i g h t l y .  Note t h a t  a window wid th  approximately 
20 t o  30 percent above the  s igna l  FWHM i s  i n  mapy cases opt imal . The 
nex t  quest ion i s  how s e n s i t i v e  i s  the  choice o f  zB? Figure 4 shows t h a t  
i t  i s  r e l a t i v e l y  i n s e n s i t i v e .  Changes o f  20 percent  induce a decrease i n  
the  u ' s  o f  l e s s  than 2 percent.  Two extreme cond i t ions  among those I have 
ca lcu la ted  w i t h  B = 0 a re  shown and are q u i t e  s i m i l a r .  I f  6 > 0 then the  
trough narrows s l i g h t l y .  Once zg i s  determined several o the r  parameters 
can be ca l  c u l  ated. 

F rac t i on  o f  So w i t h i n  window = 2 A(zg) 

Optimal window wid th  as f r a c t i o n  o f  FWHM = 2zg/y 

Re la t i ve  Gaussian amplitude a t  window boundary = e 

The actua l  s igna l  t o  background r a t i o  w i t h i n  the  window i s  p, 





el- 



The opt imal th resho ld  t o  background r a t i o ,  T, a l s o  fo l l ows  a f t e r  a l i t t l e  
a r t t hmet i  c. 

These dimensionless r a t i o s  are  shown p l o t t e d  i n  F igure 5 f o r  the  case 
i n  which B 0. The lbhreshol dlbackground r a t i o ,  r ,  i s  p l o t t e d  versus 
t h e  measured signal/background r a t i o ,  p .  A fam i l y  o f  curves can be 
drawn f o r  each e f f i c i e n c y l s p e c i f i c i  ty r a t i o  parrameter, K .  The i n p u t  p, 
i s  alee shown. As B increases the  opt imal th resho ld  a l so  increases, as 
expected i n  o rde r  t o  move i t  f u r t h e r  from the  less  w e l l  known background. 

Up t o  t h i s  p o i n t  a l l  parameters have been dimensionless r a t i o s .  I f  
we now spec i f y  So, B o ,  u , o r  u - a l so  dimensionless b u t  n o t  independent 
numbers since p, and K h i v e  bee6 s p e c i f i e d  - then the others can be calcu- 
1 ated. For example, given various s igna l  l e v e l s ,  So counts, corresponding 
t o  expected t a r g e t  emission i n t e n s i t i e s ,  t he  background per FWHM, t h e  0 ' s  

and t h e  s igna l  and background w i t h i n  the  window fo l l ow .  

The opt imal  threshold,  f a l s e  s igna l  probabi 1 i ty  due t o  s t a t i s t i c a l  f l  uc- 
tua t ions ,  and the  t a r g e t  de tec t i on  e f f i c i e n c y  can now be calculated.  





False s igna l  p r o b a b i l i t y :  1  per  1 
1/2 + A(u ) 

S 

Target de tec t i on  e f f i c i e n c y  = 112 + A(a,) 

4. RESULTS. Figure 6 i s  a p o r t i o n  of the  p r i n t o u t  from GREgP f o r  
t h e  case i n  which B = 112,  K = 1/2, and p, = 1. Those var iab les  which 
were p rev ious l y  assigned a  syrrbol , have t h a t  symbol w r i t t e n  i n  here. Note 
p a r t i c u l a r l y  the  fa1 se s igna l  frequency due t o  s t a t i s t i c a l  f l u c t u a t i o n s  
and the detec t ion  e f f i c i e n c y  as they vary w i t h  t o t a l  s igna l .  A s igna l  o f  
200 counts produces almost 100 percent  e f f i c i e n c y  and e s s e n t i a l l y  a com- 
p l e t e  l a c k  of spurious fa lse  s igna ls .  Such r e j e c t i o n  i s  s u r e l y  much b e t t e r  
than the fa lse  s igna l  r a t e  due t o  t a r g e t  s imu la t i on  i n  most scenarios. 
GREPP generates a f o u r  dimensional m a t r i x  o f  cond i t ions  spanning some o f  
the  most 11 k e l y  values o f  the i n p u t  parameters, so t h a t  cross comparisons 
can be performed. 

Several r e l a t e d  problems have n o t  been considered i n  t h i s  paper, such 
as the  extension o f  t h i s  ana lys is  t o  non-quantized i n p u t  and t h e  problem 
o f  c o l l e c t i n g  data c o n t i n u a l l y  r a t h e r  than processing one sample a t  a  t ime. 
The p r i c e  p a i d  t o  achieve continuous converage i s  t h a t  o f  n o t  knowing the  
t ime domain i n  which the  t a r g e t  i s  viewed, thus somewhat h ighe r  s igna l  count 
ra tes  are  requ i red  t o  y i e l d  the  same performance as w i t h  a  s t a t i c  conf io -  
gurat lon.  Other mod i f i ca t i ons  such as m u l t i p l e  ta rge ts  each w i t h  a d i s t i n c t  
s ignature,  mu1 t i p l e  s igna ls  from a s i n g l e  t a r g e t  and n o n - f l a t  backgrounds 
a re  r e l a t i v e l y  simple extensions o f  t h i s  ana lys is .  

5. GAUSSIAN- ,,RESPONSE FUNCTION. To d igress a b i t ,  one may t h i n k  t h a t  
a weight ing f u n c t i o n  which matched the  response func t i on  would provide a 
b e t t e r  window t o  f i l t e r  o u t  t h e  s igna l  . That i s  t o  say t h a t  t h e  0's would 
be l a r g e r  i f  the window were Gaussian weighted than i f  weighted by a box 
funct ion as we have done. 
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Not ice the  Gaussian weight i s  n o t  normalized t o  u n i t  area s ince t h i s  
would unnecessari ly at tenuate the  s igna l  . A Gaussian weighted Gaussian 
s igna l  can be seen here t o  y i e l d  a detected s igna l  o f  71 percent o f  t he  
t o t a l  s igna l  and a s igna l  t o  background o f  about 2 1 3 ,  see Figure 7. 
Both values are l e s s  than t h a t  o f  the p rev ious l y  presented GREflP c a l -  
cu la t i on ,  86 percent and .69, respec t i ve l y .  Only when p, and K are l a r g e  
and 13 i s  small , does p exceed p , which drops t o  .55 under the  wors t  
condi t ions;  b u t  under these cond i t ions  over  95 percent o f  t he  s igna l  i s  
processed. Under a1 1  s i t u a t i o n s  ca l  cu l  ated the  processed s igna l  i s  1 a r -  
ger. Thus i f  there  i s  a  b e t t e r  f i l t e r i n g  func t i on  than t h a t  used, i t  i s  
n o t  Gaussian i n  shape. 

6 .  SUMMARY, Much of what I have discussed i s  r e l a t e d  t o  communi- 
c a t i o n  theory. But  no t  be ing f a m i l i a r  w i t h  the  i n t r i c i e s  and s u b t i  l i e s  
of t h i s  f i e l d  I have s t a r t e d  from scratch,  i n  a  detec t ion  format, assuming 
the  s igna l  i s  d i g i t a l  and have kept  t h e  approach as convenient f o r  a p p l i -  
c a t i o n  as poss ib le .  The i n p u t  parameters f o l l o w  n a t u r a l l y  from t h e  detec- 
ti on condi t i o n s .  For exampl e  , B ( t he  re1 a t i  ve background determi na8Pon 
e r r o r )  f o l  lows from t h e  de tec to r  c h a r a c t e r i s t i c s  , K ( t he  re1 a t i v e  impor- 
tance o f  e f f i c i e n c y  t o  s p e c i f i c i t y )  from t h e  nature o f  the  de tec t i on  pro-  
blem and po ( t he  s igna l  t o  background r a t i o )  from the  t a r g e t  charac ter is -  
t i c s .  The opt imal th resho ld  can then be determined d i r e c t l y  s ince i t  i s  
p ropor t i ona l  t o  t h e  background w i  t h  a p r o p o r t i o n a l i t y  constant  T , which 
can be ca lcu la ted  once B ,  K and p, are known. 

Another p r a c t i c a l  example i s  the  determinat ion o f  the  minimum s igna l  
i n t e n s i  ty,which y i e l d s  the  des i red  de tec t i on  c h a r a c t e r i s t i c s  - t h a t  i s  
the fa l se  s igna l  r a t e  and detec t ion  e f f i c i e n c y .  O r  t he  inverse i n  which 
a  g iven s igna l  i n t e n s i t y  i s  a v a i l a b l e  and i t  i s  desired t o  determine how 
t o  bes t  opt imize performance. Given t h e  range or parameter values which 
cons t ra in  h i s  system, the  designer can t rade o f f  one f o r  t h e  o the r  t o  ob- 
t a i n  the  best  performance w i t h  the  weakest s i g n a l .  Thus i f  noth ing  e l s e  
t h i s  approach t o  t a r g e t  v i s i b i  1  i ty  and de tec t i on  dec is ion  op t im iza t i on  
provides the desigher w i t h  an organized approach t o  improvement o f  h i s  
detection system. 







OPTIMIZING A PRODUCTION LINE 
FOR COST AND QUANTITY 

Eileen M. R. Weigand 
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.Frankford Arsenal, Philadelphia, Pennsylvania 

ABSTRACT. A t  various times in the production life of any manufacturing 
equipment, it is desired to optimize one or more outputs o f  the production 
machinery. Such outputs might be cos t  per round, number of pieces produced 
per minute or system reliability. Variable, but controllable, factors can 
influence the measured outputs. In the SCAMP program, the operatinq R P M  of 
the equipment and the length of the running time between repairs and pre- 
ventive maintenance may seriously affect the outputs stated above. 

A statistically designed experiment will be used to generate mathemati- 
cal equations. These equations will then be used to  predict the effects 
which operating rate and time between equipment shut-down will have on 
operating cost and pieces produced. 

The results w i l l  be used to establish the operating and mainteilance 
policies for the SCAMP production lines. Since each output may be optimized 
by different values of rates and time, the machinery may well be operated 
and maintained differently in peacetime than in a state of full mobilization. 

Response surface techniques will be utilized to generate the mathemati- 
cal equations. The equations will then be used to establish the operating 
and maintenance policies based on the factor to be optimized. Moreover, 
thk response surface equations should then be used tbrouqhout the life 
cycle of the production equiment to monitor the machinery for deviations 
from the original conditions which may indicate a need for major repair 
and/or replacement. 

1. INTRODUCTION. At the present time, new generation equipment 
designed to automate the 5.56mm munition production l i n e  is now entering 
its f i n a l  stages o f  development. The equipment consists of a group of sub- 
modules connected in series which, when integrated, shall be k a m  as the 
"SCAMP" production module. 

The Ssall Caliber Ammunition Modernization Program consists of a 
Case Submodule which manufactures brass cartridge eases. These cases, 
in turn, are fed into the Primer Insert Submodule which inserts the primer 
charge into the base of the brass case. At the same time, the Bullet 



Subrcodule manufactures the copper bullet which is mated t o  the primed 
and charged brass case by the Load and Assemble Submodule. The finished 
munds of ammunition are then prepared for shipping by the Packaging 
Submodule. The entire operation is completely automated and computer 
cwltrolled . 

The s ~ o d u l e s  are composed of high speed rotary turrets linked 
by a continuous transfer mechanism. The twenty-four station turrets 
are designed for rapid tool changes and offline repairs. These turrets 
axe also designed to operate at a maximum speed of  fifty revolutions per 
minute. The cartridges can then be manufactured and assembled at rates 
approaching twelve hundred rounds per minute. 

Vp to now the submodules have been tested individually to debug the 
equipanent and to f ine  tune the various steps of the production process. 
During this time, each of the prototype submoduLes has displayed its own 
distinctive operating characteristics, and a data bank has been developed 
for each one. We know the range of speeds over which the individual 
submodules can operate, approximately how and when the individual tool 
stations on each turret will fail, and how frequently the entire subxnodule 
must be stopped for repairs and maintenance. Turrets and transfer 
mechanisms were redesiqned to increase the mean time between failures and 
to reduce the repair and maintenance downtime. 

The individual submodules have now reached the stage where they are 
ready to be linked into a continuous production line. A t  this point, the 
thrust of the SCAMP statistical research s h i f t s  to the module a- 3 an 
integrated system. In particular, the emphasis of this research shall 
be to determine how well the equipment meets its design criteria, and then 
to construct and formalize operating and maintenance routines for the entire 
production module. Thus, th i s  paper will present one technique which is 
under consideration to optimize both the cost and the yield of this highly 
complex, cmputer controlled automated production line, 

2. DEVELOPMENT OF THE STATISTICAL MODEL. It is desired that the pro- 
duction system produce, at least, a daily average of 384,000 acceptable 
quality pieces at the lowest possible unit cost during an eight hour 
pxoduction day. Several factors of the production module affect both the 
number of good pieces produced and the unit cost. Among these factors are 
the modular operating speed, the amount of time the module operates before 
it is shut down for maintenance, the length of time it takes to perform 
maintenance, the quality of the input raw materials, lubrication, and the 
initial settings and adjustments of the tooling. of these factors, same, 
much as lubrication, are not easily controlled. Other factors, however, 
appear to exert the greatest effect on submodule productivity and cost. 
Frcm previous t e s t s  ?he following appear most Likely. They are the 
operating speed of the equipment and the duration of time the production 
mdule runs before it is shut down fox maintenance. Fortunately, they are 
saei ly controlled. Thus, wa shall concentrate on this latter set. 



To gllmplify the problem, the  submodules s h a l l  be considered from an 
integrated system perspective only. W e  are primarily in te res ted  i n  the 
number of pieces produced and t h e i r  u n i t  cos t  when the  module is  run f o r  
a specif ied period of time a t  a predetermined operating r a t e .  Therefore, 
one is in te res ted  i n  determining the predict ive  responses of (1) cost  
and (2) quant i ty  f o r  a ce r t a in  range of values of speed and time. This 
~uggests a multiple polynomial regression approach f o r  the  pxoblem reso lu t ion  
since the yie ld ,  o r  response, may be perceived a s  a function of the control led 
var iables .  (Figure 4) This function i s  ca l led  the  response surface.  Xf the 
function is  not  known, it can sometimes be s a t i s f a c t o r i l y  approximated within 
the experimental region by a polynomial i n  x. Again it is for tunate  that w e  
already know the boundaxy conditions. For the operating speed, t h i r t y  and 
fifty revolutions per minute are the cons t ra in t s ,  Moreover, s ince the 
production schedule is e igh t  hours, w e  can e s t ab l i sh  reasonable boundaries 
for the operating time of the equipment. Let ' s  say three t o  seven hours. 

Once again prior experience with t he  machinery has l imited our 
e x p e r h e n t a l  region t o  the  areas  over which t he  module can and w i l l  be 
operated. Thus, we a r e  looking fo r  the optimum response, o r  y ie ld ,  
within the above constra ints .  Moreover, t he  previous data lends one 
t o  believe that the response surface w i l l  be adequately approximated by 
a quadrat ic  function. (Figure 5) Therefore, the experimental points  
chosen f o r  the t e s t  are speeds 30, 40 and 50 revolutions per minute 
(i .e., 720, 960 and 1200 pieces per minute) and times of 3, 5 and 7 
hours. For these values of speed and time, we have a 32 f a c t o r i a l  design 
or 9 treatment combinations. Coding the minimum values as -1, the maximum 
as +It and the m i d  value as 0, we t e s t  f o r  the responses, 

yi, i = 1, ..., 9. a t  the nine design points, (xlj , x Z j ) , j  = 1, 2 ,  3 (Figure 6 ) .  

The X matxix f o r  this model is shown in  tenns of t he  coded var iab les  i n  
Figure 7. However, the variance-covariance matrix f o r  t h i s  model i s  not  
diagonal. 

Since a diagonal variance-covariance matrix i s  desired t o  eliminate 
any in te rac t ion  between the  coef f ic ien ts  of the equation, standard tech- 
niques suggest we rewri te  the response surface equation as shown i n  Figure 8 
to  obtain a new X matrix. I n  this model x2rni is  the  mean of the squared 
coded variables  far i = l,2. Now the variance-covariance matrix,  shown i n  
Figure 9, is diagonal and we can determine the  least squares est imates f o r  
the values of B by the matrix equation given a t  the  bottom of Figure 6. 
.These values of B w i l l  g ive  us the response surface equation. Knowing 
the estimates for the regression coef f ic ien ts ,  a regression ana lys i s  
of variance is  performed t o  determine the accuracy of the  response surface 
equations for (1) pieces produced and (2 )  cost .  

3.  ANALYSIS OF THE FXTTE~, SURFACE. Now, after we have detetmined 
the proper second order response functions,  we a r e  prepared t o  analyze the 
f i t t e d  surfaces.  The maximum point ,  i f  it e x i s t s ,  w i l l  be the  set of 
condit ions such that the  f i r s t  pa r t i a l  der iva t ives  a r e  simultaneously 
equal t o  zero. This set  of conditions is ca l led  the s ta t ionary  point .  



This point ,  however, is not  necessari ly that which maximized the response. 
In fact this point can be e i t h e r  a maximum, a minimum, o r  a saddle point  
as i l l u s t r a t e d  i n  Figure 10. In addit ion,  there may not  be a point  a t  
all, but some type of a ridge which may be c l a s s i f i ed  as  r i s ing ,  f a l l i n g  
or s ta t ionary.  The determination of the nature of the s ta t ionary  point ,  
and the e n t i r e  response surface, is the ultimate goal of the experiment. 

The analysis begins with a t rans la t ion  of the response surface t o  the  
s ta t ionary  point,  X. Then the response function is  expxessed i n  terms of 
new variables 21 and 22 . This corresponds t o  a ro ta t ion  of the  axes t o  
correspond t o  the pr inc ip le  aces of the contour system. The form of the 
function i n  terms of the Z variables  i s  ca l led  i ts  cononical form. Now, 
by moving along the new axes one can see the quickest  d i rec t ion  t o  t r a v e l  
t o  find the maximum or  the minimum responses. 

4. 0UTIXX)K. Slippages i n  schedules, due t o  equipment debugging have 
delayed the in tegrat ion t e s t s  needed to obtain data  f o r  this experiment. 
But looking a t  the preliminary data  generated by the submodules we can 
theorize that the response surface fo r  the number of pieces produced w i l l  
be a rising ridge. For the cost surface,  we expect some type of a basin. 
Thus, the conditions under which we w i l l  operate the  equipment w i l l  then 
be somewhere i n  that space enclosed by the two response surfaces.  If the 
two surfaces do not  i n t e r sec t ,  o r  i n  times of nat ional  emergency, then w e  
muat choose whether w e  w a n t  t o  operate f o r  maximum yie ld  or  minimum cost. 

Positive r e s u l t s  from the operating equipment will be obtained i n  
approximately s i x  months. But we are very confident t h a t  these techniques 
w i l l  give us our desired r e s u l t s ,  i n  the least amaunt of time and fox 
minimum experimental costs. The procedures are well-defined and, as soon 
ae the  equipment becomes available, we can generate oux two equations t o  
pred ic t  the number of acceptable pieces produced and the unit cost. These 
equations w i l l  then be used t o  es tab l i sh  the optimum operating and 
maintenance po l i c i e s  for the SCAMP production l ine .  



F R A N K F O R D  ' A R S E N A L  P H i L A D E L P H I A ,  P A .  

SMALL CALIBER AMMUNITION PRODUCTION MODULE 

SmmDULE: The equipment necessary in the production or processing 
of major components such as the cartridge case. 

MDMnlE: .. One ' integrated series of submodules w i t h  a caarmon 
prcduction rate and capacity, coupled together by 
an automated component transfer and process quality 
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AN APPLICATION OF THE WEIBULL-GNEDENKO DISTRIBWION 
FUNCTION FOR GENERALIZING CONDITIONAL KILL PROBABILITIES 

OF SINGLE FRAGMENT IMPACTS ON TARGET COMPONENTS 
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ABSTRACT. I t  has previously been shown i n  a number o f  works on r e l i -  
a b i l i t y  t h a t  the  Weibull-Gnedenko d i s t r i b u t i o n  gives a  good desc r ip t ion  of 
t h e  l i f e t i m e  of numerous elements i n  e l e c t r o n i c  equipment when t h e  f a i l u r e  
of these  elements i s  regarded as the  exceeding of  e s t ab l i shed  limits and 
t h e  p a r t  of  any of the  parameters. 

In t h i s  s tudy a modified vers ion  of the  Weibull-Gnedenka d i s t r i b u t i o n  
has been used t o  e s t a b l i s h  a  r e l a t i o n s h i p  between the  condi t ional  proba- 
b i l i t y  of k i l l  of t a r g e t  components (P ) and t h e  momentum per  u n i t  a rea  K/H 
of t he  impacting fragment (MV/A). A th;eshold of s e n s i t i v i t y  is  assumed 
f o r  each component r e s u l t i n g  i n  a t h r e e  parameter d i s t r i b u t i o n  function.  
Techniques have been developed and a r e  presented which allows ca lcu la t ion  
of approximate values f o r  each of  t h e  th ree  parameters. 

1, INTRODUCTION. IVhen a high explosive munition detonates ,  t h e  
casing t h a t  surrounds the  explosive charge is  fragmented and projec ted  our- 
ward. The r e s u l t a n t  fragments are usual ly  i r r e g u l a r  i n  shape, vary i n  
weight and lose  ve loc i ty  through a i r  a t  a r a t e  t h a t  is  propor t ional  t o  
severa l  physical  parameters. Equipment and/or weapon systems s t ruck by 
these  fragments may be unharmed, incapaci ta ted ,  o r  k i l l e d .  For t h i s  
reason, a por t ion  o f  t h e  Army's defense e f f o r t  is  devoted t o  determining 
t h e  r e l a t i o n s h i p  between parameters of t h e  impacting fragments and the  
r e s u l t a n t  system damage. An important p a r t  of t h i s  e f f o r t  has been t h e  

8 establishment of condi t ional  k i l l  p robab i l i ty  curves. 

Conditional k i l l  p r o b a b i l i t i e s ,  f o r  c r i t i c a l  t a r g e t  components, have 
been developed as a funct ion  of t h e  s t r i k i n g  mass and s e l e c t e d  v e l o c i t i e s  
of the  s t r i k i n g  fragment.l The imprac t i ca l i ty  of using these  same tech- 
niques t o  make measurements over the  e n t i r e  spectrum of fragment mass- 
ve loc i ty  combinations, makes a general ized model a necess i ty .  Models of 
this type f a c i l i t a t e  t h e  v u l n e r a b i l i t y  analyses designed t o  r a t e  t h e  capa- 
b i l i t i e s  of e x i s t i n g  and prospective systems on t h e  basis o f  t h e i r  a b i l i t i e s  
to withstand impacts from fragments o r  shaped charges. 

'R. E.  Kins l e r ,  llConditional K i l l  P robab i l i t i e s  f o r  Single  Fragment Impacts 
on Components of the  Sovie t  KRAZM214 Truck (U) ," B a l l i s t i c  Research Labo- 
r a t o r i e s  Memorandum Report No. 1995, ,Tuly 1969, DnC AD504240L, CONFIDENTIAL 



GWEN: FRAGMENT MASS AND KILL CRITEIMON 

Figure I - Typical Probability Function for Frogrnents Striking a Hypo- 

thatical Component. 



Previous at tempts  t o  r e l a t e  fragment s i z e  t o  cond i t i ona l  k i l l  proba- 
b i l i t i e s  used s t e p  func t ions ,  The use  of t h e s e  func t ions  r equ i r ed  t h e  
use r  t o  i n t e r p o l a t e  between curves f o r  masses which were no t  included i n  
t h e  o r i g i n a l  a n a l y s i s  and between p o i n t s  of  a given curve f o r  v e l o c i t i e s  
not  included. Computer programs us ing  t h e s e  curves r equ i r ed  an ex tens ive  
amount of  memory i n  o rde r  t o  accommodate a l l  o f  t h e  inpu t  d a t a  normally 
requi red  f o r  a d e t a i l e d  a n a l y s i s .  Computer run time was u s u a l l y  ex t ens ive ,  
due i n  p a r t  t o  t h e  numerous cond i t i ona l  s ta tements  requi red  t o  determine 
whether t h e  r i g h t  combination of  curves was being used i n  t h e  i n t e r p o l a -  
t i o n  process .  Figure 1 i l l u s t r a t e s  a t y p i c a l  s t e p  func t ion  r e p r e s e n t a t i o n  
o f  t h e  experimental da t a .  I t  sllould be kept  i n  mind t h a t  t h i s  approach 
r equ i r ed  a  curve of  t h i s  type  f o r  each mass included i n  t h e  sample 
populat ion.  

Thc model o u t l i n e d  i n  t h e  subsequent pages of t h i s  r e p o r t  was developed 
t o  overcome t h e  l i m i t a t i o n s  i n  t h e  s t e p  func t ion  approac'ti. Thc primary 
a i m  was t o  develop a mathematical r e l a t i o n s h i p  which would s a t i s f a c t o r i l y  
r ep re sen t  t h e  d a t a  p o i n t s  and would expedi te  subsequent computer a n a l y s i s  
o f  t h e  v u l n e r a b i l i t y  of t h e  t a rge t .  The accuracy of t h e  d a t a  p o i n t s  them- 
s e l v e s  were not  ques t ioned ,  bu t  merely accepted as t h e  b e s t  a v a i l a b l e  
r e p r e s e n t a t i o n  of t h e  t r u e  d a t a  po in t s .  A d e s c r i p t i o n  of  t h e  technique 
used t o  develop t h e  experimental da ta  may b e  found i n  r e f e rences  2 and 3.  

2.  PROCEDURE. The experimental d a t a  inlcuded cond i t i ona l  k i l l  
p r o b a b i l i t i e s  a s  a func t ion  of  k i l l  c r i t e r i o n ,  fragment mass, fragment 
Geloci ty and a t t a c k  o r i e n t a t i o n .  O f  t h e s e  four  v a r i a b l e s ,  k i l l  type  and 
fragment a t t a c k  o r i e n t a t i o n  were he ld  cons tan t  f o r  each a n a l y s i s .  Plore 
s p e c i f i c a l l y ,  only t h e  random a t t a c k  cond i t i on  was used t o  develop t h e  
model. The random cond i t i on  assumes t h a t  a t t a c k  o f  t h e  t a r g e t  is equa l ly  
l i k e l y  from a l l  d i r e c t i o n s .  The same procedures used t o  e s t a b l i s h  t h e  
model could a l s o  be  used t o  determine r eg re s s ion  cons tan ts  t h a t  would 
provide cond i t i ona l  k i l l  p r o b a b i l i t i e s  a s  a func t ion  of  any o t h e r  a t t a c k  
o r i e n t a t i o n  o r  k i l l  c r i t e r i o n .  

The weights of  t h e  fragments included i n  t h e  experimental d a t a  were 
t h e  following : 

Weight (g ra ins )  Weight (kilograms) 



Weight (grains)  Weight (kilograms) 

3 0 1.94 x lo-' 

S t r i k i n g  v e l o c i t i e s  ranged from 91.44 m / s  t o  2133.6 m/s (300 t o  7000 
f p s . ) .  

Independent p l o t s  were made f o r  seve ra l  o f  t h e  t a r g e t  components. 
Several  condi t ional  p robab i l i ty  o f  k i l l  (P ) - abscissa  combinations 

K/H 
were considered before it appeared t h a t  a r e l a t i o n s h i p  between t h e  condi- 
t i o n a l  p r o b a b i l i t i e s  and t h e  r a t i o  o f  t h e  momentum of t h e  fragment t o  i t s  
average presented area exis ted .  

The root  mean square devia t ion  (erms) o f  t h e  experimental d a t a  po in t s  
from the  regress ion  curve was used as the  c r i t e r i o n  f o r  s e l e c t i n g  t h e  ana- 
ly t i ca l  model which genera l ly  b e s t  described the  data  population. Ems 
was ca lcu la ted  from t h e  following equation: 

where : = predictc$ c o n d i t i a ~ ~ a l  k i l  

1 / 2  

probabil i ty 

Yo = observed condit ional  k i l l  p robab i l i ty  
i 

SS = sample s ize.  

3. THE WEIBOLL - GNEDENKO  DISTRIBUTION.^ Let us consider  a system cons i s t ing  
of a group of elements and possessing t h e  fol lowing p roper t i e s :  (1) The 

4 Gertsbakh, I. B . ,  Kordonsky, Kh. B . ,  IIModels of  Fai lure ,"  Springer-Verlag, 
New York, 1969 



f a i l u r e s  o f  t h e  elements a r e  mutually independent.  (2 )  F a i l u r e  of any 
element i s  t r e a t e d  as a f a i l u r e  o f  t h e  e n t i r e  system. We c a l l  such sysfems 
cha in  systems. Let a denote t h e  l i f e t i m e  of  t h e  cha in  system and l e t  a' 
denote t h e  l i f e t i m e  of  t h e  i t h  element of t h e  system f o r  i = 1, 3 ,  3 ,  ... 2 .  
In  such a case: 

1 2 3  Z 
a = m i n  ( a ,  a ,  a ,  ... a )  

We po in t  ou t  an important. s p e c i a l  case  suppose t h a t  a l l  elements 
of tlie chain system have an exponent ial  d i s t r i b u t i o n  of  t h e  l i f e t i m e .  
In accordance wi th  formulas der ived  i.n r e f e rence  4 ,  t h e  d i s t r i b u t i o n  
func t ion  F(t) i s  equal  t o :  

z 

i 
where t h e  a are parameters of t h e  d i s t r i b u t i o n  of t h e  elements of t h e  
cha in  system. 

Of s p e c i a l  i n t e r e s t  i s  t h e  s i t u a t i o n  gene ra l i z ing  t h e  case j u s t  
descr ibed  but  having t h e  fol lowing f e a t u r e s .  The number, Z ,  o f  elements 
of t h e  chain system is great  and a l l  t h e  d i s t r i b u t i o n  func t ions  F. (t) 

1 are  such t h a t  : 

I Where g and h are p o s i t i v e ,  as t ,+ 0.  

T h i s  relationship determines t h e  o rde r  of t h e  i n f i n i t e s i m a l  F ( t )  
f o r  small  t. One can show t h a t ,  fox l a rge  Z ,  t h e  d i s t r i b u t i o n  func t ion  
F ( t )  i s  well approximated by an express ion  of t h e  form: 

This d i s t r i b u t i o n  was proposecl by W. Weibull i n  1939 without  math- 
ematical  foundat ion.  A ri.gorous mathematical t rea tment  of r e l a t e d  prob- 
lems was done by R. V.  Gnedenko i n  1941,' 

I qua t ion  3 s h a l l  be c a l l e d  t h e  Iieibull-Gnedenko 1 ) i s t r i bu t ion  through- 
out t h i s  r e p o r t .  

I t  has I)ecl1 shown i n  a numl~cr oF  works on r e l i a b i l i t y  t h a t  a  
\Jcil)ull-(;ncdcnho d i s t r i b u t i o n  gives n ~ o o d  d e s c r i p t i o n  of t h e  d i s t r i b u -  
t.io11 of  t h e  lifctime of numerous clcmcnrs i n  r a d i o - e l e c t r i c  equipment 

3 
Bolot in,  V. V . ,  " S t a t i s t i c a l  Methods i n  Cons t ruc t ion  Mechanics," 
S t r o y i z d a t ,  1965 



when t h e  f a i l u r e  o f  t hose  elements i s  regarded as t h e  exceeding of  
e s t a b l i s h e d  limits on t h e  p a r t  of any o f  t h e  parameters .  

Often t h e r e  axe s i t u a t i o n s  i n  which t h e r e  i s  a t h re sho ld  of s e n s i -  
t i v i t y ,  

to' 
t h a t  l eads  t o  a displacement of t h e  d i s t r i b u t i o n .  For t h e s e  

s i t u a t i o n s  the Weibull-Gnedenko Distr ibution becomes: 

A 
F ( t )  = 1 - exp[-13-(t - t o )  ] , t :to C 43 

t < t o  

Where to is  de f ined  as t h e  th re sho ld  of s e n s i t i v i t y .  The d e f i n i -  

t i o n  o r i g i n a t e d  i n  metrology. I t s  s i g n i f i c a n c e ,  i s  t h a t  u n t i l  the para- 
meter t exceeds o r  equals  t h e  th re sho ld  of  s e n s i t i v i t y  t h e  device  under 
i n v e s t i g a t i o n  does n o t  "Eeell1 t h e  effect of the  load and it i s  only when 
t 2 to t h a t  t h i s  i n f l u e n c e  becomes p e r c e p t i b l e  and causes a p r o b a b i l i t y  

of  f a i l u r e .  

4. AF'PLICATION OF WEIBULL-GNEDENKO DISTRIBUTION AND CALCULATION OF 
PARA~ETERS. For t h e s e  s t u d i e s  o f  a modified ve r s ion  o f  t h e  Weibull- 
Gnedenko d i s t r i b u t i o n  was found t o  r ep re sen t  t h e  experimental  data popu- 
l a t i o n  extremely well. 

This  v a r i a t i o n  assumes t h e  fo l lowing  form: 

Where t h e  combination MV/A i s  s u b s t i t u t e d  f o r  t h e  parameter t i n  t h e  
o r i g i n a l  d i s t r i b u t i o n ,  and K becomes t h e  th re sho ld  of  s e n s i t i v i t y .  I n  
a d d i t i o n  t h e  d i s t r i b u t i o n  is  m u l t i p l i e d  by a cons t an t  P This  multi- max 
p l i c a t i o n  f a c t o r  was included s o  a s  t o  provide  c o n s t r a i n t s  on t h e  r e g r e s s i o n  
curve such t h a t  0 - PK,H 2 Pmax i n  c o n t r a s t  t o  t h e  c o n s t r a i n t s  provided 

by t h e  o r i g i n a l  d i s t r i b u t i o n  0 < F ( t )  < 1 .O.  These new c o n s t r a i n t s  'were 
prompted by p r a c t i c a l  consideraFion wh&h i n d i c a t e  t h a t  t h e  maximum proba- 
b i l i t y  of  k i l l  t h a t  can be obta ined  on c e r t a i n  components i s  l e s s  than  1. 

An explana t ion  of t h e  terms inc luded  i n  t h e  above equat ion  fol lows:  

PK,H - r e p r e s e n t s  t h e  cond i t i ona l  k i l l  p r o b a b i l i t y  

M - r e p r e s e n t s  t h e  weight o f  t h e  fragment (kg) 



V - r ep re sen t s  t h e  s t r i k i n g  v e l o c i t y  o f  t h e  fragment upon t h e  
component (m/s) 

2 
A - r e p r e s e n t s  t h e  averagc presented  a r e a  of  t h e  fragment (cm ) 

'max - Maximum value  of  PK/H i n  experimental da ta  se t  

e - r e p r e s e n t s  t h e  base of t h e  n a t u r a l  logari thm 

B E N a r e  r e g r e s s i o n  cons t an t s .  

In  t h e  above equat ion ,  K d i c t a t e s  t h e  MV/A va luc  a t  which t h e  pre-  
d i c t e d  k i l l  p r o b a b i l i t y  d iverges  from zero. In  o rde r  t o  determine t h i s  
cons tan t  a  computer program was developed i n  which c u t o f f  p o i n t s  were 
s e l e c t e d  a t  smal l  i n t e r v a l s  between zero and t h e  sma l l e s t  r a t i o  of MV/A 
a v a i l a b l e  f o r  t h e  component - k i l l  type  combinations under cons ide ra t ion .  
A ca~nbina t ion  o f  tlie cons t an t s  B & N were c a l c u l a t e d  with each s e l e c t i o n  
of K ,  from t h e  s o l u t i o n  o f  normal equat ions f o r  a s t r a i g h t  l i n e ,  a f t e r  a  
douhle logar i thmic  t ransformat ion  hat1 been made on cquat ion 5. 'The roo t  
mean square e r r o r  was c a l c u l a t e d  from cnch combination of  R ,  N G K by us ing  
t h e  c a l c u l a t e d  values of  t h e s e  const ; ints  i n  Equation 5. I t  should I J C  
noted t h a t  t h c  erms was determined t h r u  t h e  use  of  Equation S and not t h r u  
i t s  l oga r i t hmica l ly  transformed ve r s ion .  The logar i thmic  t ransformat ion  
served s o l e l y  as a means of  ob ta in ing  va lues  o f  t h e  cons t an t s .  

Equation 1 was used t o  determine t h e  average dev ia t ion  of t h e  
r eg re s s ion  l i n e  from t h e  d a t a  popula t ion .  The combination B ,  N E K 
s e l e c t e d  t o  be used was t h a t  group which minimized erms. 

A second equat ion was used t o  e s t a b l i s h  95 percent  confidence limits 
o n t h e  ind iv idua l  values o f P  E o r a s e c o n d v a l u e o f M V / A .  This  equa- K/II 
t i o n  assumed t h e  fol lowing form: 

wharc : 
" K / I I  

- represents t h c  cond i t i ona l  k i l l  p r o b a b i l i t y  

SS - r ep re sen t s  the sample r;i ze  

S - r e p r e s e n t s  tlie stantlnrrl clevintion of t h e  1' 
P popula t ion  L / l l  

'.025 - r e p r e s e n t s  t h e  va luc  taken  from tlre s t l ldeots  t 
t a b l e  with [ S S - 3 )  degrees of  freedom, 

(:o~lfidcncc i n t e r v a l s  of t h i s  form have a minimum a t  t h e  mean of 
tlic indepen~ient v a r i a b l e  va lues  included i n  t h e  expe r in~en ta l  d a t a  s e t .  



Therefore ,  it i s  expected t h a t  p r e d i c t i o n s  made on e i t h e r  extreme of  t h e  
d a t a  s e t  would have l a r g e r  confidence i n t e r v a l s .  In  t hese  ana lyses  t h e s e  
i n t e r v a l s  were r e s t r i c t e d  t o  t h e  i n t e r v a l  0 < P < 1, al though mathe- - K/H - 
mat i ca l ly ,  they would have f a l l e n  o u t s i d e  o f  t h e s e  i n t e r v a l s .  This r e s t r i c -  
t i o n  forces t h e  confidence i n t e r v a l s  t o  reach a p l a t eau  a t  each of t h e s e  
limits i n  some i n s t a n c e s .  Figure 2 i l l u s t r a t e s  t h e  goodness of f i t  of  t h e  
above model t o  d a t a  from a t y p i c a l  component. 

5. MODEL VALIDATION. Upon completion of  t h e  program development, cons t an t s  
were c a l c u l a t e d  fo r  s e v e r a l  d a t a  s e t s ,  and given t o  v u l n e r a b i l i t y  a n a l y s t s  
t o  t e s t  i n  e s t a b l i s h e d  v u l n e r a b i l i t y  programs. The purpose was t o  de tk r -  
mine whether t h e  u s e  of t h e  equat ion  r a t h e r  than  t h e  s t ep - func t ions  would i n  
f a c t  decrease  t h e  running t ime of  t h e  programs as  had been specu la t ed  and 
a l s o  t o  determine whether s i g n i f i c a n t  s t a t i s t i c a l  d i f f e r e n c e s  e x i s t e d  
between t h e  r e s u l t s  of  t h e  two methods. 

I t  was observed t h a t  t h e  vu lne rab le  a r e a  c a l c u l a t i o n s  based on mass- 
v e l o c i t y  combinations contained wi th in  t h e  o r i g i n a l  d a t a  s e t  were reasonably 
c l o s e  t o  va lues  obta ined  t h r u  t h e  use  o f  s t ep - func t ions ,  however, vu lne rab le  
a r e a  values determined from ex t r apo la t ed  va lues  of t h e  d a t a  s e t  were gen- 
e r a l  l y  l a r g e r .  

A p l o t  of  t h e  PK,H data  from a t y p i c a l  d a t a  s e t  revea led  t h a t  t h e  

s tep- func t ions  and t h e  gene ra l i zed  curve diverged a t  t h e  maximum PKjH 

va lue  f o r  each of  t h e  fragment masses. As can be observed i n  F igure  3 ,  
t h e  s t e p  func t ion  approach assumes t h a t  a  maximum P can be achieved 

K/H 
and t h e  PKjH curve w i l l  remain cons tan t  a t  t h i s  va lue .  But because t h e  

~ e i b u l  1 -~nedenko  d i s t r i b u t i o n  provides  a  curve wi th  P va lues  d i r e c t l y  
K/H 

p ropor t iona l  t o  t h e  independent v a r i a b l e  W / A ,  P va lues  g r e a t e r  than  
those  obtained i n  t h e  experimental d a t a  s e t  wereK6!rained f o r  each mass 
smaller than t h e  l a r g e s t .  

To circumvent t h i s  problem i t  was decided t h a t  a  second equat ion  was 
needed which would enable t h e  a n a l y s t  t o  determine t h e  maximum PKII1 va lue  

ob ta inab le  for  a given component as a func t ion  o f  a fragments mass. The 
logic  was that dur ing  t h e  actual c a l c u l a t i o n  o f  vu lne rab le  areas i n  t h e  
a n a l y s t ' s  computer programs, a comparison could be  made between t h e  FK,H 

value  determined from the gene ra l i zed  curve and t h e  maximum value 

which could be obta ined  from t h e  fragments mass. The sma l l e r  b f  t h e s e  
two values would then  be used i n  t h e  vu lne rab le  area c a l c u l a t i o n s .  





To carry ou t  t h i s  logic  a r e l a t i o n s h i p  between t h e  maximum P K / I 1  
values f o r  each mass contained i n  t h e  experimental d a t a  s e t  and the  mass 
i t s e l f  was needed. I n t e r p o l a t i o n  of t h e  maximum value  o f  PK,H f o r  masses 

no t  included i n  t h e  d a t a  s e t  was t h e  main reason f o r  r e q u i r i n g  a gener- 
a l i  zed r e l a t i o n s h i p .  

As had been t h e  case e a r l i e r ,  i t  appeared t h a t  t h e  Weibull-Gnedenko 
D i s t r i b u t i o n  provided t h e  b e s t  r e l a t i o n s h i p  between t h e  v a r i a b l e  o f  i n t e r e s t .  
The r e l a t i o n s h i p :  

gave e x c e l l e n t  r eg re s s ion  f i ts  of t h e  experimental  d a t a  wi th  smal l  erms 
va lues  as determined by Equation 1 (Figure 43, 

In t h e  above equations t h e  independent v a r i a b l e  can be chosen as 
(loglOM) i f  t h e  masses of i n t e r e s t  a r e  g r e a t e r  t han  1 u n i t .  The above 

form w i l l  provide PKIH values  fox fragments wi th  mass - > 0.1 units. 
max 

The actual  u n i t  o f  mass chosen t o  use i n  t h e  equat ion is  immaterial  s i n c e  
t h e  values o f  B 1 ,  N 1  and K1 w i l l  a d j u s t  t o  t h e  u n i t  used. 

Upon completion of t h e  g e n e r a l i z a t i o n  of t h e  maximum PKIH as a 

func t ion  of each fragment's mass, t h e  i d e a  t o  use  t h e  Pmax value pre- 

d i c t e d  from Equation (7) a s  a  v a r i a b l e  i n  Equation (5) evolved. 

The o b j e c t i v e  was t o  provide  an upper l i m i t  on t h e  PKIH p r e d i c t i o n s  

f o r  each mass under cons ide ra t ion  and t o  avoid t h e  comparisons r equ i r ed  
i n  t h e  e a r l i e r  method. To determine whether t h i s  was a f e a s i b l e  tech- 
nique ,  both s i d e s  o f  Equation (5) were d iv ided  by Pmax giv ing:  

Equation (83 i n d i c a t e s  t h a t  t h e  d i s t r i b u t i o n  func t ion  f o r  t h e  r a t i o  of 
thc c o ~ t d i t i o n a l  p r o b a b i l i t y  o f  k i l l  t o  t h e  maximum p r o b a b i l i t y  of k i l l  
f o r  u given fragment i s  given by t h c  Weibull-Gnedenko e q u a r i o ~ l ,  A l l  
variublcs  i n  1:quation (8) are i d e n t i c a l  t o  t hose  described f o r  Equation 
( 5 )  w i t 1 1  t h o  except ion of  P max 'max i n  t h e  above equat ion i s  t h e  rnaximulll 





p r o b a b i l i t y  of k i l l  ob t a inab le  aga ins t  a s e l e c t e d  component f o r  t h e  
d e s i r e d  fragment weight.  S ince  P is  determined from Equation [7 ) ,  

max 
Equation (7) must be developed p r i o r  t o  us ing  Equation (8). 

I n  s t u d i e s  designed t o  documcnt t h e  p r e d i c t i o n  e r r o r  of P values 
K /H 

ob ta ined  from Equation (8) and those  obta ined  from Equations (5) and (71, 
both methods appeared t o  work equa l ly  wel l .  To i l l u s t r a t e  t h i s  p o i n t  
n ine  components a r e  l i s t e d  below with a s soc i a t ed  roo t  mean square e r r o r s  
(ems) obta ined  from both methods: 

E RMS E RMS 
COMPONENT NUMBER EQUATION 5, 7 EQUATION 7,s 

Although t h e r e  appears t o  be l i t t l e  d i f f e r e n c e  i n  t h e  erms va lues  
c a l c u l a t e d  from each of  t h e  two methods, Equation (8) may be  e a s i e r  t o  
use  dur ing  a c t u a l  v u l n e r a b i l i t y  c a l c u l a t i o n s  and is t h e r e f o r e  recommended. 
Both methods prevent  t h e  divergence o f  t h e  s t ep - func t ion  and t h e  gener- 
a l i z e d  curves i l l u s t r a t e d  p rev ious ly ,  and both appear t o  reduce computer 
running time over t h a t  which was previous ly  required. 

Though it appears  t h a t  t h e  o b j e c t i v e s  of t h e  g e n e r a l i z a t i o n  have 
been achieved, more formal t e s t s  a r e  needed t o  determine whether t h e  
r e s u l t i n g  vulnerable  a r e a  values produced by (1) t h e  s t e p -  funct  i on  curves 
and (2) t h e  genera l ized  equat ion  a r e  s t a t i s t i c a l l y  equ iva l en t .  Suggested 
techniques are d iscussed  i n  t h e  next  s e c t i o n .  

6 .  STATISTICAL ~ E ' I ' I I O D S . ~ "  In  o r d c r  t o  determine whe ther  t h e r e  i s  a 
s i g n i f i c a n t  s t a t i s t i c a l  d i f f e r e n c e  bctwt.cn the v u l n e r a b l ~  a r e a  values 
obta ined  with thc  s t ep - func t ions  and t h c  values obta ined  w i t h  t h e  gener- 
o l i  zed equations, tllc Following h y ~ ) o t h c s i s ,  l e v e l  o f  s i g n i f i c a n c e  and 
t e s t  s t a t i s t i c s  are s~ tgpes t ed .  

'Ilixan, Wilf r id  J .  and Massey, Frank J .  Jr . ,  " In t roduc t ion  t o  S t a t i s t i c a l  
Analysis ,"  2nd Ed i t i on ,  McGraw-Hill Book Company, I n c . ,  1957, Chapters 
9 & 14. 

7 ~ .  V. Huntsberger, "Elements of S t a t i s t i c a l  Inference ,"  Second Ed i t i on ,  
Allyn S Bacon, 1967, Chapter 2 .  



Figure 4 - Maximum PKIH Versus Fragment Weight 
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1. Let:  Xs be  t h e  vulnerable  a r e a  value obta ined  from mass (X)  
and v e l o c i t y  (Y) u s ing  t h e  s t ep - func t ion  approach. 

X be  the  vulnerable area va lue  obtai.ned from mass (XI 
and v e l o c i t y  ( Y )  u s ing  t h e  genera l ized  equat ion 
approach, 

Let t h e  d i f f e r e n c e  between t h e  two vulnerable  a r e a  va lues  prev ious ly  
de f ined  above equal  X where X = X - X . Clea r ly ,  X w i l l  only be equal  

S FT 
t o  0 ,  t h a t  i s  no d i f f e rence  between thk ind iv idua l  va lues  e x i s t s  \illen 
X = X otherwise  X w i l l  be  e i t h e r  a p o s i t i v e  o r  a nega t ive  number 

S g 

Let SS r ep re sen t  t h e  number of d i  f fe rences  t o  he consi J e red .  

2. Tes t  t h e  hypothesis  t h a t  t h e  mean d i f f e rence  hctween thc  v u l -  
ne rab le  area va lues  generated by s t ep - func t ions  ( p  ) and t h e  vulnera1)le 

S 

a r e a  values generated by t h e  gene ra l i zed  P equat ions (p ) i s  s t a t i s -  K/I1  
- g 

t i c a l l y  equiva len t  t o  zero,  ( i . c .  ud - u s  - II = zX/SS = 0) .  
& - 

3.  A t e s t  of s i g n i f i c a n c e  i s  i n  genera l  terms a c a l c u l a t i o n  by 
which t h e  sample r e s u l t s  a r e  used t o  throw l i g h t  on t h e  t r u t h  o r  f a l s i t y  
of  a n u l l  hypothes is .  A q u a n t i t y  c a l l e d  a t e s t  s t a t i s t i c  i s  computed, 
which measures t h e  ex t en t  t o  which t h e  sample departs f r o n  t h e  n u l l  
hypothes is  i n  some r e l a v a n t  a spec t .  I f  t h e  va lue  o f  the t e s t  c r i t e r i o n  
f a l l s  beyond c e r t a i n  limits i n t o  a reg ion  of r e j e c t i o n  t h e  depa r tu re  i s  
s a i d  t o  be s t a t i s t i c a l l y  s i g n i f i c a n t  o r  more conc i se ly  s i g n i f i c a n t .  Tes t s  
of  s i g n i f i c a n c e  have t h e  proper ty  t h a t  i f  t h e  n u l l  hypothesis  is  t r u e  
(not  d i f f e r e n c e  between means) t h e  p r o b a b i l i t y  o f  ob ta in ing  a  s i g n i f i c a n t  
r e s u l t  has a known va lue  most commonly r e fe r r ed  t o  as a and chosen as 
0.05 o r  0.01. This  p r o b a b i l i t y  i s  t h e  s i g n i f i c a n c e  l e v e l  o f  t h e  t e s t .  

For t l ~ c  purposc of the  a n a l y s i s  one s h o u l d  choosu: 

4.  a = .05 o r  a = .01. 'Tlrc t e s t  c r i t e r i o n  sl lould be:  



where: X = Vulnerable area  est imate from step-functions 
5 

X = Vulnerable area  est imate from general ized curve 
g 

SS = Sample s i z e  

S = es t imate  of population standard devia t ion  and i s  
computed from the fol lowing:  

SS- 1 

6. Our populat ion should be l a rge  enough s o  t h a t  t h e  c e n t r a l  l i m i t  
theorem i s  applicable.  Therefore, our t e s t  s t a t i s t i c  w i l l  have a t d i s -  
t r i b u t i o n  with SS-1 degrees-of-freedom. 

7 .  Our r e j e c t i o n  region defined i n  paragraph 5 w i l l  be obtained 
from standard t a b u l a r  values of  t h e  t d i s t r i b u t i o n  with SS-1 degrees- 
o f -  freedom. 

In o the r  words we w i l l  only be able  t o  s t a t i s t i c a l l y  s t a t e  t h a t  
vulnerable a rea  values computed from the  twonequations a re  d i f f e r e n t  
if t h e  computed value of t h e  t e s t  c r i t e r i o n  t i s  outs ide  of the  region 
defined f o r  the  combination, t h a t  i s :  

1;) L Jtl/20, SS - I .  

Otherwise, w e  w i l l  have t o  say t h a t  t h e r e  is  not enough evidence t o  
r e j e c t  t h e  hypothesis.  

An al ternate  approach t o  the  above would be t h e  use of a  two way 
analysis of variance which would o f f e r  the  advantage of  determining 
whether the  d i f fe rences ,  i f  any e x i s t ,  a r e  between the  row e f f e c t s  
(masses), column e f f e c t s  ( v e l o c i t i e s )  o r  both. 

7,  SUMMARY. The Weibull-Gnedenko Dis t r ibu t ion  function has been used 
t o  e m  a r e l a t i o n s h i p  between t h e  condi t ional  p robab i l i ty  of k i l l  
(PKIII )  of a fragment and t h e  fragments momentum per  u n i t  a r e a  (MV/A). 

s t a t i s t i c a l  t e s t s  are suggested which determine whether a s i g n i f i c a n t  
s t a t i s t i c a l  d i f f e rence  e x i s t s  between vulnerable a r e a  values ca lcu la ted  
using t h i s  d i s t r i b u t i o n  function and vulnerable  area values ca lcu la ted  
from cur ren t ly  used gtep-functions . 



If it i s  determined t h a t  no s ign i f ican t  difference exists, then it 
i s  recommended t h a t  t h i s  distribution func t ion  be used i n  subsequent 
vulnerability analyses because of  its convenience and the  reduct ion  
obtained i n  computer running time. 
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ABSTRACT. A method of  c l a s s j f y i n g  l o t s  of  mass produced a r t i c l e s  
i n t o  one of k ca tegor ies  on the  b a s i s  of the  number of de fec t ives  
allowable i n  a s i n g l e  sample s i z e  n (n<k-1) i s  presented. A b e t a  
d i s t r i b u t i o n  is  assumed as t h e  p r i o r  d i s t r i b u t i o n  of t h e  t r u e  l o t  
f r a c t i o n  de fec t ive  where the  parameters a r e  t o  be estimated using 
knowledge obtained from l o t s  inspected i n  t h e  p a s t .  An optimum 
decis ion  r u l e  f o r  obta in ing t h e  allowable number of de fec t ives  i n  
a l o t  is  developed where t h e  allowable l o t  f r a c t i o n  de fec t ive  and 
sample size a r e  determined p r i o r  t o  t e s t i n g .  

1. INTRODUCTION. The production of large q u a n t i t i e s  of 
mass produced a r t i l c e s  of ten  n e c e s s i t a t e s  d iv id ing t h e  a r t i c l e s ,  
fo r  t h e  purpose of homogeneity, i n t o  groups c a l l e d  l o t s .  I t  i s  
then des i rab le  f o r  the  producer o r  consumer t o  p lace  t h e  l o t  i n  a 
category based on t h e  q u a l i t y  o r  r e l i a b i l i t y  determined from some 
c h a r a c t e r i s t i c  of t h e  individual  a r t i c l e s  i n  the  l o t .  If t h e  
a r t i c l e s  i n  t h e  l o t  are t o  be labeled e f f e c t i v e  o r  defec t ive  after 
inspect ion ,  then t h e  inspect ion  i s  t o  be by a t t r i b u t e s  s ince  
inspect ion  by va r i ab les  is  based upon q u a n t i t a t i v e  measurements. 

Where l a rge  l o t s  a r e  concerned, t h e  cos t  of t e s t i n g  of each 
item may be excessive o r  where the  item i s  destroyed by t e s t i n g ,  
a sampling plan t o  es t imate  the  number of defec t ives  i n  the  l o t  
must bc devised. Such a plan i s  the  s i n g l e  sampling p lan  where 
a sample of n items i s  se lec ted  from a l a rge  l o t  of  s i ze  N .  After 
each item has been inspected ox t e s t e d ,  t h e  number of de fec t ive  
items (r) is determined and t h e  l o t  i s  placed i n t o  one of k ca tegor ies  
based on the  number of defec t ives  i n  t h e  sample. 

A basic s o l u t i o n  t o  the  s i n g l e  sampling problem i s  t o  decide 
on an acceptable q u a l i t y  l eve l  pl  such t h a t  t h e  consumer des i res  

t o  accept almost a l l  l o t s  of f r a c t i o n  de fec t ive  pl o r  l e s s  and 

a l s o  t o  spec i fy  an objec t ionable  q u a l i t y  level p which represents  
2 

l o t s  o f  q u a l i t y  s o  i n f e r i o r  t h a t  the  consumer cannot accept more 
than a few l o t s  of  t h i s  q u a l i t y .  By speci fy ing q u a l i t y  l eve l s  
p1 and p2,  t he  r i s k  cr of r e j e c t i n g  a l o t  of l o t  f r a c t i o n  de fec t ive  

p1 and the  risk B of accepting a l o t  of  objec t ionable  q u a l i t y  can 



be determined given t h e  d i s t r i b u t i o n  of t h e  process sampled. The 
problem then is t o  f i n d  the  smal les t  sample s i z e  and acceptance 
number which w i l l  give the des i red  protec t ion .  In  the  case of  f ixed 
sample size, t he  problem i s  t o  determine a minimum acceptance number. 

The sampling plan considered i n  t h i s  paper i s  the  s i n g l e  
sampling plan and i s  solved us ing  the  decis ion  theory approach, 
t h a t  is,  a p r i o r i  information w i l l  be combined with da ta  from the  
sampling program. However, economic considerat ions a r e  assumed 
t o  be unimportant o r  small when compared t o  the  r i s k  of making a 
wrong decis ion .  

2 .  DEFINITIONS OF THE ACTION SPACE. The sampling p lan  then 
cal ls  f o r  obtaining a f ixed sample of n items from the l o t  and t e s t -  
ing  t o  determine the  number of items (r) which a r e  de fec t ive .  I f  
t h e  l o t  contains c or  l e s s  de fec t ives ,  t h e  l o t  i s  accepted, but  
i f  the  l o t  conta ins  c + l  defec t ives  the  l o t  is  r e j e c t e d .  With any 
sampling p lan  t h e r e  is t h e  p o s s i b i l i t y  of making a wrong decis ion ,  
t h a t  i s ,  taking an ac t ion  which would not  be taken i f  the  t r u e  
q u a l i t y  of the l o t  were known before  making a decis ion .  The s e t  of 
a l l  poss ib le  ac t ions  which may be taken t o  so lve  a problem i s  known 
a s  t h e  ac t ion  space. As an example, t h e  space of poss ib le  ac t ions  
could f o r  a decis ion  about t h e  d i s p o s i t i o n  of a l o t  contain two 
points ;  (1) accept t h e  l o t  o r  (2) re jec t  the  l o t .  The c o r r e c t  ac t ion  
t o  take  would depend on the  t r u e  s t a t e  of  na ture ;  t h a t  i s  t h e  ac tua l  
proport ion of de fec t ive  items i n  t h e  l o t .  The d i f f i c u l t y  of course 
is t h a t  t h e  t r u e  sta te  of na ture  i s  not  known unless  the  e n t i r e  l o t  
i s  t e s t e d .  

The a c t i o n  space can then be defined as p lac ing a l o t  i n t o  
one of k ca tegor ies .  A l o t  i s  placed i n t o  one of k categor ies  by 
using t h e  following r u l e :  

Lot i s  Grade A 

Lot i s  Grade B 

Lot i s  Grade k 

E t z c l ~  of the above f n t e r v : ~ l s  should be  determined from t h e  
allowa.ble l o t  f r a c t i o n  de fec t ive  fo r  each category. 



3. PRIOR DISTRIBUTION. In considering a production l o t  
i n  which t h e  items can be c l a s s i f i e d  i n t o  two groups, e f f e c t i v e  
and defec t ive ,  a n a t u r a l  p robab i l i ty  model i s  the  Bernol l i  process 
which has p r o b a b i l i t y  mass function : 

(1) f (x) = pX (l-p)l-x x = o Success 
x = 1 Fa i lu re  

where p is the  p robab i l i ty  t h a t  a randomly chosen item i n  the  
l o t  w i l l  be de fec t ive .  As t h e  p r i o r  d i s t r i b u t i o n  of t h e  parameter 
p i n  the Bernoll i  process, we choose a Beta Dis t r ibu t ion  of the  
form 

where: o < p < 1 - - 
A > o  

- where A and B are t o  be estimated from p r i o r  knowledge, t h a t  is  
previous t e s t i n g .  The Beta Dis t r ibu t ion  has been chosen as a 
p r i o r  d i s t r i b u t i o n  f o r  the  t rue defec t  r a t e  i n  t h e  l o t  f o r  two 
reasons: (1) The random v a r i a b l e  p i n  t h e  Beta Dis t r ibu t ion  i s  
defined i n  t h e  i n t e r v a l  o < p < 1 as is t h e  parameter i n  t h e  
Bernoll i  process.  (2) Thg ~ e F a  Dis t r ibu t ion  represents  a r i c h  
family of poss ib le  d e n s i t i e s  t o  express our knowledge of p r i o r  
information. 

For various values of A and B we can generate the family 
of  Beta Dis t r ibu t ions ,  some examples of  which a r e  given i n  
Figure 1. To select a member of t h e  family of Beta Dis t r ibu t ions  
we can choose i t s  mean and variance as an expression of our p r i o r  
b e l i e f s  about t h e  unknown parameter p. The first and second moments 
about t h e  o r i g i n  a re :  

Using t h e  number of de fec t s  as observations on p ,  parameter 
es t imates  for  the Beta can be estimated by: 





In some a c t u a l  problems t h e  choice of a s p e c i f i c  b e t a  p r i o r  
d i s t r i b u t i o n  may be l a rge ly  sub jec t ive  a t  the  s t a r t  of  production. 
However, a f t e r  a few l o t s  have been produced t h e  s e l e c t i o n  of 
the  p r i o r  d i s t r i b u t i o n  becomes more objec t ive  by incorpora t ing  
previous l o t  r e s u l t s .  

4.  PROBABILITY OF CORRECTLY GRADING A LOT. Under the  
plan stated i n  paragraph 3 and us ing  t h e  formula of t o t a l  
probabi l i ty* ,  t h e  p r o b a b i l i t y  of c o r r e c t l y  grading t h e  l o t  f o r  
the  two ac t ion  s t a t e  case is  the  sum o f  the  p r o b a b i l i t i e s  of 
accepting l o t s  of t r u e  q u a l i t y  p and r e j e c t i n g  l o t s  of t r u e  

1 
q u a l i t y  p  2 This p robab i l i ty  can b e  expressed by an equation 

o f  t h e  form: 

Probabi l i ty  of Correct ly Grading I,ot = P 

Using the  d i s t r i b u t i o n  assumptions, t h e  p robab i l i ty  of co r rec t ly  
grading k ca tegor ies  i n  t h e  above expression can be w r i t t e n  a s :  

1 I 

p = (A+B-ll; ( l -plB-l  
(73  (A- 1) ; (B- 1)  ! 

0 
(:) Pr (1-.ln-. d. 

*B.V. (iredenko "Theory of Prol )abi l i tyU 



1 

(A*B-l) 1 pA-l ( I - ~ )  xk (:)pr (l-p)n-r dp 
CA-1) ! (B- I) ! r = c  +I 

The problem then  i s  t o  determine tho number of  defectives clcZcJ 

... ck which w i l l  make p lac ing  a l o t  i n t o  one o f  k categories an 

optimum act under  unce r t a in ty .  

5. TERMINAL ANALYSIS. The f i r s t  s t e p  i n  te rmina l  a n a l y s i s  
is t o  determine the  p o s t e r i o r  d i s t r i b u t i o n  of t h e  process. If we 
let XI X2 X3 . . . .X, r ep re sen t  a  random sample frorn'the l o t ,  the  

d i s t r i b u t i o n  of any x given p can be w r i t t e n :  

S ince  t h e  observations are independent t h e  cond i t i ona l  d e n s i t y  of 
all t h e  X's i n  the  sample i s  : 

To s impl i fy  t h e  problem, t h e  n  - t u p l e  (XI X2 XJ . . .  Xn) i s  rep laced  

by a 2-tuple. For the  Bernol l i  process w i t h  binomial  sampling, 

I = (r, n), where r =Cxi is a s u f f i c i e n t  s t a t i s t i c  and w i l l  

therefore replace t h e  n - t u p l e  i n  t h e  a n a l y s i s .  Thus equation 
(9) may be w r i t t e n  as : 



If we put  a b e t a  p r i o r  d i s t r i b u t i o n  on p ,  the  p o s t e r i e r  d i s t r i b u t i o n  
is  : 

The problem now is  t o  f i n d  a function fd defined by P = fd ( r )  which 
w i l l  minimize t h e  p o s t e r i e r  expected r i s k  i n  est imating p.  The 
d e f i n i t i o n  of expected ~ i s k  i s :  

The concept of co r rec t  ac t ion leads t o  the  d e f i n i t i o n  of another 
term, the  l o s s  function,  denoted by 

The loss function is  intended t o  give the  loss  which i s  incurred 
when a c e r t a i n  ac t ion  is taken when a c e r t a i n  s t a t e  of na tu re  

A 

prevails. Since the  i n t e r e s t  is i n  t h e  est imate of p being close 
t o  p ,  thcre di f ference  should be small.  For t h i s  purpose we use 
the squa~ed error loss  function which i s :  

The postrrier risk then  can be wr i t t en  as: 



* 

The value of p as a funct ion  of t h e  sample which w i l l  minimize t h e  
* 

p o s t e r i e r  r i s k  is  then obtained by tak ing  the  de r iva t ive  of v (p;r) 
A 

with respect t o  p and s e t t i n g  the  resul t  equal t o  zero;  t h a t  i s :  

Thus an optimum decis ion  ru le  has been obtained f o r  finding t h e  value 

of c i n  terms of p. The c r i t e r i a  for  f inding the  number of allowable 
defec t ives  i n  a sample of  n can be given as 

Reject i f :  cl  > pl (n*A+B) - A 

Accept i f :  c 
1 (Pl [n+A+B) - A 

Th i s  c r i t e r i a  can r e a d i l y  be extended t o  more than two ca tegor ies  

by speciFying t h e  allowable l o t  f r a c t i o n  de fec t ive  Pk f o r  each 
of  k categories. 

If another Lot is t o  he tcstccl, A+r and n+B-r can h e  used 
as parameters fo r  a new p r i o r  distribution. I t  may be noted that 
a f t e r  a number of Lots have bern t es ted ,  t h e  terminal analys is  
tends t o  become l e s s  s e n s i t i v e  t o  the  parameters of t h e  i n i t i a l  
p r ior  d i s t r i b u t i o n  and more dependent on t h e  accumulated t e s t  
experience. 



6. CONCLUDING REMARKS. The dec i s ion  theory approach app l i ed  
t o  t h e  sampling s i t u a t i o n  i n  t h i s  paper is  product ive  s i n c e  a small  
amount of  experimental  d a t a  i s  combined i n  a r a t i o n a l e  manner t o  
make dec i s ions  among a l t e r n a t i v e  courses  of a c t i o n .  I t  i s  assumed 
t h a t  p r i o r  test  experience is  a v a i l a b l e  s o  t h a t  the  p r i o r  d i s t r i b u t i o n  
may be determined s i n c e  t h e  en t i r e  s t r u c t u r e  of p r i o r  conv ic t ions  i s  
expressed by t h e  b e t a  d i s t r i b u t i o n .  Also, t h e  method considered does 
no t  depend on t h e  s p e c i f i c a t i o n  o f  consumers on producers  r i s k  bu t  
only r e q u i r e s  t h e  experimenter  t o  answer a n o n - s t a t i s t i c a l  ques t ion  
about good o r  bad q u a l i t y .  That i s ,  what percent  d e f e c t i v e  is  accept-  
able for  t h e  l o t s  under test? In most p r a c t i c a l  s i t u a t i o n s ,  t h i s  
ques t ion  can e a s i l y  be  answered. 

BIBLIOGRAI'HY 

(1) Mood, A. M. and Graybi l l ,  F . A . ,  In t roduc t ion  t o  t h e  Theory of 
S t a t i s t i c s ,  McGsaw H i l l  Book Co., Inc. ,  Second E d i t i o n ,  New York 
1963. 

(2 )  Kaiffa ,  I f .  and S c h l a i f e r ,  11. , Applied S t a - t i s t i c a l  1)ccision 'I'heory, - 
Divis ion  of Research, Graduate School of  Business Administrat ion,  
Harvard Unive r s i ty ,  Boston 1961. 

(33 Gredenko, B. V . ,  The Theory of  P r o b a b i l i t y ,  Chelsea P u b l i s h i n g  
Co. , New York 1962. 

(4) Go1 ub, Abraham,, Designing Sing 1 e - Sampling Inspec t ion  P lans  
When The Sample Size  is Fixed ,  Journal of t h e  American s t a t i s t i c a l  
Assoc ia t ion ,  Volume 48 (19531,  pp. 278-288.  

(5 1 The American S t a t i s t i c i l l  Assoc i a t i o n ,  Acceptance Sampling, 
prcscntcd  a t  the 105th meeting, Cleveland, Ohio, January 27 ,  
194~1. 





PSEUDO-BAYESIAN INTERVALS FOR RELIABILITY OF 
A SERIES SYSTEM GIVEN WEIBULL COMPONENT DATA 

Ronald L, Racicot 
Research D i r e c t o r a t e  

Benet Weapons Laboratory 
Watervl i e t  Arsenal 

Watervl Set, New York 12189 

ABSTRACT, A pseudo-Bayesian s o l u t i o n  f o r  conf idence i n t e r v a l  s on 
a v e r a m b i  1 i ty o f  a ser ies-system composed of Wei b u l l  components 
has been formulated. The term pseudo-Bayesian i s  used s ince  t h e  goal 
i s  t o  choose p r i o r s  t h a t  l ead  t o  c l a s s i c a l  l i m i t s  and n o t  t he  usual 
Bayesian l i m i t s .  Uniform p r i o r s  a re  assumed f o r  popu la t ion  param- 
e t e r s  t o  approximate complete p r i o r  ignorance. The d i s t r i b u t i o n  
assumed f o r  component i n t e r a r r i v a l  f a i l u r e  t imes i s  t h e  2-parameter 
Weibul l  w i t h  both parameters unknown. 

In t he  s o l u t i o n  der ived,  an approximation i s  used t o  compute 
average system re1 i a b i l  i t y  f rom average component re1  i a b i l  i t i e s .  A 
normal d i s t r i b u t i o n  i s  then assumed f o r  t h e  l o g  o f  system r e l i a b i l i t y  
w i t h  mean and var iance being computed from t h e  p o s t e r i o r  means and 
variances o f  t h e  i n d i v i d u a l  component lag- re1  i a b i l  i t i e s .  The b ias  i n  
t h e  mean l o g - r e l i a b i l i t y  was a l so  i nves t i ga ted  and an unbias ing 
f a c t o r  can be used t o  reduce t h e  p o t e n t i a l l y  l a r g e  e r r o r s  i n  system 
r e l i a b i l i t y  r e s u l t i n g  from t h e  accumulation o f  biases i n  t h e  component 
means . 

Monte Car lo t r i a l s  were conducted t o  determine frequency 
exactness o f  t h e  der ived i n t e r v a l s  f o r  p a r t i c u l a r  cases. Near 
exactness was observed f o r  a number o f  cases depending on Weibul l  
shape parameters, t r u e  component re1 i a b i l  i t i e s  and sample s izes.  

NOTAT 1 ON. -- 
p d f  o f  i n t e r a r r i v a l  t imes o f  f a i l u r e s ;  
c d f  corresponding t o  f ( t )  ; 
1 - F ( t )  
c d f  o f  average re1  i a b i l  i t y  R,; 
renewal r a t e ;  t h e  uncond i t iona l  pd f  o f  component 
f a i l u r e  and subsequent renewal; 
number o f  components i n  system; 
number of component f a i l u r e s ;  

number o f  missions over system 1 i f e ;  



R( t , . r )  r e l i a b i l i t y  a t  t i m e  t f o r  an i n t e r v a l  T; 
R j  ( t . ~ )  r e l i a b i l i t y  o f  t b e  j t h  component; 

R;(T) average re1 i a b i l  i t y  over system 1 i f e  f o r  miss ion  
i n t e r v a l  T ;  

R j a ( ~ )  average re1 i a b i l  i t y  of t h e  j t h  component; 

R S ( t , ~ )  system re1  i a b i l  i t y  a t  t ime t f o r  an i n t e r v a l  T ;  

R M h  average system re1 i a b i l  i t y ;  
t system o r  component age; 

ti s t a r t i n g  t ime f o r  t he  i t h  mission; 

X sample outcome i n c l u d i n g  both f a i l u r e  and censoring 
t imes; 

f component f a i  l u r c  time; 
a Weibul l  scale parameter; 
B Wei b u l l  shape parameter; and 
T miss ion  l eng th  f o r  which r e l i a b i l i t y  i s  requ i red .  

1. INTRODUCTION. The general problem i s  t o  determine t h e  
r e l i a b i l i t y  o f  a se r ies  system f rom component t e s t  r e s u l t s  where t h e  
term "se r ies "  imp l i es  t h a t  a f a i l u r e  o f ' a n y  component i n  the system 
results i n  system f a i l u r e .  The i n t e r a r r i v a l  f a i l u r e  t imes o f  each 
component a r e  assumed t o  f o l  low t h e  2-parameter Weibul l  d i s t r i b u t i o n  
w i t h  both parameters unknown. I n  add i t i on ,  t he  assumption o f  i d e a l  
r e p a i r  i s  made wherein a component i s  instantaneously renewed w i t h  a 
1 i ke new component whenever i t  f a i l  s du r ing  system operat ion.  
F i n a l l y ,  a f i x e d  number o f  f a i l i r r e s  w i t h  associated f a i l u r e  t imes 
a r e  assumed g iven f o r  each compclnent. 

Consider f i r s t  a s i n g l e  corl~ponent i n  t he  system. The f a i l u r e  
t i m e s  f o r  n component sub jec t  t o  i dea l  r e p a i r  form a renewal 
process. The theory  f o r  renewal processes and i n t e r v a l  -re1 i a b i l  i t y  
are wel l  covered i n  t h e  1 i t e r a t ~ ~ r e ;  so on ly  t h e  f i n a l  r e s u l t s  a r e  
sumnarired here [ I-51. The f a i l u r e  t imes o f  components w i t h i n  a 
system a r e  n o t  known i n  advance and a re  t r e a t e d  p r o b a b i l i s t i c a l l y  by 
in t roduc ing  the  renewal rat ( :  ( u r~cond i t i ona l  f a i l u r e  r a t e )  h ( t )  over  
t h e  popu la t ion  of a l l  systeas. The renewal r a t e  i n  t h i s  case i s  
d i s t i ngu i shed  from the  hazard 01,  cond i t i ona l  f a i l u r e  r a t e  which 
descrfbes f a i l u r e  o f  a non-repai rable i tem, The renewal r a t e  i s  a 
f u n c t i o n  o f  t h e  under ly ing  f a i l u r e  d i s t r i b u t i o n  [2, 33; 

Interval o r  miss ion  re1 i a b i l  i t y  a t  system t ime t f o r  miss ion  l eng th  
T car1 be determined from the  renewal r a t e  [4]: 



in which 

F ( t )  = 1 - exp (-atB) ( 3  

for t h e  Wei bull distribution. 

Since interval -re1 iabil ity given by (2) i s  transient, there i s  
some motivation to define a s i n g l e  reliability index t h a t  would 
characterize a component in a system throughout system 1 i f e .  For 
t h i s ,  one can define the worst mission reliability, the asymptotic 
reliability or, as is done in this paper, the arithmetic average 
r e l i a b i l i t y  f o r  some fixed system life given in number o f  missions: 

in which t i  = starting time for the ith mission. 

Average component reliability, as defined by (41, does not 
readily 1 end itself to c1 assical confidencing approaches since a 
statistic for reliability could not be found which depends only 
on the true reliability. The statistics considered depended on both 
of the unknown Weibull parameters. This is i n  contrast to reliabil- 
i t y  of a non-repairable component I n  which, for the Weibull example, 
the distributfon o f  the maximum l i k e l i h o o d  estimate of reliability 
depends only on the  t r u e  re1 iabil ity [6, 71. 

A Bayesian approach was consequently used to at least render 
this problem numerically tractable. The goal was not to determine 
the usual Bayesian limits, i n  which p r i o r  information is to be used, 
but  rather t o  choose priors which gave near classical frequency 
IimJts; hence the term pseudo-Bayesian. 

The solution for the single Weibull component i n  which uniform 
priors were assumed f o r  the population parameters i s  presented in 
another paper [8]. The final result for the  posterior c d f  for 
average component reliability from this paper i s  given by the follow- 
ing expression: 



00 -nf-1 
i n  which K 2 a ( ~ ) ( b ( ~ ) )  d~ 

0 

n 2 

N = t o t a l  sample s i z e  i nc lud ing  both fai lures and censor- 
i n g  times 

P(n;x) = incomplete gamma func t ion  

n-1 
1-edX 1 xi/! ! for i n teger  n [9]. 

i =o 

So lu t i on  o f  ( 5 )  f o r  g iven z ,  T , nm and sample outcome X i s  accom- 

p l  ished by numerical quadrature. Confidence 1 i m i  t s  on component 
r e l i a b i l i t y  can be determined from ( 5 )  by computing t h e  p r o b a b i l i t y  
l i m i t  z f o r  a g iven p r o b a b i l i t y  l e v e l .  

In t h i s  paper, r e s u l t s  a re  presented f o r  a few o f  t h e  problems 
encountered i n  determining system re1 i a b i  1 i t y  f rom t h e  component 
r e s u l t s  us ing a s i m i l a r  pseudo-Bayesian approach and using t h e  
der ived p o s t e r i o r  d i s t r i b u t i o n  ( 5 )  f o r  average component re1 i a b i  1 i ty. 

2 .  NUMERICAL COMPUTATION OF SYSTEM RELIABILITY.  The f i r s t  
problem encountered i s  t he  computation o f  average system re1  i a b i l  i ty  
from the average component r e l i a b i l i t i e s .  The r e l i a b i l i t y  o f  a 
se r ies  system i s  gjven as 

A v e r ~ ~ g e  system re1 i a b i l  i ty can he def ined i n  a s i m i l a r  manner as  
average component r e l i a b i l i t y :  

nm nn, 



This  i s  a d i f f i c u l t  equat ion t o  work w i t h  s ince  the t ime dependent 
component re1  i a b i l  i t i e s  a re  requi red.  I d e a l l y ,  one would 1 i ke t o  
express average system re1  i a b i  1 i ty i n  terms o f  average component 
r e l i a b i l i t i e s  so t h a t  use can be made o f  the  p o s t e r i o r  d i s t r i b u -  
t i o n  g iven by ( 5 ) .  

Three approximations t o  average system re1  i a b i  1 i ty  were 
i nves t i ga ted :  

c 

In t he  f i r s t  two, component re1  i a b i l  i t i e s  were approximated by 
exponent ia l  f o rms  which a r e  accurate f o r  h igh  re1  i a b i l  i t y  components. 
I n  t he  t h i r d ,  t h e  product  and summation s igns f o r  system r e l i a b i l i t y  
( 7 )  have been interchanged and the  d e f i n i t i o n  o f  component r e l i a b i l -  
i t y  ( 4 )  was used. E q u a l i t y  would e x i s t  i n  t h i s  t h i r d  case i f  geo- 
m e t r i c  averages had been considered ins tead o f  a r i t h m e t i c  averages. 
The geometric average i s  c lose  t o  the  a r i t h m e t i c  average f o r  e i t h e r  
h igh  r e l i a b i l i t y  components o r  if there  i s  a r e l a t i v e l y  small v a r i a -  
t i o n  i n  r e l i a b i l i t y  as a f u n c t i o n  o f  t ime. Table 1 l i s t s  some o f  
the  computations performed using (8a),  (8b) and (8c) .  Based on these 
and o the r  computations, i t  was concluded t h a t  (8c) represents an 
adequate approximation t o  system r e l i a b i l i t y  over a wide range of 
r e l i a b i l i t y  l e v e l s .  I t  a l s o  g ives  a somewhat conserva t ive  result i n  
t h a t  a lower than t r u e  re1  i a b i l  i ty  i s  genera l l y  computed. 

3 ,  BAYESIAN SOLUTION FOR SYSTEM RELIABILITY.  The nex t  s tep  i s  
t o  fo rmula te  a Bayesian a t  i o n  f o r  averaqe system re1  i a b i l  i t y .  .. - 
Taking l ogs  of (8;~ g i ves  

C 

This  equation, i n  a Bayesian sense, represents an Rsa as a random 
v a r i a b l e  which i s  equal t o  t he  sum o f  t h e  random va r iab les  &n Rj,. 





Using the Centra l  L i m i t  Theorem, the  p o s t e r i o r  d i s t r i b u t i o n  of t n  
R,, can be assumed t o  asympto t i ca l l y  approach the  normal d i s t r i b u -  

t i o n .  The mean and var iance o f  an RS, requ i red  i n  t h e  normal d i s -  

tri b u t i o n  can be der ived from the  means and variances o f  en Rj,: 
c 

and nc 
Var ( a n  RS,) = Z Var ( e n  Rj,) ( J o b )  

j = l  

i n  which s t a t i s t i c a l  independence i s  assumed f o r  t he  random v a r i a b l e s  

an Rja I t  remains then t o  determine €(en Rj,) and Var ( a n  Rj,) 
from t h e  p o s t e r i o r  d i s t r i b u t i o n  of Rj,. There a r e  obta ined from t h e  

f o l l o w i n g  r e l a t i o n s :  

i n  which FR (2) i s  g i ven  by ( 5 ) .  
J'a 

Using the  normal d i s t r i b u t i o n  assumption f o r  en R,,, prob- 

a b i l i t y  l i m i t s  on R,, can then be determined us ing  a standard 

normal tab1 e. 

4 .  B I A S  OF THE BAYESIAN ESTIMATES. From previous work and 
from work on s i m i l a r  approaches presented i n  t h e  l i t e r a t u r e ,  t h e  f i n a l  
s o l u t i o n  f o r  system c o i f  idence 1 i m i  t s  can be s e n s i t i v e  t o  t h e  b ias  
o f  the  estimators used f o r  component r e l i a b i l i t y .  That i s ,  if t h e  
component r c l  i a b i l  i t y  est imates a r e  biased, then a func t i on  of these 
such as system r e l i a b i l i t y  can become h i g h l y  biased, The s t a t i s t i c a l  
blas  of component log r e l i a b i l i t i e s  was consequently s tud ied  t o  



determine p o t e n t i a l  b i a s  o f  the  system r e l i a b i l i t y  est imates. 

Table 2 summarizes some o f  a number o f  r e s u l t s  obta ined f o r  t h e  
t r u e  mean and f o r  Bayesian mean of i n  Ria der ived from Monte Car lo  

s imu la t ion .  General ly,  t h e  r e s u l t s  i n d l c a t e  t h a t  t h e  mean o f  t n  
Rja i s  biased on t h e  conserva t ive  s ide  of t r u e  r e l i a b i l i t y .  Unbias- 

i n g  f a c t o r s  were s tud ied  which are analogous t o  t h e  exponent ia l  case 
where one f a i l u r e  i s  subtracted from t h e  t o t a l  number o f  f a i l u r e s  t o  
y i e l d  an unbiased est imate o f  mean f a i l u r e  r a t e  [ lo ] .  Unbiasing 
f a c t o r s  obta ined by s u b t r a c t i n g  0.5 t o  1.0 f a i l u r e s  gave t h e  bes t  
o v e r a l l  r e s u l t s  f o r  Weibul l  shape parameter i n  t h e  range o f  2 t o  6 
as ind fca ted ,  f o r  example, i n  Table 2. 

5. FREQUENCY INTERPRETATION OF THE BAYESIAN INTERVALS. The 
f i n a l  quest ion regard ins  the  Bayesian l i m i t s  i s  whether o T n o t  t he re  
i s  a frequency i n t e r p r e t a t i o n  of the  r e s u l t i n g  i n t e r v a l s  w i t h  and 
w i thou t  an unbias ing f a c t o r .  In order  t o  check t h i s ,  a  number o f  
Monte Car lo s imu la t ions  were conducted us ing  t h e  p rev ious l y  descr ibed 
conf idencing procedure. Monte Cdr lo 4s n o t  used here t o  d e r i v e  the  
confidence i n t e r v a l s  bu t  r a t h e r  t o  check f o r  exactness. 

Various systems of 3 and 6 components were assumed. The shape 
parameter, t r u e  re1 i a b i  1 i ty  and number o f  f a i l u r e s  f o r  each component 
were f i x e d  a t  d i f f e r e n t  assumed values, Test samples were then 
a r t i f i c i a l l y  generated from random numbers us ing  the  assumed parameters, 
Exactness was then checked f o r  t h e  generated samples. For these t r i a l s  
t he  system l i f e  was 150 miss ions w i t h  miss ion  t ime  r being equal t o  
1 n 

Table 3 l i s t s  some of t he  r e s u l t s  o f  t h e  Monte Car lo  t r i a l s ,  In 
t h i s  t a b l e  t h e  Kolmogorov-Smirnov r e j e c t i o n  e r r o r  i s  presented [l I]. 
This e r r o r  represents s ign i f i cance  l e v e l  o r  r i s k  i n  r e j e c t i n g  the  
hypothesis t h a t  the  confidence i n t e r v a l s  a r e  exact  a t  a l l  confidence 
l e v e l s  when i n  a c t u a l i t y  t he  hypothesis i s  t rue .  From the  r e s u l t s  
g iven I n  Table 3 i t  can be seen tha t  when no unb ias ing  f a c t o r  i s  
used, t he  r e s u l t i n g  conf idence i n t e r v a l s  a re  n o t  exac t  a t  a l l  conf idence 
l e v e l s .  Uslng an unbias ing fac to r  o f  (nf-0.5)/nf gave the best o v e r a l l  

r e s u l t s  except fo r  t he  case of 8=1.0. 

I n  a d d i t i o n  t o  the  K-S c t a t i s t i c  g iven i n  Table 3, t he  r e l a t i v e  
d i s t r i b u t i o n  o f  t he  confidence 1 i m i t  was a1 so generated t o  determine 
exactness f o r  the  lower confidenced r e l i a b i l i t y  i n  t h e  range o f  90 t o  
95% confidence. It was found t h a t  i n  a l l  cases considered the  lower 
conf idenced re1  i a b i  1 i ty  i s  conserva t ive  when no unbias ing f a c t o r  i s  
used, That I s ,  t he  p ropo r t i on  o f  the  t ime t h a t  t h e  t r u e  r e l i a b i l i t y  



TABLE 2 

SUMMARY OF COMPUTATIONS TO CHECK B I A S  

OF BAYESIAN MEAN OF LOG OF R E L I A B I L I T Y  

True Ra 

.950 

.950 
,950 
,950 

.990 

.990 

' ? I 1 . O  I .94C I ,945  1 .943 

g%g u = Mean of ;n Ra from Monte Carlo Simulation (1000 trials) 

nf = =Number of Failures 
B = Weibul l  Shape Parameter 

.947 

.949 

.949 

.989 

.9891 
10 

r 

.953 

.954 

.954 

.9901 

.9902 

2.0 
3 . 0  
6.0 

1 .0  
2.0 

.950 

.951 

.951 

.9895 

.9896 



K-S TEST FOR MONTE CARL0 TRIALS TO CHECK EXACTNESS 

OF PSEUDO-BAY E S I A N  INTERVALS ( 1  00 TRIALS PER CASE) 

.P -r f% 
+ .  a 
2. * 
. a  

; >  

K-S, Re jec t i on  Error* 
>> - 

_. * - .. . Run No Unbias ing Un b i  as i ng Factor 
7-2 -4 -: NO. n, B j  n f  j fac tor  = (nf-0. 5)/nf  " -i :; 

+.- 
- 3  C;; I 3 .90, .90, .90 1 ,  2 , 3  20,20, 20 0.05 >O. 20 

*S ign i f i cance  o r  r i s k  i n  r e j e c t i n g  hypo thes is  t h a t  con f idence  intervals are exac t  a t  a l l  levels 
when hypcthesis i s  t rue.  



was greater than t h e  lower confidence limit was at least equal to 
the confidence 1 eve1 . These results hold f o r  Wei bull components with 
shape parameter greater than 1.0. 

It is also of interest to compare the pseudo-Bayesian limits 
derived for Weibull components to the usual method used for determin- 
ing conf idenced re1 ia bi 1 i ty from component results. General ly , the 
exponential assumption i s  made for failure time distribution regard- 
less what the true underlying distribution may be. The exponential 
assumption yields a constant fai 1 ure rate (constant re1 iabil i ty) 
far companents and hence far the entire system. This assumption is 
usually made since confidence intervals can often be derived cl as- 
sical ly [lo]. Table 4 1 ists some results of the average lower 90% 
confidence 1 imi t on re1 iabil i ty for the pseudo-Bayesian Wei bull and 
the  classical exponential methods. From these results it can be 
seen that the Bayesian limits, although previously shown to be con- 
servative, are not as conservative as the exponential limits. The 
degree of  difference depends on true re1 i a b i  1 i ty and shape parameter, 

6. CONC,LUSIONS. A1 though numerically tedious, the pseudo- 
Bayesfan method o f  ccnfidencing system re1 iabi 1 i ty for Wei bull 
components described in this paper appears to be a sound approach 
to a problem which generally has no other solution. Two conclu- 
sions t h a t  can be made based on the results o f  this study are: 

a.  The approximation en RS, = an Rja f o r  system reliability 
with no unbiasing factor gives a conservative lower con- 
fidence 1 imit for a1 1 cases considered but not as conserva- 
tive as assuming t h e  exponential distribution. 

b. The unbiasing factor (nf-0.5)/nf t o  (nf-1 .O)/nf gives the 
best  overall results f o r  exact confidence 1 imits at a1 1 
confidence levels f o r  ~?1.0. 



TABLE 4 

AVERAGE LOWER 90% CONFIDENCE LIMIT FOR BAYESIAN- 

WEIBULL AND CLASSICAL EXPONENTIAL METHODS 

(1 ) Average o f  10 Monte Carlo t r ia ls .  
( 2 )  Pseudo-Bayesian 1 i n i  t s  described iri t k i s  paper. 
( 3 )  Mann-Grubbs frequency l i m i t s  [ l O f .  

Trial No. of True k'ei bull No. o f  True 
No. Cornp. Comp. Shape Fa i  I ures System 

Ref. . Parameter Per Comp Re1 

Average Lower 90% Confidence 

L i m i t  on System R e l i a b i l i t y  11 1 
weibull I ~ x p o n e n t i a l ( ~ )  

1 3 

3 7 0 

3 

5 3 .995 3.0 

+ 965 .995 .985 

6 

7 

8 

9 

10 

.967 

-368 

.965 

.968 

,965 

,982 

.985 

6.0 

.979 

3 

6 

10 

3 

3 

'I0 

.970 

.957 

.970 

.857 

. $65 

, a85 

.985 

.995 

.995 

.995 

.990 

.950 

.978 

. 9 7 ?  

.981 

,959 

.940 

,963 

,831 

2.0 

2.0 

2.0 

2.0 

2.0 

.941 

.910 

.956 

.829 

5 

10 

10 

10 

10 

.985 .970 
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P ( A ;  ) .F (3,hk) 
1 , ' I  = 

"I. 

I l j  : Sta tes  of nature ;  01- t,t~c ever1 t of having c&Ll ;!rir~l,f:.):~ '<'' wi Lii -!.t.s 
as~clc3.a t r ? t f .  reli abi 1 i.t:;l . 

?(hi) : Rc? j abj  l.it,y associa ted  w i  t!i ':PI! number "i'l, ~ i v e l l  by ?rior distr i i rut iorl  
assi (:nrncnts, bcfare t ~ s  t evidence B becorncs available.  



( A  ) : '.I.'h~; i'rol~al-j i l i  -1,y (1,' '  IT ~:i-;! i '~ t ! , l  out,co:;ir-, i3 ns::urir"i r?!7 

the occurrence of event A i .  rThe  probabiuty that the test 
rnsirl.tr:cI :i :i rt :;~:rcr?ss ( t i i t - ?  t?qui,pmerj'f WI :-'-::(I ,3r f".n.';'. ,~sfact, ,?ril ;" ;!+, t,,iro <.mi 

a i.'i X C ? : ~  t - i~ i ie  j . i l t ,~lr~~a 1)- i ;<.t~e~i t \I:I+, !., I : ,  ;:iz.;o~-:iated cell i~~ rv ! \ ;.!l)j L3 '<,y 
5s , say, ' ),gO-!~s 0.iJr1, A l s o ,  ;,*.i~! 1 ; ih ;  ?.j.-t,i: nl' an o?jsey-\rari ti?:;ii.. 
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i s  ( ~ ~ x i o ~ ~ s ~ ; -  C! . l f Q  . 
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1. 
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A l i t  riiAx.t; :;~;F:JI s ' t o  c~tab"1.f si; .!'~orri 113 stol-i.cal. ar~ti  cr;y)-i.ri !,;I 1. data  a 
!,r<.o.r* r%c:l i r ? l . ~ : i  l i  t,;j d i s t r i b~ i - \< .on .  Cjnr x:111.s-i, ciet,erminc ,fsc)!n exi:; t . i ~ q ;  j,ri.~,l,orical 
anti r:if:lj ir i. (:a1 L'all~rre rlats t h o  pro babi1i.f;; valrles, 12(q7) , .i ' r~t '  t?nr,h ce-1.1. 
1 ~ 4 3 1  i :I)) i '1Li ,t,;/ ~ 3 1 1 1 ~  AiL . 

. . I ~ & ' L ' I ~ ~ M U J A T I O ~ J  OF' PI'J11011 T'~~OUA131LITJ~S. Illor the eq11 ip~neikt in 
[ l u r ? ~  : i or\, !<\l~~wL~ci~:~>abS.e i.n<itvidual-3 s ~ ~ c i r  as "tile r:omponr-nt !rlanuIact,\1~t~3~s , 
t , l i v  (It-::  i trn o r l l v  i lit't3rs , rc1iabil.i  ty  cxpcr 1,s , nmi ot,her x*cuponsi l1lr irdS v j  ( i u n l t ;  
sllou l , i  btr {::12.llrrrcI ?,a dctemine a s \ ~ i t a l ) l c  p r  i or ctistrib~r!, i o : ~ .  As a 
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r r > L  i ;\bi 1 i t,: b~lltl (0.~?79 ' ~ 9 9  3925 t ; ~  .I.,Q) , The corrponcnt, manil+"ac !>l.u.cr ma;; 
J nci i c 7 ? - f 4 c - :  o ~ w  nc'r.c.cnt,, i .e. ) P ( A ~ )  = (7.01. bn:;ed l ~ p o n  his a v a i l a b l e  r ~ i  s" o r i c a  l 



* THE DESlRED RELIABILITY 

T A B L E  ( l ), -DISCRETE RELIABfLITY CELL FORMULATION, 

( S T A T E S  O F  N A T U R E  1 
W a b i l f t y  

Bands 

0.999 999 992 5 - 1.0 
0 . 9 9 9  999 975 - 0.999 999 992  5 
0.999 999 925 - 0.999 998  975  
0.999 999 75 - 0.999 999  9 2 5  
0.893 999 25 - 0.999 999 75 
0.999 997 5 - 0 , 9 9 3  9 9 9  25 
0.999 992  5 - 0,399 997 5 
0.999 975 - 0.999 992 5 
0,399 75 - 0.999 975 
0.997 5 - 0.999 7 5  
0.975 - 0.997 5 
0.85 - 0.975 
0.75  - 0.85 
0.65  - 0.75 
0.55 - 0.65 
0.45 - 0.55 
0 . 3 5  - 0.45 
0 .25  - 0,35 

A = C e l l  ~ e l i a b i l i t y  
Value 

1 
2 
3 

* 4  
5 
6 
7 
8 
9 

10 
11 
12 
13 

0.999 999 995  
0.999 999 99 
0 . 9 3 9  9 9 9  95 
0.999 9 9 9  9 
0.999 999 5 
0.999 999 
0.999 995 
0 . 9 9 9  99 
0.999 9 
0.999 
0.99 
0.9 

19 
-20  

I 0 . 8  
14 0.7 

0.2 
0; 1 

1 5  
16 
17 
18 

0.15 - 0.25 
0.05 - 0.15 

0 

0 .6  
0.5 
0.4 
0.3 

0 - 0 , 0 5  
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TABLE ! 3 2 .  BP.YE5IP.N UPDAT!NG CALCULATIONS IF F IRST TEST RESULTS IN F A I L U R E .  

1 
Cell Values, I P t l i i )  1 D(B/fil* P(B/Ai) P W )  I p ( u / B ~ =  P (hi) P (B/Ai) 

Ai p (B) 

*P(B/Ai) for test failure is given by 1 - A i  where Ai is ' the  cel l  value. Therefore, 
F (a/Al) = 1-A1 3 1-0.999 999 995 = 0.000 000  005  = 5 ~ 1 0 - ~ .  
If t he  test had been a success P ( B / A ~ )  is given by Aim 



TABLE ( 3  I. Bayesian updating calculations i f  first t e s t  
results in a failure (contd). 

*P(B/AiJ for: test failure is given by 1-fi where Ai is the cell value, Therefore, 
P(B/Az) = 1-A1 - 1-0.999 999 995 = 0 . 0 0 0  000 005 = 5x10-9. 
IF THE TEST HAD BEEN A SUCCESS P 1 IS GIVEN BY A;, 



For i:r::L'l value A1 0 

I+om Tablc 1, A j o  = i-). 999 

'1'al)Lr 3 shows t!:e rcsillt:; o f  t , ' lc> rerira Snli ny.; P (Aj/i3) DaypsTnn r;a L c t d a t i ! > ~ ~ s .  
T1s:ic P(Aj )? PO, and !'(%/rl) = PI a r c  ,)2ot,terl i n  fii:*[re 2. Thc P p o s t e r i o r  
dl ~ + , r i l , ~ ~ t i o n  i s ~ i s r d  as thr npw yri ijr Yo,, t ~ ? c  next  t6,st (st.e ?'ah*(, 1,). 

Ilayosj :in calcula lion:; a f t e r  a sir1~11. t,c.st rcs1;ll l,ud i 11 a l'ai lure, A 
shi f ' i ,  j 11 1 11(> P (A. ) probab i l i t i e s  i s  c-r?,,rr.rvcc4 w! t i 1  t,hc: ~ i i g i l r r  r e1 i a t1 i l~ i . t~  
v;il-~lr\s, 0.')9 ?(/$ 9 and (3.')99 999 I;, Irci.11,; sflif'ted t.0 0.7 and O.3 ,  r~s lvx t j  vely. 
L-so si[:rii.l'icanl values of r.eliabi:l.ity occur 1)etweerl 0.7 tiown t.o 0.0, 
and tlie upriatet3. d i s t r ib i l t ion  shows a trerld clusterrd near zr ro .  T h i s  s e c t i o n  
indir:atos that ,  ersg one i n i t i a l  test Sail-ure nr~yrad ica l ly  alttll- a pr ior  
rU.s t r ihut ion ," 

'!'lit? resul.t3 of B~yes ian  updat,i~lt: ca l cu la t ions  f o r  a second t e s t  
rtbsl~lt i r ~ v  i n  n success af'tcr an -initin1 f a i l u r e  i s  s hnwn in example 
? , 1 I-i :. t ofynrn f i p u e  3 and table  5. 

" ' l t .  ::;lic)i~ 1.d bc 111t .1 i t  i.ontd t,lla-t ' - , ! ~ r - b  (:asp. (>.T more t,::2~1 one Sa?l.~lrc L r ;  :, 

trru ; I ~ I I I -  .t.c,r. l -is ~ 1 , i . l  l t.o t~~?~t,i'i.l 3s orw f n j  LI;FC :i :I t.r?.j L~S approacil. TI: 
o t , ! l r s r  raorri::, r x ~ i  .t 1it.r- !,tic sptctn f'~znrt.i (>[I:; ~ ~ r o p t - r l y  o r  fails a t  the en(i (.I:' 

t i l t :  t w o  l ~ r r r r r  test. 
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3 Bayesian updating calculations if second test results in a 
success after an i n i t i a l  failure. 

*P(B/Ai) for a t e s t  success if given by t h e  A i  cell values. 
If this second t e s t  had been a failure then 
P (B/Ai) is given by (I-A~) . 

C e l l  Values, 
Ai 

0,999 999 995 

0.999 939 99 

0.999 999 95 

0.999 999 9 

P(Aj.1 is 
P(A~/B) of 
Table ( 3 )  

I 

f ( B / A i ) *  

0.000 04 

0,000 04 

0 .000  18 

0.000 20 

0.00127 . 

0.008 18 

0.036 84  

0.999 999 5 

0,999 999 

0.999 995 

0.999 99 

0.999 9 

0,999 

0.99 

i 

P(B/Ai) P i A i )  

0.000 00 

0 .000  00 

Om000 00 

0.000 00 

,(M/B) = p(Ai)p(B/~i) 
P ( 3 )  

0.999 999 995 

0,999 999 99 . 

0.999 999 95 

0.999 999 9 

0.000 00 

0,000 00  

0,000 00 

0.000 00 

0.000 02 

0 . 0 0 0  02 

0.000 08 

0.000 09 

0.000 02 

0,000 02 

0 .000  08 

0.000 09 

0.000 00 

0,000 00 

0.000 00 

0.000 00 

0,999 999 5 

0.999 999 

0.999 995 

0.999 99 

0 .000  57 

0.003 67 

0.016 70 

0,999 9 

0,999 

0.99 

0 . 0 0 0  57 

0 . 0 0 3  67 

0.016 53 



m - -  L A 3 d ~ 5 .  Bayesian updating calculations i f  seoond t e s t  results in a 
success after an initial failure [contd] . 

*P(B/A ) for a test success i f  given by t h e  A i  cell values. 
If th k s second t e s t  had been a failure then 
P(B{Ai) is given by (1 -A i )  

Cell Values, 
Ai 

0 9 

0.8 

0 .7  

0 .6  

0,5 

I 

0.4 

0.3 

P (Ai) f s 
P(%/B) of 
Table (3) 

0.136 97 

0.146 99 

0.040 09 

0.053 45  

0.066 82 

P(B/AI) P(Ai) p ( 3 / A i )  * 

0.9 

0.8 

0.7 

0.6 

0.5 

P ( A ~ ) / B ) = ~ ( ~ I ) ~ ( ~ / A I :  
P (B) 

0,071 44 

0.062 51 

0.123 27 

0.117 60 

0.028 06 

0 .032 07 

0.033 41 

0.047 63 

0.026 79 

0.000 09 

F. 
0.274 59 

. 0.261 9 4  

0.062 51 

, 0.071 4 4  

0.074 '42 

- 0.032 07 

0.028 06 

0.080 18 ! 0.4 

21 
P (B) = E P (B/Ai)p (Ai) .r 0.448 93 

i=l 

0.021 38  

0.012 03 

0.000 00 

0.093 54 0.3 '  

* 0.2 

0.1 - .  
0.0 

0.2 

0.1 

0 

0.106 90 

0.120 27 

0.133 63 
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II~WJPLII:  2. Tile second L e s t  resul.t,s ::,.I 3 succcss a f t e r  rltl ini.!,i.al. 
f'a"! 1 w e .  Tilt- 3ayesi.ai? .crampl_e calcul..at.; ntr; l'ol.Zow f o r  A]. ant1 A-l_, ; c r l  :L 
-i/a!.lws ~l.s-i.nt:; (Ai) as +,ha new prior yjrol.iihiii.t,y. 

i ar. iip1.l Value 111. From Table ' ; ,  1' (Al) = 0,nr)O Of! ,  L i r l cc  WP canriot, 
1 1 ~ 6 :  z e r o ,  wc n i ~ t  t l ~ r :  t,hc I ~ I L I ' I ~ C ~  cal " I !.a t ,r?d from exan;,la 1 wkr i i:b i.s 

I - - P(hl) P ( I I / A ~ )  

P ( B )  

:.lor SclL V a l m  Al-o. Vrom TahLc\ , 2 (~1.1 ) )  = ~ , O O ~ O ~ .  'P I , -  IN+ l~o;t,orj ( 1 ~ -  

(:)r f'-i lral ) value f o r  1' ( A ~ O / B )  is 11r.w c-n I-culatecj .COT ccl!. Ali,, = '). ')'?!I and 
a sf:co?~(l tr-?at, resultli~il: in a S I ~ C C ~ : S : ~ .  

I)(AIO/B) , pI (A-,J) P ( B / A ~ o )  

r (B) 

Ikom Table 5, P(13) = 0 . U r 0 9 j  R I Z ~ ~  ?(i!/illn) ' S  0.V):; b e c a ? ~ " ~  sw!~l(i t e s t  
W47S :I SILT'CCSS.  

' i 'nhl  c '; sl~owo t 1 1 ~  res~iLt,s 01' I i c l  ~~ilriaj  l r L : i ~  P(ilj/U) Dayc.sian cal.c:111 n t i  071s 
w x i c b t ~  itrt' p l . n l , t r c i  i 1-1 rlj stofy+am fonl  i n  !'j :Tllrt7 7 ~ a l o n v  w i t h  i t s  prior .  By 
o:nserv i rlt: f,il i t; Idsttot -ram, one can sc I l ~ n t  the r e l i a b i l  it;' cc:lls arc riow 
s ,  lJ I'twl army from 0.0 and n signf 5 cnil t i l>cre~lse in r c l n t - i  vr nrohabi 2i ty 
valltcs i s  obst>rver2 at, 0.9 and 0.J1, 



TADLl!; 6. P r i o r  and. Fj.na1 Dj str:'.l,il t,ions AiLi'!.,cr Second T r : ~ t  j . ~  2 

Suc(:c:ss n:ld l''irst Tes+, was a 1 ' ~ . : ~ 1 ! r t ? .  



7.0 VARIOUS PRIOR DISTRIBUTIONS AS APPLIEI TO DIFFIRENT SETS OF TEST 
DATA. - Other i n i t i a l  pr ior  dis t r ibut ions,  termed "At1, are chosen in order 
t o  indicate how sensi t ive the selection of pr ior  fai lure dis t r ibut ions 
are t o  the f i n a l  resu l tan t  dis t r ibut ions after Bayesian updating calculations, 
I n  other words, the following histograms are wed to i l l u s t r a t e  the degree 
change of prlor d i s t r i b u t i o n  that  occurs a f t e r  Bayesian updating as new 
re l iab i l i ty  test data becomes available. Table 7 gives t h e  r e l i a b i l i t y  
values a t  each r e l i a b i l i t y  c e l l ,  Aj., for the following prior  dirstributions: 
Binomial type average d is t r ibut ion  of table 2; Uniform dis tr ibut ion;  
Peaked ( a t  4th c a l l  mid value) dis t r ibut ion;  Peaked ( a t  7th cel l  mid 
value) d i sk ibu t ion ;  and Skewed Binomial type distribution. Figures 1, 
4, 5 ,  6,  and 7 show relative frequency histogram graphs of each of these 
p r io r  distributions,  

The tables  and histogp.aa graphs o f  Append'ix A w i l l -  be used t o  
i l lustrate  the change that occurs i n  the Bayesian estimates as  new 
r e l i a b i l i t y  test data becomes available. The Bayesian calculations were 
performed with an EAI 8400 digital computer with a double precision 
calculation accuracy to thirteen decimal places.* This acouracy i s  
necessary because it is irnpmtant t o  use extremely small numbers f o r  
each Bayeeian calculation without rounding them t o  zero. 

The results of Bayesian updating calaulation of ten tests with 
various success/failure combinations f o r  various i n i t i a l  p r ior  dis t r ibut ions 
are s h  i n  t ab les  A.l to A.S and i n  lubstogram f igures  A J t o  ~ . 2 5  inclusi.ve. 
In t h e  cases where no f a i lu res  occurred i n  ten tests (figures A.1, A . 6 ,  
A.11,  A.16, A . 2 1  i t  can be observed tha t  the f i n a l  histogram data (solid 
lines) i s  generally sh i f t ed  to the l e f t  o r  higher r e l i a b i l i t y  regions with 
a s l i g h t  increase i n  the relative probabili ty values a t  t h e  higher 
r e l i a b i l i t y  c e l l  values. I t  can be seen tha t  the  selection of prior 
d i s t f  ibutions (dotted lines) biases the results of the Bayesian calculations 
i f  a l l  Ben tests are successes, and the final histogram looks very similar 
to the prior. 

The Bayesian ca lc~ l la t ions  which updated the Binomial Type Prior 
DiStribution f o r  Ben two-hour tests with various success/f a i l w e  combinations 
are i n  table A . 1  and are p la t ted  in figures A . 1  t o  A.5 inclusive. Figure 
(A.2) shows the updated Bayesian results (sol id  lines) of one failure i n  
ten t e s t a  upon this binomial pr ior  (dotted l ines) ,  One would i n tu i t ive ly  

*see Appendix 0 for Computer Program 



1 ~ & l e  2 A i  I 1 Distributiqn 1 (at 4th cell)  J(at 7th cell) 1 Prior 
I I 

PRIOR OX STRIBQ?'IoNS 

Table 7 . I n i t i a l  Prior Failure Distributions,A. 

Cell &llabll(ty I ~ i n ~ d a l  I Values. Aver. Prior of Uniform Prior 
Peaked Peaked , I Skewed Prior I Prior Binomia 1 I 
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Table ~ . 4  and figures ~.1@ to A.20 inclwive show the Bayeslan 
results for the Peaked (a t  seventh c e l l )  Prior Distribution for ten 
tests  with various success/failure combinations. The f i na l  histogram 
data i s  again distributed around the cell r e l i a b i l i t y  values expected 
except for t ig~lre A . 1 7 .  T h i s  f ina l  distribution for one failure i n  ten 
t e s t s  shows approximately 2.5 percent of the data distributed i n  cell 
value 0.999 994 due to  prior distribution biasing. 

For the Skewed Binomial Prior Distribution with  vaxious 
succoss/failure combinations of ten tests, the Bayesian results are 
given in table A.5 and are plothed i n  figures A.21 Lo A.25 inclusive. 
The final histogram data ia distributed a s  would be expected except for 
the case of f i v e  failures i n  figure A.2k. Here the data is slightly 
biased by the prior t o  the left towards the prior. 

To illustrate the jnfluenca of the prior distribution upon the 
final results of the updating Bayesian ca l cub t ions  and estimates from 
new reliability teat  data, consider next the results of one failure in 
100, 500, 1000, 5000, and 10,000 tests for  each prior disti.fibution. 
The Bayeslan result8 of these larger number of tes ta  are given i n  tables 
A,6 t o  A.10 and histogram figures A.26 t o  A.50 inclusive,  It can be 
observed that the prior dlsftiibution in most cased i n  this paper does not 
blaa the final histogram t o  any Large degree except in figures A.32, 
A.33s 4.34, A.3Ss end A.39 t o  ~ ~ 4 5  inclustve. Letua briefly surmnarize 
tho reahlts of this teat data upon our various prior distributions.  

Given a binomial prior distribution (figure 1) with the moat 
probable c e l l  a t  0.999 999 5 ,  it can be observed that,  as  the number 
of  test8 increase and the percent defective decreases ( f igures  A.26, 
A.27, A-28, A.29, A-30) the final or posterior distribution w i l l  be 
gradually shifted tawarda the ordinate or in the direction of incneasbg 
r e l i a b i l i t y ,  Concurrently, the moat probable ce l l  value of the 
posterior distribution w i l l  change from 0.99 to 0.9999. Hcmever, if 
our test reaulta indicAte poor r e l i a b i l i t y  (far to  the right of the 
binomial prior) the binomial prior w i l l  be almost entirely washed out. 

Given a uniform prior dir~tribution (figure 4) it  cam be observed 
that as the number of teats lncrsaae and the percent defective decreases 
(figures A. 31, 6.32, A ,  33, ~ , j 4 , ~ , 3 5 )  the posterior diatribution will 
be gradually shifted towards the ordinate or in the direction of increasing 
reliabiliw . Cancurrently , the moat probable cell of t h e  posterior distribution 
wi l l  change from .99 to ,999 995. I-bwaver, if the t ea t  results indicate 
poor reUability (far to the right o f  the uniform prior), the unifonn 
pr io r  a11 be reduced in amplitude or almoat refuted. There are instances 
where two peaks appear in the poetarior or final distribution. TMs is 



caused by the biasing of the uniform pr io r ,  particularly in the range 
of high reUabil i ty.  I n  these cases, the t e s t  data results are 
s t a r t ing  t o  reinforce the last uniform prior cel ls ,  

Given a peaked ( a t  4 t h  c e l l )  pr ior  distribution (figure 5 )  
it can be ob~erved tha t  a s  the number of t e s t s  increase and the 
psanant defective decreases (figures ~ ~ 3 6 ~  A.37 ,  A.38, A.39, ~ ~ 4 0 )  
the posterior d is t r ibut ion  will be gradually sh i f ted  towards the 
ordinate o r  i n  the direction of increasing re l iabi l i ty .  Asawning t ha t  t he  
re l iabi l i ty  increases during tes t ing  and ppproaches the fourth cel l  
(0.999 999 9 ) ,  the peaked prior  diatr ibut ion is  reinforced. Concurrently, 
the most probable c e l l  of the  posterior distr ibut ion (cell with higheat 
r e l i a b i l i t y )  w i l l  change from 0.99 to 0.999 999 9. For the 5000 and 10,000 
t ea t  casea, the large jump of one posterior or  final peak t o  0,999 999 9 
(or the fourth c e l l )  is the result of the selection of the prior with 
most of the relahive probabili ty or amplitude i n  the  fourth cell. Here 
the t e a t  data inferences or ~ e a u l t s  are s t a r t ing  t o  reinforce the 
p r i o r  diatribution. Finally, i f  t h e  t e a t  n s u l h s  indicate poor r e l i a b i l i t y  
(that is, f a r  t o  t h e  r i gh t  af the fourth ce l l ) ,  the peaked pr ior  will be 
totally washed out. 

Given a peaked (at  7th cell) pr io r  distribution (figure 6) i t  
can be obaerved as  the number of tests increase and bhe percent 
defective decreases (figures A . h ,  A.42, ~..!43, A.144, A.&) the posterior 
8distrfbution will be gradually ahifted towards the ordinate or i n  the 
direction of increasing reliability, Assumhg the r e l i a b i l i t y  increases 
during testing and approaches the seventh ce l l  (0.979 995) bhe peaked 
prior distribution is reinforced, Concurrently, the most probable cell 
of the posterior distribution w i l l  change from 0.99 t o  0.999 995. The 
acenterSng of posterior information or data i n  the seventh cell (, 999 995) 
is the result of the prior being placed almost en t i re ly  i n  the seventh 
cell, and the f a c t  t h a t  t h e  test data inferences are starting t o  reinforce 
the prior. Alao, i f  the test data results indicate poor re l iabi l i ty  
(that is, f a r  t o  the right af the  aemnth cell), this peeked prPor will 
be totally washed out, 

Given a skewed binomial pr io r  dis t r ibut ion (figure 7)  with the 
met probable cell a t  0.999 999 95, it can be observed that as the number 
of ,Best8 increese#and t he  percent defective decreases (figurea A,46, 
A . 4 7 ,  A-48, A.149, A . 5 0 )  the pmterior distribution will be gradually 
U f t e d  towards the o r d h a t e  or  i n  direction of increasing reliability. 
Wncursently, the moat probable ce l l  of the posterior d i s t r i bu t ion  w i l l  
change from 0.99 t o  0,999 9. However, i f  our t e a t  remlta indicate poor 
reliability (that in, far to the right of the prior ce l l s ) ,  then the 
akewed b i n o d a l  prior w i l l  be almost entirely washed out. 



In order t o  indicate  the Bayesian results of no f a i lu res  f o r  
varioua test data upon several priar distributiom, tablea A.11, 
A.12, and A.13, and figures A.51, A.52, and A.53 have been generated. 
The conclusion is tha t  the f ina l  hietograms look very similar t o  the 
pr ior  distribution if a l l  t e s t s  are successes and the number of t e s t a  
are no t  greater  than the  indicated ce l l  reliability bands order of magnitude. 
In other words, i f  the reliability of the sample tested is greater than 
the  m a t  prabalbAs cell or  class  interval of the prlar distr ibut ion,  
then the final dis t r ibut ion  w i l l  be distributed around the  r e l i a b i l i t y  
of the  sample tested. For example, is the most probable c e l l  of the 
prior  is 40.99 and 10,000 teats are completed with no failures), one can 
expect the f L n a l  dia t r ibut ionts  most proba0be ce l l  value t o  be 0.999 9. 

The following cancluaions can be reached concerning the Bayesian 
Discrete Reliabi l i ty  inference procedure. I n  the  d iscre te  r e l i a b i l i t y  
c e l l  formulation, the  choice of the  number of cells, the location of 
the c a l l  reliabili* values, and c e l l  boundaries are a l l  arbitrary when 
coverfdgp;the complete reliability scale of numbers from sera t o  unity 
and can be chosen t o  s u i t  the user. The time f o r  each t e s t  is picked 
t o  be equal to the dlEfined o r  specified equipment r e l i a b i l i t y  time 
interval. For example, if we choose or require our equipment or 
mission r e U a b i l f t y  t o  be 0.99 per hour, then each tes t  o r  data point 
is to be one hour. If we require a reliability of 0.98 for three hours 
of operation, then each test is to be three hours long. If more than one 
failure ia recorded i n  our t e s t  time interval, the failures are still t o  
be treated aa one failures In t h i s  approach either the system functions 
properly or fails during our .test time interval.  The f i n a l  o r  posterior 
diatr ibut ion will not be affacled by the order of f a i lu re  occurrence. 
In other  words, the Bayesian results, given any one p r io r ,  are the  
asme withthe aeme t o t a l  number of tests regardless of the order in which 
the t e a t  data 18 reci8ved. 

An important i ~ m e  t ha t  m w t  be resolved i n  this application of 
the Bayes' Technique is the choice of an appropriate pr ior  distribution, 
From this report ,  It is clear that the pr ior  d is t r ibut ion  can bias the  
f b a l  distdbution i n  certain cases, &om the histograms it is evldent 
that the leaarb biasing type of pr ior  disBribution is  the binomial type, 
There are some ueatiom that m u s t  be answered i n  order t o  p o s t U t e  
rppmpriats m 3 or  usable p i o r  distributioner. What does the prior 
distribution look like? Ia i& t o  be a continuous or discrete one? For a 
particular choice of prior diatr ibut ion,  can a bound be placed on tk error 
( i n  the probaliility sense) one can expect i n  the final dis t r ibut ion? In 
the  implementation of the  Bayesian statistics i n  rel iabi l i ty  tes t ing,  can 
agreement be reached between the contractor and government on the selection 
of an approrlats prior diatribution2 Theae are just a few of the questions 
t ha t  ahould be answered before a prior  diatr ibut ion ia t o  be select&. 

h this Bayesian discrete  approach the final dislbribution is 
available for examination after each t e s t .  In other words, the f lml 
diakLbution cen be obtrerved af'ter each laboratory and experimental tests 
(each pmtotype and production f l i g h t  t e s t s )  and updated a t  each of the 
program pbssa  on a continuing bsis. Finally, flight t e s t  operational 
data can be wed ,by the' Bayesian method t o  update the prl~&iban f inal  
(posterior) reliability dietribution . 
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POSTERIOR DISTRIBUTIONS DERIVED F!tOFI VARIOUS 
I W O T  1.IETICAL PRIOR nISTRIRUTIONS 

AND TEST DATA 



s a ~ u c c e s s  Table ~ , 1  Bayesian Calculation Results of Ten Two Hour Teste with Various 
Success/Failure Combinations,,  f o r  ~inomial ~ y p e .  prior. 

F 3 ~ a i l u r e  

cell Rei f aSf l i t y  
Values Ai 

10 Rlo Hour Tests w i t h  Binomial Type Average Prior ~ i s t r i b u t i o n  of   able 2 

10s 
Tests 

i 

0.399 999 995 10,0033 

IF 
+9S 
T e s t s  

1 I 

0 . 0 0 0 0  1 o .oooo  0.0000 0.0000 

4s 
+1F+5S 
Tests 

2P 
+8S 
Tests 

9s 
+1F . 
T e s t s  

3S 
+2F+SS 
T e s t s  

85 
+2F 
T e s t s  

5F 
+5S 
Tests 

5s ' 

+5F 
Tests 

IOF 
Tests 
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8 Z Succeee Table A.2 Bayesian Calculation R e s u l t s  of Ten T e s t s  with Various 
Success/Failure Combinations, for Uniform Prior. 

F t Failure 

- * - *  ----*Cl.l^) - - - 
10 Two Hour T e s t s  with Uniform Prior ~ i s t r i b u t i o n  

i C e l l  Re1 iabllfty 
Values A i  

fOS 
T e s t s  

I I 1 

1P 
+9S 
T e s t s  

I 1 

0.0000 0.0000 0.0000 

2F 
+8S 
T e s t s  

0.999 999 5 0.1419 

0.0000 

0.0000 

0.0000 

4 S 
+1F+5S 
T e s t s  

: 0.999 999 995 

9s 
+IF 
Tests 

35 
+2F+5S 
Tests 

0.0005 1 0.0000 

0.0000 

0.0000 

0.0000 

+2F 

0.1419 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.999 999 

0.0000 

0.0001 

0.0001 

0.999 999 99 

0.999 999-95 

0.0000 

0.0000 

0.1414 

0.1419 

0.0000 0.1419 

0.999 999 9 1 0.1419 

0.0000 

0.0000 

0.0000 

0.999 995 

0.993 99 

0.999 9 

0.0011 

0.1419 

0.0018 

0.0014 

0.0000 

0.0053 

0.0001 

0.0011 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 
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I Distribution 
5P 

a l l  a11 &Sf 1 I t  10s +9 S +1P+5S +1F +8 S +ZB+5S +2F +5 S 10F 
values, Aj, T e s t s  Tests Tests T e s t s  Tests T e s t s  Tests Tests I f a s t r  Teats  

I I 1 1 1 1 
1 1 

S s Success Table h.3 Bayesian Calculation Results of Ten Tests with Various 
Success/Failure Combinations, for Peaked (at 4th Cell) Prior. 

F E Failure 
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S t Success Table A.4 Bayesian Calculation Results of Ten Tests with  Various 
Success/Failure Combinations, for Peaked tat  7th ce l l )  Prior 

F r Failure 

6 .0000  0.0000 

0.00[10 0.0000 0.0000 0 . 0 0 0 0  

0.0000 

0.6705 

n - n n r ~  0.2338 
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S a Success Table  I.5 Bayesian Calculation Resul ts  of Ten T e s t s  w i t h  Various . 
s ~ ~ c e s s / F a i l u r e  Combinations, f o r  Skewed Binomial Prior* 

F 3 Failure 

n u n n  
0.0000 

0.0000 

o.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 0.0000 0.6115 

0 . ~ ~ 1 7 8  I 0.1313 1 
n. nons 0.2132 
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Table A.6 - -  -. Bayesian Calculat ion Results for Various Numbera of Tests, 
Each w i t h  One Failure, for Binomial Type Prior. 



.-- - - - 
T e s t s  W i t h  Uniform Prior Distribution 

I I I I I 1 

0 .2  0.0000 

0.1 0.0000 1 .  f 
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 

T a b l e  11.7 Bayesian Calculation Results for Various Numbers 
o f T e s t s , E a c h w i t h O n e F a i l u r e ,  forUni formPrior .  



i 

Pi) 
'4 
0 

I 

! 
i 
1 

0.0000 I 0.0000 a.0000 0 .0000 

0.1 n nnnn 0.0000 0.0000 0.0000 0.0000 

0.0 0,0000 0,0000 0.0000 0.0000 0.0000 

Table A.8 Bayesian Calculation Results for  Various Numbers of Tests, 
Each w i t h  One Failure, f o r  Peaked (at 4th Cell) Prior. 



Table h.9 Bayesian Calculation Results fo r  Various Numbers of T e s t s ,  
each w i t h  One Failure, for Peaked t a t  7th C e l l )  Prior. 



- - ---- -. 
~ests-with Approximate ~k&d--~inomi al Prior Distribution 

C e l l  k l f a b i l  f ty 99s +1F 499s + 1F 999S+lF 4999S+lF 99999 +1F 
Values A i  or 1F +99S or 1F +4998 . or 1F+999S or 1P+4999S or 1F+9999S 

I 

n ~ s a  919  9Q5 0.0000 0.0000 0.0000 0.0000 0.0000 

0.999 999 99 0 0000 0.0000 0 .0000  

Ow999  999 95 0.0030 0.0173 

T a b l e  A.10 . Bayesian calculation Results for Various  umbers of T e s t s ,  
' .  Each w i t h  One Fai lure ,  for Skewed Binomial P r i o r .  
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TABLE A.13 B A Y 4 S W  CALCLZATIOIJ RESULTS Fa 10000 TESTS WITH NO 
FAILURES FOR SKEMED BINOMIAL PRIOR DISTRIBUTIm. 
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APPENDIX B 

Sample of Bayesian Calculation Computer Program in FOHTHIW IV 

These calculations are for 10,000 tests in which t h e  

f i r s t  n i n e  t e s t s  and last t e s t  were failures w i t h  the remain- 

ing all successes, or 10 failures and 9 9 9 0  successes. 

: F O R T R A N  1 6 K  C O M P l L E R  PPN 07 -825 -8004 -Pa -N  
D I M E N S I O N  ~(24),0(24),P(24),~(2411PH(24) 
D I M E N S I O N  I N 0  (10000) 
R E A n ( 5 1 5 ) Y l r N 2  
R E A O ( 5 r j . S )  ( A ( 1 ) r I ~ l r N l )  
R E A D ( 5 r l 5 )  ( P ( 1 ) r I " l r N l )  
R E A D ( S t 1 5 )  ( B ( 1 ) r I " I r N I )  

5 F O R M A T ( f f r f 5 )  
1  F O R M A T ( 2 5 1 3 )  
15 F C R M A T t 6 0 1 2 , 9 )  

DO 60 I a l r N 2  
I N D (  I b 1  
IF ( I O r n * l l  IN (11 - fl 
IF (1,EQ.l) GO TO 19 
~ F ( I , E O , 2 ) I N O ( I ) ~ @  
I F ( I , E 0 , 3 ) ~ N D ( I ) x B  
I F ( I , E Q , 4 ) I N D t I ) ~ 0  
IF(I,E0,5)1ND(I).P 
I F ( l , F Q , 6 ) I N D ( I ~ ~ 0  
I F ( I , E Q , 7 ) I Y O ( I ) ~ f l  
IF(I,EO.B)IVD(I)=Q 
I F ( I , F Q , 9 ) I N O ( I ) ~ O  
I F ( I , F O , N 2 ) I N D ( I ) ~ O  
I F ( I , N E , N ? )  G O  T O  2 5  

19 W R I T E ( 6 r 2 f l )  
2 E  F O R M A T ( l H l ~ l 0 X ~ ~ H 4 r 1 5 X ~ 4 H P ( A ~ ~ l 6 X ~ 6 H P ( B / A ) t 1 ~ X r l O ~ P ( B / 4 ) P ( ~ ) ~  

1 1 6 X l b H P ( A / B ) / / )  
2 4  S U M r 0 , 0  

D O  30 J " 1 t N 1  
C ( J ) t P ( J ) * P ( J )  
IF(IND(I),EQ,l) C ( J ) + A I J ) * P ( J )  



+ 4 5  WRITE(6,48) A Z J ) t P ( J ) , A ( J ) r C ( J ) r O  
4 7  P(J)mD 

F I ( J I r 0  
I F ( D , L T * O I 0 0 0 1 )  F I ( J ) 8 0 1 0 0 0 j ,  

SF C O N T I Y U E  
6 0  C O N T I N U E  

VRITE(Zp70) 
70 F O R Y A P ( 4 7 H  TYPE A 1 F O R  PUNCHED D A T A ,  O T H E R ~ I S E  T Y P E  A 0 ) 

RFAD(2171)  1 0 P  
7 1  F O R M A T ( l 1 )  

IF(IOP,NE,l) G O  T O  80 
W ~ l f E t i 1 7 5 )  ( P R t J ) , ~ s l , h ~ i )  
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ABSTRACT 

The Weibul l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  is c o n s i d e r e d  as a f a i l u r e  model 

u n d e r  t h e  i n f l u e n c e  of a s t o c h a s t i c  s c a l e  pa ramete r .  Bayesian e s t i m a t e s  of t h e  

scnlt? pclrameter, r e l i a b i l i t y  f u n c t i o n  and hazard  r a t e  a r e  g iven f o r  t h e  c o n j u g a t e  

p r i o r  r l i s t r i b u t i o n .  A method f o r  e v a l u a t i n g  t h e  r o b u s t n e s s  of Chc c o n j u g a t e  

p r i o r  d L s t r i b u t i o n  which c h a r a c t e r i z e s  t h e  b e h a v i o r  of  t h e  pa ramete r  i s  p r e s e n t e d .  

The proposed method is b a s e d  on any a c c e p t a b l e  l e v e l  of  t h e  a v e r a g e  mean square 

c r r o r  of  t h e  Bayesian r e l i a b i l i t y  e s t i m a t e  under t h e  c o n j u g a t e  p r i o r  d i s t r i b u t i o n .  

The a n a l y t i c a l  p rocedure  utilizes t h e  r a t i o  of  t h e  average mean square e r r o r  

when the p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n  i s  d i f f e r e n t  from the conjuga te  p r i o r  

(and i t s  Bayes r e l i a b i l i t y  estimate is  used)  to  the a v e r a g e  mean square e r r o r  when 

lic p r i o r  i s  assumed t o  b e  t h e  c o n j u g a t e  d i s t r i b u t i o n  (and again t h e  Bayes e s t i m a t e  

o r  l l l c  r e l f a b i l i t y  f u n c t i o n  is u s e d ) .  

A c-umputer sirnula t ion t o  i n v e s t i g a t e  t h ~  r o b u s t n e s s  of  t h e  con j u g a t e  p r i o r  

l l lst  r i b u t  lon w i t h  r e s p e c t  t o  six other  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n s ,  namcly, 

b e t a ,  P o i s s o n ,  i n v e r t e d  gamma, t r u n c a t e d  normal, log-normal and ex t reme  value, were 

etnpl%)ypd. These r e s u l t s  i n d i c a t e  t h a t  t h e r e  i s  a s i g n i f i c a n t  v a r i a t i o n  i n  t h e  

:lvornp,c ti~t.an squared  e r r o r  even when the  prlors were chosen so t h a t  their f i r s t  two 

n w m c n t s  approx imate ly  agreed w i t h  t h a t  o f  the conjuga te .  

' I ' t l i ~ :  research was supported by the Uni ted  States A i r  Force,  A i r  

' ' ' ~ ~ f - ~ ~ t ~  O f f  ice of Scientific Research, under Grant No. ~~0~~-74-2711. 



1. INTRODUCTION 

It has  r e c e n t l y  become q u i t e  ev ident  t h a t  Bayesian r e l i a b i l i t y  methods are 

very  u s e f u l  techniques i n  t h e  r e l i a b i l i t y  a n a l y s i s  and i n t e p r e t a t i o n  of va r ious  

complex systems. A Bayesian a n a l y s i s  impl ies  t h e  e x p o l i t a t i o n  of a s u i t a b l e  

p r i o r  information i n  a s s o c i a t i o n  w i th  Bayes' Theorem. It r e s t s  on t h e  no t ion  

t h a t  a  parameter w i th in  a f a i l u r e  model is  not  simply an unknown f i x e d  q u a n t i t y  

bu t  r a t h e r  a s t o c h a s t i c  v a r i a b l e  which fo l lows  some p r o b a b i l i t y  d i s t r i b u t i o n .  

In  l i f e  testing problems, it i s  q u i t e  r e a l i s t i c  t o  assume t h a t  a l i f e  parameter 

i s  s t o c h a s t i c a l l y  dynamic. This a s s e r t a t i o n  i s  s t r o n g l y  supported by t h e  f a c t  

t h a t  the complexity of e l e c t r o n i c  o r  s t r u c t u r a l  systems i s  l i k e l y  t o  cause 

undetected component i n t e r a c t i o n s  r e s u l t i n g  i n  unpred ic t ab le  f l u c t u a t i o n s  of 

the l i f e  parameter. 

Drake [ 4 ]  and Evans, [ S ] ,  have given an e x c e l l e n t  account f o r  the importance 

and implementation of Bayesian s t a t i s t i c s  i n  r e l i a b i l i t y  problems. From a  

p r a c t i c a l  po in t  of view, Feducia, [ 6 ] ,  has given some cons t ruc t ive  arguments 

concerning t h e  Bayesian usefu lness  t o  r e l i a b i l i t y .  F i n a l l y ,  C r e l i n ,  [ 3 ] ,  

among o t h e r s  has  given an eloquent  p re sen ta t ion  of t h e  b a s i c  philosophy and 

f r u i t f u l n e s s  of t h e  Bayesian approach t o  r e l i a b i l i t y .  

Bhattacharya, fl], s tud ied  t h e  exponent ia l  f a i l u r e  model under t h e  assumptian 

t h a t  the  parameter behaved a s  a s t o c h a s t i c  v a r i a b l e .  Soland, [9], suggested a 

Bayesian a n a l y s i s  of t h e  Weibull failure model. Canavos and Tsokos, [ Z ] ,  developed 

a Bayesian analysis of t h e  s c a l e  and shape parameter i n  t he  Weibull f a i l u r e  model 



and i ts  corresponding r e l i a b i l i t y  func t ion .  For t h e  s c a l e  parameter and 

r e l i a b i l i t y  func t ion ,  Bayesian e s t ima te s  were ob ta ined  f o r  va r ious  c h a r a c t e r i z a t i o n s  

of t h e  s t o c h a s t i c  behavior  of t h i s  parameter.  Recent ly ,  Papadopoulos and 

Tsokos, [ 8 ] ,  have developed t h e  theory  f o r  cons t ruc t ing  Bayesian confidence 

bounds f o r  t h e  random s c a l e  parameter and t h e  r e l i a b i l i t y  func t ion  of t h e  

Weibull f a i l u r e  model. The use fu lnes s  of the a n a l y t i c a l  f i n d i n g s  were 

i l l u s t r a t e d  by employing a Monte Carlo s imula t ion .  

I n  t h e  above studies among o t h e r s ,  t h e  most "popular" p r i o r  p r o b a b i l i t y  

d i s t r i b u t i o n  t o  c h a r a c t e r i z e  t h e  s t o c h a s t i c  behavior  of t h e  s c a l e  parameter 

of t h e  Weibull f a i l u r e  model i s  the conjuga te  d i s t r i b u t i o n .  Perhaps t h e  most 

important  reason f o r  employing such a  p r i o r  p r o b a b i l i t y  dens i ty  i s  because 

t h e  Bayesian e s t ima te s  of t h e  s c a l e  parameter and r e l i a b i l i t y  func t ion  result 

i n  an a n a l y t i c a l  t r a c t a b l e  form. Thus, t h i s  popu la r i t y  encourages t h e  

i n v e s t i g a t i o n  of what happens i f  t h e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n  i s  d i f f e r e n t  

from t h e  assigned conjuga te ,  bu t  w e  proceed t o  employ t h e  Bayes r e l i a b i l i t y  

estimator . A1 so, how "good" is  t h e  Bayes e s t i m a t e  under d i f f e r e n t  p r o b a b i l i t y  

d i s t r i b u t i o n s  t h a t  c h a r a c t e r i z e  t h e  random behavior of the s c a l e  parameter .  

It i s  t h e  aim of the  p re sen t  s tudy  t o  i n v e s t i g a t e  t h e  s i g n i f i c a n c e  of t h e  

above ques t ions .  We s h a l l  propose t o  u t f  l i z e  t h e  r a t i o  of t h e  average mean square  

e r r o r s  as a measure of "goodness" of t h e  Bayes r e l i a b i l i t y  e s t i m a t o r .  I n  Sec t ion  2 

w e  i n t roduce  some of  the  pre l iminary  concepts  e s s e n t i a l  t o  our  i n v e s t i g a t i o n s .  

The Bayes e s t i m a t e s  of t h e  A C & ~  pcVu~~e,€et~b, h d - i k b m y  6un~Zion and t h e  hazand 

hate are  given i n  Sec t ion  3. I n  Sec t ion  4 we propose an a n a l y t i c a l  approach t o  

inv 'es t igare  t he  robus tness  of t h e  conjuga te  p r i o r .  A s i m i l a r  procedure 

t o  s tudy  t h e  behavior of t h e  Bayesian e s t ima te  of t h e  hazard r a t e  is  given 

i n  Sec t ion  5. In  Section 6 w e  present  a b r i e f  computer s imu la t i on  i n  

an a t tempt  t o  illustrate t h e  u se fu lnes s  of t h e  basic a n a l y t i c a l  developments. 

The conclueions and a summary of our f indings  i n  the p re sen t  s t udy  are 

given i n  Sec t ion  7. 
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2 .  rnELIM1NARY CONCEPTS 

In t h i s  section w e  s h a l l  summarize some known r e s u l t s  o f  t h e  llreibuRR 

f a i l u r e  model t h a t  we  w i l l  be u t i l i z i n g  in f u l f i l l i n g  t h e  aims of t h e  present 

s tudy .  

Consider  t h e  Weibul l  failure model with the t i m e  t o  f a i l u r e  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  given by 

where 0 and a are t h e  b c d e  and ~ h a p e  paramete rs ,  r e s p e c t i v e l y .  I t  is  w e l l  

known t h a t  t h e  neRiabiLity ~ u r t c k i o v l ,  R ( t ; a ,  0 )  and t h e  hazahd take,  p ( t ; a , 8 )  

o f  t h e  above failure model are given by 

and 

r e s p e c t i v e l y .  

Suppose now t h a t  the scale parameter 0 behaves as a hkochabtic vn/tiab€e 

and chat t h e  shape  paramete r  a is  known o r  can be e s t i m a t e d .  To e s t i m a t e  t h e  

Bayu r e l i a b i l t y  f u n c t i o n  under t h e  d e s c r i b e d  situation we conduct a l i f e  

t e s t  on n items and observe t h e  ordered  t i m e s  t o  f a i l u r e  z (< n)  iiems t o  - 
be tl, t2? t3, ,.., t . L e t  r 



Then the l i k e l i h o o d  function, ~ ( t ; a , O ) ,  - of t h e  complete sample is given by 

r 
n ! 

L ( t ; a , B )  - = (a0)' n t:-' exp{-0~~} (n - r)! 
i= 1 

where 

It is known, [ 2 1, that t he  p r o b a b i l i t y  dens i ty  funct ion of T r is of 

the form 



3. GAMMA PRIOR DTSTRIBUTTON FOR Tff E SCALE PARAMETER 

Let us assume that t h e  s t o c h a s t i c  scale parameter, 0,  of  t h e  Weibull 

f a i l u r e  model, (2.1), is be ing  cha rac t e r i zed  by the M&& c o n j u g d e  d i s t r i b u t i o n ,  

tha t  is, the gamma* probability density func t ion  given by 

V 
L ov -1 
r ( v )  

e x p I - p e 1 ,  O < e < -  

g(0)  a I 
0, elsewhere O < P , V  

Then the pobrtehion p r o b a b i l i t y  density function of 0 given t is  

where T is defined by equation (2.6) r 

" ~ o t e  if the failure model (2.1) had been given in the form of 

then the conjugate p r i o r  distribution will be t h e  inve r t ed  garma, t h a t  i s ,  

u+, 
U o < o < -  g(9) = - 

lJl' (u 
exp '(- -9 E O < I I , V  



Por O t o  be cha rac t e r i zed  by the n a t u r a l  conjugate  p r i o r  and f o r  a 

A q i a f t i r .  Q ~ U R  t oha  ~uncR;ion, i.t is known, [ 2 1, t h a t  t h e  Bayen eAkimdcrn, 
A 

0 ( t ) ,  of t he  scale parameter 8 is  given by the cond i t i ona l  expectat ion 
C 

~ of 0 given t. Tha t  is,  

,. 
Also under t h e  above condi t ions  t h e  Bays h , & h b a q  e A t i m d t o h ,  ~ ~ ( t ) ,  

I is given by the conditional expec t a t i on  o f  t h e  r e l i a b i l i t y  f u n c t i o n ,  (2.2), 

given - t, (2 .4 ) .  It can be  easily c a l c u l a t e d  t o  be 

S i m i l a r l y ,  t h e  ikyed hazmd kaXe c&!Xmate, ic( t ) ,  i s  given by 

In  t h e  fol lowing s e c t i o n s  of t h e  p r e s e n t  s t u d y  w e  s h a l l  employ the 

above Bayesian estimates t o  i n v e s t i g a t e  the  robustness  of  t h e  Bayesian reliability 

est : imate  as we deviate from t h e  assumption that  t h e  scale parameter is  being 

characterized by t h e  gamma d i s t r i b u t i a n .  



4. ANALYTI CAL APPROACH 70 ROBUSTNESS 

I n  the preceding s e c t i o n s  w e  have obta ined  e s t ima te s  f o r  t h e  Bayesian 

r e l i a b i l i t y  and hazard r a t e  e s t ima to r s  f o r  the Weibull f a i l u r e  model under 

t h e  assumption t h a t  t h e  s t o c h a s t i c  behavior  of t h e  s c a l e  parameter is be ing  

cha rac t e r i zed  by t h e  conjugate d i s tx ibu t ion .  Perhaps one of the main reasons 

f o r  choosing such a p r i o r  p r o b a b i l i t y  dens i ty  is  because i t  is analytically 

t r a c t a b l e .  Thus, it becomes q u i t e  significant t o  ask: 

(i) What id .the p t h n  dibXxibu20n did6enent dmm 

the. a a i g n e d  na;tuhae conjugate, b u t  WE employ t h e  

k y e a  ~ e L i a b L l i t y  esX-Lmato&, R (t), deveLoped 604 
C 

Xhe i n v e d e d  gamma? 

To answer this ques t ion ,  we s h a l l  propose t o  employ the r a t i o  of  the 

avenage mean d q U a h 2  W o r n  as a measure of "goodness" of t h e  Bayes r e l i a b i l i t y  
A 

es t ima to r ,  R ~ ( L ) .  That is,  t h e  r a t i o  of t h e  average mean 
* 

square e r r o r  when the  p r i o r  is d i f f e r e n t  from the  conjugate  p r i o r  (and Rc( t )  

is used as the  r e l i a b i l i t y  e s t ima te )  t o  t h e  average mean squaxe error when t h e  
* 

p r i o r  is assumed t o  be the conjugate  (and R (t) is again used as t h e  Bayesian 
C 

re l i ab i l i t y  estimiate). Thus, it is clear that the c l o s e r  this r a t io  is t o  one, 
A 

the more robus t  in the Bayesian r e l i a b i l i t y  e s t ima te ,  Rc ( t ) .  

We proceed by developing an express ion  f o r  t h e  average mean square  e r r o r  

in terms of  the  moments of t h e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n  which c h a r a c t e r i z e s  

t h e  behavior  of t h e  s c a l e  parameter. 



The definition of the average mean square error, M.S.E,, i s  given by 

More conveniently the M.S.E. can be  written i n  the following form 

- 2 M.S.E. * E ~ ~ E ~ [ R  (t;a,e) ( 8 1 1  - 

+ E O t c  (E [i2(t)1(e). 
- 

We proceed by working with the  term 

~ ~ ( ~ ( t ; a , 0 ) ~ ~ [ k ~ ( t )  - (811 

of equation (4.1). Utilizing equations (2.2) and ( 2 . 7 )  we can write the 

above expression as 

E O { R ( ~ : U , ~ ) E ~ [ ~ ~ ( ~ )  ( 0  1 1  - 
e r  - g { ~ ( t ; a , B )  r-l expt- gJdTr l .  Tr ( 4 . 2 )  

Let us consider the integral  
t 

r-1 expI- :I dB. 
( 4 . 3 )  



We can write the  above i n t e g r a l ,  e q u a t i o n  ( 4 . 3 1 ,  as f o l l o w s  

- I +  TI. ( 4 . 4 )  

We s h a l l  show t h a t  f a r  any E > 0, we can f i n d  an N > 0 such that  

under the assumption t h a t  the probab i l i ty  density f u n c t i o n  of O i s  bounded. 

Thus, l e t  t h e  p r o b a b i l i t y  d e n s i t y  function of O be g(B), such t h a t  g(e) < k, 

0 <  8 < Then - 



where r (r ,x) i s  the incornpLde gamma ~ u n c f i o n ,  

r-1 exp{-tl t d t .  

Fr'om equation ( 4 . 5 )  i t  i s  clear t h a t  by choosing N sufficiently large, the 

r igh t  hand side of the inequality can be made smaller than E .  In fact  i t  can 

be  shown that if 

then 

Similarly,  i t  can be shown that if N i s  chosen t o  satisfy the inequality ( 4 . 6 ) ,  then 



where p(n) is the nth  ord inary  (noncentral)  moment of the p r i o r  p r o b a b i l i t y  

d i s t r i b u t i o n  func t ion  o f  t h e  s t o c h a s t i c  variate 0, g ( 0 ) .  

Thus, i n e q u a l i t y  (4 .9)  gives an approximate va lue  f o r  t h e  average mean 

square  e r ro r  i n  terms of t h e  moments of t h e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n .  

Avehage Mean SquarLe Emoh Fuh The Conjugate 
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Using t h e  d e f i n i t i o n  of M.S.E., equat ion ( 4 . 1 ) ,  t h e  r e l i a b i l i t y  func t ion  

of t h e  Weibull f a i l u r e  model, equat ion ( 2 . 2 )  and t h e  conjugate  p r i o r  d i s t r i b u t i o n ,  

equation (3.1) w e  have 



Using inequalities ( 4 . 6 )  and ( 4 . 7 )  in equation (4 .1 )  we can obtain an 

approximation to the average mean square error, that is, 

2 (r-t-v) 
(TrW Tr-l 

a 2(rSv)  r { exp -TrO J d ~ ~ l  
(Tr+!J+t ) 

Ler 

and 

Using these definitions, inequality (4 .8)  can be written as follows 



where B ( X , ~ )  = I: ?-I (1 - t)~-l d t  

and 

F(a,B; V; z )  

is a hypergeometric function. For some d e t a i l s  see [ 7, p .  2871. 

Similarly, 

Also, 

a 
~ ~ f e x ~ [ - 2 t  €11 1 



Hence, the average mean square error, M.S.E., for the conjugate prior 

distribution is given by 

Thus, as we have mentioned above, a measure of the robustness, R ( t ) ,  is the 

ratio of the  mean square error when the prior i s  different from the conjugate, 

M.S.E., t o  the average mean square error when the prior is assumed to be the 

conjugate, M,S.E6. That is, 

R(t) = 
M.S.E. (4.10) 
M.S .E  . 

C 

For the conjugate prior we have 

M.S.E. 
R(t) = - 

t" -u v* 2 (I+*-) -p ( 8 ( v , r ) I  2F1[2(r+v), r; rCu, - P  1 
U N 

P 

Unfortunately, the M.S.E. f o r  most priors other than the conjugate cannot be 

given in a closed mathematical form. Thus, we must re ly  on approximating the 

M.S .E. for other prior distributions using equation (4.9) in conjunction with 

electronic computers. 



5. HAZAUV RATE BEHAVIOR 

I n  t h i s  s e c t i o n  we s h a l l  propose t o  use  the method we discussed i n  t h e  

previous sect ion t o  i n v e s t i g a t e  the robus tness  of t h e  Bayesian e s t ima te  of t h e  

hazard rate using the p r i o r  conjugate  w i th  r e spec t  t o  o t h e r  p r i o r  d i s t r i b u t i o n s .  

Namely, we s h a l l  employ t h e  r a t i o  of t h e  average mean square error when t h e  

p r i o r  is  d i f f e r e n t  from the  conjugate  p r i o r  (and B,(t) i s  used as t h e  e s t ima te  

of the hazard r a t e )  t o  the average mean square e r r o r  when t h e  p r i o r  i s  assumed 

t o  be  t h e  conjugate  (and i c ( t )  i s  again used as t h e  Bayesian hazard r a t e  estimate). 

- 
The average mean square e r r o r ,  M.S.E for the  hazard rate i s  givm by R 

Recall t h a t  the Bayes es t ima te  of t h e  hazard r a t e , i s  given by 

and t h a t  Tr follows t h e  gama d i s t r i b u t i o n ,  (2 .7 ) .  Fallowing t h e  procedure b..e 

employed i n  the previoue s e c t i o n  w e  can c a l c u l a t e  the average mean square error 



f o r  the Bayes estimate of the hazard rate. That is, from equation (5.1) we have 

where 

I and 

Thus, for a specified (very) small E we can obta in  an N that satisfies inequality 
- 

( 4 . 6 )  and one can proceed to calculate the M.S.E.H f o r  a specified probability 

distr ibut ion for t h e  parameter O using equation ( 5 . 2 ) .  

A v m g e  Mean Squane €.ua/ t  ad fhe Hazmd 

Rake Fo/t t h e  Conjugate V h f i b l L t i o n  

The average mean square error for the Bayesian hazard rate estimate f o r  the 

conjugate prior, M.S.EoH; can be obtained to be 
C 

where B(x,y) is the beta  function defined i n  Section 4 .  

Thus, one can employ a procedure similar to the one we discussed previously 

t o  study the robustness af the Bayesian hazard ra te  of a conjugate p r i o r  wi th  

respect t o  other prior probability distributions by forming the ratio of 

- 
M.S.E. to MoS.E.H . H 

C 



6 .  COMPUTER S TMU LATTON 

As we have pointed out  i n  t h e  previous s e c t i o n s  t o  i n v e s t i g a t e  t h e  

robus tness  of t h e  n a t u r a l  conjugate  with r e spec t  t o  d i f f e r e n t  p r i o r  

p r o b a b i l i t y  d i s t r i b u t i o n s  that characterize the behavior  of t h e  s c a l e  

parameter we propose t o  study the ratio of the average mean square e r r o r  

- 
with a non-conjugate p r i o r ,  M.S.E. t o  t h e  average mean square  e r r o r  using 

- 
a conjugate  p r i o r ,  M.S.E. That is ,  the  measure of robus tness ,  R( t )  i s  

C 

given by 
- 
M.S.E. 

R ( t )  = , ,  

Our sensitivity analysis will be determined by a c a r e f u l  computer 

s imula t ion .  A b r i e f  d e s c r i p t i o n  of t h e  s imula t ion  procedure i s  given below: 

I) A very small E i s  s p e c i f i e d  and an N is obtained which sat is f ies  

i n e q u a l i t y  (4.6).  

ii) For specific values of the  parameters and the  conjugate  p r i o r  t h e  - 
M.S,E.C i s  ca l cu la t ed  using equat ion (4.9a). 

iii) For the different  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n s  given i n  Table 6.1 
- 

t h e  M.S.E. i s  c a l c u l a t e d  using equation (4.9).  

iv) The measure of robus tness ,  R ( t )  i s  calculated and p l o t t e d  as a 

function of time for d i f f e r e n t  con f igu ra t ions  of the parameters.  



Table 6.1 g ives  t h e  d i f f e r e n t  p r i o r  d i s t r i b u t i o n s  along wi th  t h e  var ious  values 

of t he .pa ramete r s  t h a t  we have used i n  the simulat ion.  These values  a r e  chosen 

SO t h a t  t h e  mean and var iance  of t h e  s p e c i f i e d  p r i o r  i s  approximately 

c:lose t o  the mean and va r i ance  of t h e  n a t u r a l  conjugate p r i o r .  For t h e  

1 
Weibull f a i l u r e  model t h e  shape parameter w a s  f ixed a t  a = T, 1, 2. The 

parameters of t h e  n a t u r a l  conjugate were p = 60 and v = 6 .  

Figures 6.1 - 6.6 are r ep resen ta t ive  samples of t h e  proposed measure of 

robustness, R ( t ) ,  of t h e  conjugate p r i o r  d i s t r i b u t i o n ,  wi th  r e spec t  to the 

fol lowing d i f f e r e n t  p r i o r s ;  be;ta, Pahaon, hv&ed gamma, t .mncated n o m d ,  

1 .09-namd and t h e  e ~ e m e  v&e. 





M.S.E. (Beta p . d . f . 1  
R(t) = 

M C C  
(conjugate)  

t (hours )  

Figure 6.1 



M.S.E. (Poisson p . d . f . )  
R ( t )  = (con juga te )  

M.S,E. C 

t (hours) 

Figure 6 .2  



/ 

t (hours 1" - 5 h r s .  

F igu re  6 .3  



t (hours ) 

Figure 6 . 4  

.4 
X.S.E. (Truncated Normal p . d . f , )  

R(t) = - (Conj ugate) M.S.E.  

i C 

i I 

0 5 10 15 20 2 5 30 35 40 



M . S . E .  (Log-Normal p.d.f .) 
R(t) = - 

M.S.E. (Conjugate) 
C 

t (hours ) 

Figure 6 . 5  



M.S,E. (Extreme Value p . d . f , )  R ( t )  = - (Conjugate) M.S.E. 
C 

t (hours)  
F igure  616 



7. SUMMARY AND CONCLUSlONS 

Bayesian estimates of the scale parameter and r e l i a b i l i t y  func t ion  of the  

Weibull f a i l u re  model under  t h e  "popular" conjugate  p r i o r  have been given. 

The employment of t h i s  prior results in analytically tractable £ o m s  of the 

Bayesian estimates is of i n t e r e s t .  A procedure has been developed t o  i n v e s t i g a t e  

t h e  consequence of t h e  prior p r o b a b i l i t y  d i s t r i b u t i o n  being d i f f e r e n t  from t h e  

assigned conjugate .  The proposed method employs the r a t i o  of t h e  average mean 

square e r r o r  when t h e  p r i o r  is d i f f e r e n t  from the  conjugate  p r i o r  (and i t s  Bayes 

r e l i a b i l i t y  e s t ima te  is  used) to the  average mean square e r r o r  when t h e  p r i o r  is  

assumed t o  be  the conjugate d i s t r i b u t i o n  (and again  the  Bayes r e l i a b i l i t y  e s t ima te  

i s  u s e d ) .  That is ,  we s h a l l  assume t h a t  the l e v e l  of t h e  average mean square  

e r r o r  of t h e  Bayesian r e l i a b i l i t y  e s t ima te  under t h e  conjugate p r i o r  (which is 

assumed t o  be  t h e  true p r i o r )  is  acceptable. The present  s tudy  investigates 

M.S.E.  under d i f f e r e n t  p r i o r s  and compares them t o  the  accepted M.S.E. 
C ' 

The proposed measure of "goodness" of t he  Bayes reliability estimate under 

the conjuga te  p r i o r  is  the r a t i o  

The closer this r a t i o  is  t o  one, the more robus t  is  the conjugate d i s t r i b u t i o n  as a 

prior t o  obtain s Bayesian reliability estimate. Thus, there arc t h r e e  signifscant 

p o e s i b i l i t i e e  the proposed ratio as a function of time will assume. 
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A s i m i l a r  approach can be employed t o  s tudy the Bayesian e s t ima te  of t h e  

hazard r a t e  under the i n f luence  of the conjugate  p r i o r  versus  different p r i o r  

d i s t r i b u t i o n s ,  

A b r i e f  computer simulation has been given u t i l i z i n g  the  s i x  d i f f e r e n t  

p r i o r  p r o b a b i l i t y  density functions, namely, b&a, Poihaan, inv&ed gamma, 

~ . c a X c d  n o m d ,  lag-nohmde and extfteme v d u e .  The computer r e s u l t s  i n d i c a t e  

that. there i s  a s i g n i f i c a n t  v a r i a t i o n  i n  t h e  M.S.E. when the p r i o r s  were chosen 

so t h a t  the i r  f i r s t  two moments approximately agreed wi th  that of t h e  conjugate. 

One would t h e r e f o r e  conclude that i t  i s  the  h ighe r  moments t h a t  cause t h e  

v a r i a t i o n ,  This  observa t ion  is i n  agreement with the  a n a l y t i c a l  express ions  f o r  

robustness which show t h a t  the M.S.E. depends on the higher  o rde r  moments. Thus, 

it appears t h a t  i n  Bayesian r e l i a b i l i t y  e s t ima t ion  one has t o  be  very c a r e f u l  

in choosing (es t imat ing)  the p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n  t o  characterize the 

s t o c h a s t i c  parameter of the given f a i l u r e  model, 
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ABSTRACT: A Bayes ian  approach t o  assessment of r e l i a b i l i t y  
for systems under-going a c t i v e  development i s  presen ted .  It i s  
assumed, t h a t  a t  d i s t l n c t  s t a g e s  o f  development, t e s t s  are conducted 
on similar i t ems  p rov id ing  d a t a  f o r  e s t i m a t i o n  of reliability and 
for t h e  t r a c k i n g  and p s o j e c t i o n  o f  r e l i a b i l i t y  growth. While a 
pa rame t r i c  model i s  no t  assumed, it i s  assumed t h a t  r e l i a b i l i t y  i s  
non-decreasing from stage t o  s t a g e .  An approximation of t h e  poste-  
r i o r  c o n d i t i o n a l  d i s t r i b u t i o n  o f  t h e  n t h  s tage r e l i a b i l i t y  g iven  
t h a t  It i s  a t  least; as g r e a t  as t h e  r e l i a b i l i t y  i n  t h e  (n -1 ) th  
s tage  i s  employed. P r o p e r t i e s  of e s t i m a t e s  e x t r a c t e d  from t h i s  
distribution are  examined. I l l u s t r a t i v e  numerical  examples a r e  
provided.  

INTRODUCTION: R e l i a b i l i t y  has  f o r  some t ime been regarded  a s  
one o f  t h e  s i n g l e  most impor tan t  c h a r a c t e r i s t i c s  by which adequacy 
of' system des ign  can be measured. P r i o r  t o  t h e  i n i t i a t i o n  of t h e  
development program general requ i rements  f o r  t h e  system a r e  e s t a b -  
l i s h e d .  One of these  requ i rements  i s  o f t e n  t h e  minimum r e l i a b i l i t y  
t o  be cons idered  accep tab l e  f o r  t h e  system des ign  r e s u l t i n g  a s  t h e  
end product  of t h e  development e f f o r t .  An impor tan t  f a c e t  of t h e  
development program i s  t h e  sys t ema t i c  e f f o r t  on t h e  p a r t  of r e spon-  
s i b l e  eng inee r s  t o  s e e  t h a t  t h e s e  r e l i a b i l i t y  g o a l s  a re  achieved.  
The l e v e l  of eng inee r ing  e f f o r t  i s  determined by program managers 
who are  r e s p o n s i b l e  f o r  the a l l o c a t i o n  of a v a i l a b l e  funds ,  t ime,  
manpower, and f a c 5 l i t i e s  during development t o  i n s u r e  t h a t  design 
g o a l s  a r e  achieved.  Program managers have a need f o r  a c o n s i s t e n t  
q u a n t i t a t i v e  t e c h n i q u e  by which they  can monitor  and e v a l u a t e ,  
th rough  assessment  of c u r r e n t  s t a t u s  and f o r e c a s t i n g  of f u t u r e  
t r e n d s ,  t h e  p rog re s s  of  t h e  development program toward a t t a inmen t  
of' t h e  g o a l s .  It was t h i s  need t h a t  i n s p i r e d  t h e  development of 
t h e  concept  of  r e l . i a b i l i t y  g rowth  a n a l y s i s .  

The phenomenon of r e l i a b i l f t y  growth, as i t  occurs  i n  Army 
m a t e r i e l  development programs, does  n o t  occur simply as a r e s u l t  
of' p l a c i n g  p ro to type  systems on t e s t  wi th  r e l i a b i l i t y  growing i n  
pr80por t ion t o  t h e  time o r  number of  t e s t s  o c c u r r i n g  be fo re  a f a i l u r e  
i s  obse rved .  The i n g r e d i e n t s  of a development program which cause  
reliability growth are many and complex. F i r s t  and fo remos t  a r e  
t h e ,  h o p e f u l l y  well-designed,  t e s t  programs which t o g e t h e r  become 
an i t e r a t i v e  process of des ign ,  t e s t ,  r edes ign ,  r e t e s t ,  and s o  on. 



Following e a c h  t e s t  s t a g e  t h e  r e d e s i g n s  a r e  accompl ished  i n  p a r t  
f o r  the  p u r p o s e  o f  e l i m i n a t i n g  obse rved  f a i l u r e  modes, as w e l l  as 
any p o t e n t i a l  f a i l u r e  modes o r  d e f i c i e n c i e s  which may have been 
r e c o g n i z e d  s i n c e  t h e  las t  des ign .  Many r e l i a b i l i t y  growth  models  
a p p e a r i n g  i n  t h e  l i t e r a t u r e  c o n s i d e r  o n l y  t h i s  p r o c e s s ,  and as a 
r e s u l t ,  f a i l  t o  a c c u r a t e l y  d e s c r i b e  reliability growth  i n  the con- 
t e x t  of  a r e a l i s t i c  A m y  development  program. Some o f  the other 
f ac to r s  which i n f l u e n c e  end item r e l i a b i l i t y  and which s h o u l d  be 
t a k e n  i n t o  accoun t  when c o n s t r u c t i n g  r e l i a b i l i t y  growth  models  a re  
advancements  i n  t h e  state-of-the-art a l l o w i n g  f o r  t h e  e l l m i n a t i o n  
o f  d e f i c i e n c i e s  c o n s i d e r e d  i n h e r e n t  i n  the i n i t i a l  d e s i g n ,  improved 
i n s p e c t i o n  and quality c o n t r o l  p r o c e d u r e s ,  i d e n t i f i c a t i o n  of and  
c o n c e n t r a t i o n  on i m p o r t a n t  parameters,  b e t t e r  methods of incorpo-  
r a t i n g  d e s i g n  changes,  a c c e l e r a t e d  o r  o v e r s t r e s s  t e s t i n g  i n  combina- 
t i o n  w i t h  b e t t e r  u n d e r s t a n d i n g  o f  t h e  e n v i r o n m e n t a l  stresses t h e  
sys t em w i l l  exper ience  i n  a c t u a l  u s e ,  and many more. 

That  t h e s e  f a c t o r s  and their i n t e r a c t i o n s  e x i s t  a l l o w s  f o r  t h e  
f o l l o w i n g  i m p o r t a n t  p r e l i m i n a r y  c o n c l u s i o n s :  

1. R e l i a b i l i t y  i s  i n c r e a s i n g  from s t a g e  t o  s t a g e  of t e s t i n g .  

2 .  A g e n e r a l  r e p r e s e n t a t i o n  o f  r e l i a b i l i t y  growth by a smooth 
c u r v e  i s  u n r e a s o n a b l e .  

The f i r s t  c o n c l u s i o n  i s  reached  because t h e  i n f l u e n c i n g  f a c t o r s  
p r o v i d e  a "built-in" g u a r a n t e e  t h a t  t h e  r e s u l t a n t  s y s t e m  w i l l  be 
improved;  t h e  second ,  because  t h e  impact  o f  i n t e r a c t i n g  f a c t o r s  
between s tages  w i l l  v a r y  significantly. 

The approach  t o  be  p r e s e n t e d  i n  this p a p e r  i n c o r p o r a t e s  the 
f i rs t  c o n c l u s i o n  as an u n d e r l y i n g  as sumpt ion  and t h e  second con- 
c l u s i o n  t h r o u g h  a v o i d a n c e  of p a r a m e t r i c  models  [ 2 ]  r e p r e s e n t i n g  
r e l i a b i l i t y  as a f u n c t i o n  o f  development  program t ime .  The methods 
of e s t ima t ing  r e l i a b i l i t y  a t  each s t a g e  a r e  based on t h e  g i v e n  
c o n d i t i o n  t h a t  t h e  r e l i a b i l i t y  h a s  n o t  decreased s i n c e  t h e  las t  
s tage.  A t  each  t e s t  s tage similar1 i t e m s  are p laced  on t e s t  
p r o v i d i n g  b i n o m i a l  data i n  the form o f  s u c c e s s e s  and r a i l u r e s  
from which e s t i m a t e s  o f  t h e  c u r r e n t  v a l u e  of reliability are t o  
be made. The unknown r e l i a b i l i t y  a t  e a c h  s tage i s  t r e a t e d  a s  a 
random var iab le  which i s  t h e  unknown parameter of t h e  Bernoulli 
process  g e n e r a t i n g  the data  i n  t h a t  s tage .  P r i o r  and p o s t e r i o r  
d i s t r i b u t i o n s  are  formulated as b e t a  d i s t r i b u t i o n s ,  t h e  f a m i l y  
of d i s t r i b u t i o n s  c o n j u g a t e  t o  t h e  B e r n o u l l i  p r o c e s s  [l]. It will 
be a p p a r e n t  t h a t  c o n J u g a t e  p r i o r s  a re  not  r e q u i s i t e  t o  a p p l i c a t i o n  
of t h e  approach ,  I n  a c t u a l  applications one c o u l d  use person- 
a l i z e d  o r  e v i d e n t i a l  p r i o r s  f o l l o w i n g  e s s e n t i a l l y  the same s t e p s  
outlined h e r e i n ,  The p r i o r  d i s t r i b u t i o n s ,  whe the r  t h e y  be con juga t e  
o r  otherwise, and t h e  likelihood f u n c t i o n s  based  on t h e  observed data 



i n  each s tage  a r e  used t o  compute, v i a  B a y e s  Theorem, t h e  posterio17 
c o n p i t i o n a l  d i s t r i b u t i o n  of t h e  n t h  s t a g e  reliability given  that i t .  
i s  g r e a t e r  t h a n  o r  equal t o  t h e  r e l i a b i l i t y  a t  t h e  ( n - 1 ) t h  s t a g e .  
T : ~ i s  d i s t r i b u t i o n  can t h e n  be used  t o  make i n f e r e n c e s  about  t h e  
n t h  s tage r e l i a b i l i t y  i n  t h e  c o n t e x t  o f  r e l i a b i l i t y  growth. The 
d e t a i l s  o f  the approach are provided i n  t h e  next  s e c t i o n .  

PRPCEDURE, FOR TRACKING---INDEPENDENT BERNOULLI PROCESSES: 
The t e s t i n g  d u r i n g  t h e  development program i s  conducted I n  rn d i s t i n c t  
s s ages .  A t  t h e  I t h  stage the r e s u l t s  of t e s t i n g  a r e  recorded  as t h e  
observed number, xi, of  f a i l u r e s  ou t  of ni t r i a l s .  We denote  b y  

S. = n -1 - xL, t h e  number o f  s u c c e s s e s  observed a t  t h e  i t h  s t a g e .  The 

i t h  s t a g e  r e l i a b i l i t y ,  t h a t  i s ,  p r o b a b i l i t y  of succe s s ,  i s  denoted 
b . The f a c t o r s  l i s t e d  p r e v i o u s l y ,  i n c l u d i n g  e l i m i n a t i o n  o f  

f a i l u r e  modes observed i n  p r ev ious  s t a g e s ,  lead t o  improvements i n  
system r e l i a b i l i t y  from s tage  t o  s t a g e  s o  t h a t  we may assume t h e  
r l t  s a r e  nondecreas ing ,  o r  e q u i v a l e n t l y ,  PI' r2 2 . .  . 'rm. I n  

u t i l i z i n g  t h e  Bayesian approach  w e  w i l l  c o n s i d e r  t h e  unknown r e l i -  
a b i l i t i e s  as independent  random v a r i a b l e s .  When i t  becomes neces-  
sary t o  emphasize t h a t  t h e  unknown i t h  s t a g e  r e l i a b i l i t y  i s  a random 
v a r i a b l e  i n  t h e  Bayes ian  s e n s e ,  i t  w i l l  be denoted by Pi. The 

I likelihood f o r  t h e  i t h  stage even t  i s  g iven  by 

To app ly  Bayes Theorem f o r  t h e  d e t e r m i n a t i o n  of t h e  p o s t e r i o r  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  of  t h e  Fi w e  r e q u i r e  f o rmu la t i on  of 

p r i o r  d i s t r i b u t i o n s  f o r  t h e s e  random v a r i a b l e s .  A s  s ta ted p r e v i o u s l y  
t h e  con juga t e  beta f ami ly  w i l l  p rov ide  t h e  c l a s s  of d i s t r i b u t i o n s  
from which a cho i ce  w i l l  be made. Our s t u d i e s  have shown t h a t  good 
e s t i m a t i o n  p rocedures  in t h e  r e l i a b i l i t y  growth environment r e s u l t  
when a uniform d i s t r i b u t i o n  on t h e  u n i t  i n t e r v a l  i s  assumed as t h e  
p r i o r  d i s t r i b u t i o n  f o r  each Gi. A s  members of  t h e  b e t a  f ami ly  t h e  

I d e n s i t i e s  o f  these p r i o r  d i s t r i b u t i o n s  are fo rmu la t ed  as 



where t h e  parameters of the beta distributions are aOi =bOi =I, 

i=l,.,.,m, with the o subscript and prime used to signify that these 
are prior representations. To employ o t h e r  members o f  t h e  beta 
family (i.e. non-uniform) as priors a l l  that is required is a 
redefinition of the aoi l s  and boils. It is suggested, however, that 

t h e  impact on the properties of' resulting estimates be thoroughly 
understood beforehand. Studies of prior.representations for the 
reliability growth situation are now being undertaken. 

,Employfng Bayes Theorem f'ollowing each stage of testing, we 
determine t h e  unconditional posterl.or distribution of the P, t o  have 

I 
d e n s i t y  

Letting ai = si t and bi = 9 - si + b o i l  we can  reformulate 

this density as 
r (ai + bi) 

f"" (ri) = =$*I (1-r-j hi -1  
*i 

(1) 
r (a;) T(bi) 

Having the probability densities for the independent r8andom 
variables, Fi, we now wish to structure our procedure for assessing 

r e l i a b i l i t y  at each stage within the c o n t e x t  of reliability growth.  
We do t h i s  by  taking advalltage of our primary assumption, f i  i F2 5 . . . ; &, considering a t  the kth stage that % 2 c . . . &  a n 3  

then introducing the additional assumpt ion  that $-1 5 %. The 

manner in which this is accomplished is by first formulating t h e  
unconditiorlal joint posterior density of r;l and 5 as 



To simplify notation we will for the remainder of this discussion 
drop the subscript of the density functions indicating the appropriate 
random variables unless ambiguity will result. Thus hgl,s2 (rl,r2) 

will be simply represented as 

The conditional joint posterior distribution of rl and Fz given 

G2 then has density 

for (rl , r 2 ) ~ S ,  where S= l (rl ,r2): 0 ri 5 r2 l j e  

Hence, f rom ( 2 )  

= 0 ; elsewhere . 
To obtain. the conditional marginal posterior density of G2 

given 21 & 12  we integrate with respect to rl over its range. Hence, 

The denominator of the right side of (3) is the posterior probability 
that $1 5 22. Substituting the unconditional marginal distributions 

glven by (1) in (3) and cancelling the normalizing constants we have 



To remain consistent with our choice of the beta family to 
summarize beliefs concerning an unknown reliability and to eliminate 
the d i f f i c u l t i e s  expected in u s i n g  the form of the density appearing 
in ( 4 )  we will approximate t h i s  d e n s i t y  by a beta density. The b e t a  
f i t  will b e  accomplished through use of  t h e  method of  moments employ- 
i n g  o n l y  t h e  f i r s t  two moments of t h e  d i s t r i b u t i o n  with d e n s i t y  
given by (4) to obtain the two parameters of t h e  des i red  beta 
density. If we let p12 and N~~ denote  t h e  f i r s t  and second moments, 

respectively, of t h i s  d i s t r i b u t i o n ,  we can compute their values  from 

and 

The required double integrations are performed using the binomial 
expansion for the interior i n t e g r a l s ,  i n  this case  the i n c o m p l e t e  
be ta  integrals, and summations o f  the complete beta i n t e g r a l s  
forming a f i n i t e  or convergent infinite series, 

To determine t h e  b e t a  distribution w i t h  first moment ~ 1 1 2  and 

second moment pz2 we recall that a beta distributed random variable 

$ w i t h  d e n s i t y  

has n t h  moment g i v e n  by 

Hence, two e q u a t i o n s  can be solvcd for p and q t h e  parameters 
2 2 ' 

of t h e  b e t a  fit t o  h(r2 IF t? ) given in (4); these are 1 = 2  



and 

p22 
= p, ( pz + 1 1 I / [  (p2 + q 2 ) ( p 2  + q2 + l) 1 , (8) 

The solutions for p2 andq2 are 

P2 = [ u : ~ ( ~ - Y ~ ~ ) /  o i l  - P12 

and 

where 022' vZj is the variance of the distribution with density 

given by ( 4 ) .  We w i l l  represent  by g Z ( r Z )  the beta density 

approximating h (r2 3 ) . Hence, 

where p2 and 4 are given by (9) and (lo), respectively. Obviously, 

the beta distribution summarizing our beliefs concerning has 

d e n s i t y  given by f l ' ( r l)  so t h a t  we can define gl (rl) by 

Y~ = f" (rll . 
P o i n t  and Bayesian confidence interval estimates of rl can 

b e  obtained u s i n g  gl. Similarly, these estimates of r can be 
2 

obtained u s i n g  gz. The p o i n t  estimates of r l  and r2 are the means 



of t h e  distributions with d e n s i t i e s  approximated by g land g 2 ,  

respectively. Hence, 

A a1 A 

and r2= P2 
rl-al + bl p2 + 92 4 

Lower lOO(1 - Y ) %  Bayesian conf ldence Limits f o r  r and r2 are 

obtained from solution for xii of 

To track reliability growth through the remaining stages 
we require the conditional marginal posterior distributions of the 
?k, k=3,  ..., rn. Instead we will obtain t h e  be t a  approximations t o  

the densities o f  these  distributions as we did for the c o n d i t i o n a l  
marginal p o s t e r i o r  d e n s i t y  of F2. For k = 3 , . . . ,  m we b e g i n  w i t h  

t h e  c o n d i t i o n a l  j o i n t  p o s t e r i o r  distribution of  t,-l and fk given 

- < z <  * 

< r k - ~  The d e n s i t y  o f  t h i s  d i s t r i b u t i o n  i s  approx- * 1 =  2~ ,..., 2 

The c o n d i t i o n a l  joint posterior distribution of ?k-l and fk with 

the additional given condition that Sk-l kZk is then  approximated by 



T:herefore, t h e  c o n d i t i o n a l  marginal p o s t e r i o r  d e n s i t y  of  Ek 

g.iven 11$ f j, . . . ,>Fk 1 s  

To determine g k ( r k ) ,  t h e  be ta  f'it to ( L l ) ,  w e  again employ the 

method o f  moments. The f i r s t  and second moments o f  t h e  d i s -  
t r i b u t i o n  with approximate  d e n s i t y  g iven  by (11) are ,  r e s p e c t i v e l y ,  

and 

Proceeding as  we did f o r  k=2, the v a l u e s  o f  v l k  and u2kcan 

be used t o  determine t h e  parameters, pk and q k ,  of  gk from 

and 



So t h a t  t h e  c o n d i t i o n a l  m a r g i n a l  p o s t e r i o r  d e n s i t y  of  tk is 

approximated  by the  b e t a  d e n s i t y  

and t h e  est imate o f  +, i s  t h e  mean of gk; t h a t  i s ,  

The lower  1 0 0 ( 1  - y ) %  Bayes ian  c o n f i d e n c e  l i m i t  of r k 1s r 

de te rmined  from 

We can  now employ ( 1 4 )  and ( 1 5 )  t o  t r a c k  r e l i a b i l i t y  growth 
t h r o u g h  each  s t a g e  of  t h e  development program t e s t i n g .  

EXAMPLE OF APPLICATION: The r e s u l t s  i n  TABLE 1 r e p r e s e n t  the 
data  r e c o r d e d  f o r  seven stages of t e s t i n g  d u r i n g  a h y p o t h e t i c a l  

- - 
development program. 

TABLE 1 

STAGE, i 1 2 3 4 5 6 7 

SUCCESSES, s 6 5 '7 6 8 9 8 

FAILURES, x 4 5 3 4 2 1 2 

TESTS, ni 1 0  1 0  1 0  1 0  1 0  10 1 0  

Suppose we a r e  c o n f i d e n t  t h a t  t h e  f a c t o r s  we l i s t e d  e a r l i e r  
which i n f l u e n c e  r e l i a b i l i t y  growth are i n  e f f e c t  s o  t h a t  w e ,  
w i thou t  q u e s t i o n ,  assume t h a t  t e s t  i t ems  a t  each s tage are 
improved ove r  i t ems  tes ted  i n  p r ev ious  s t a g e s  and ,  as a conse -  
quence,  reliability i s  nondecrcas ing  from s t a g e - t o - s t a g e .  We 
assume t h a t  the items are homogeneous w l t h i n  each stage. 



Before  p r o c e e d i n g  w i t h  o u r  a n a l y s i s  o f  t h i s  d a t a ,  we must 
eniphasize h e r e  t h a t  a t  a l l  t i m e s  o u r  assumpt ion  o f  non-decreas ing  
r e l i a b i l i t y  shou ld  r e s t ,  n o t  on ly  on t h e  s u b j e c t i v e  judgment t h a t  
t h e  i n f l u e n c i n g  f a c t o r s  a r e  o b t a i n i n g ,  b u t  a l s o  on c a r e f u l  
c o n s i d e r a t i o n  of t h e  d a t a ,  If ,  f o r  example, the d a t a  up t o  
t h e  k t h  stage y i e l d s  a v e r y  s m a l l  p o s t e r i o r  p r o b a b i l i t y  t h a t  
F k 2  Ek-l we would s e r i o u s l y  q u e s t i o n  o u r  assumpt ion  and t r e a t  

t h e  data i n  a manner d i f f e r e n t  from t h a t  p rov ided  i n  t h e  p r e c e d i n g  
s e c t i o n .  It i s  i m p o r t a n t  t h a t  t h i s  i s  k e p t  i n  mind when u s i n g  
t h i s  approach.  

The data i n  Tab le  1 was used t o  t r a c k  r e l i a b i l i t y  t h r o u g h  
t h e  s t a g e s  employing t h e  approach ou t  l i n e d  above w i t h  aok'bOk'l 

f o r  k=1, . . . , 7 .  I n  a d d i t i o n  t h e  maximum l i k e l i h o o d  e s t i m a t i o n  
praocedure o f  Barlow and Scheuer  [3] was employed f o r  purposes  o f  
comparison,  Barlow and Scheuer  showed t h a t  t h e  maximum l i k e l i -  
hood e s t i m a t e s  o f  t h e  k t h  s t a g e  r e l i a b i l i t y ,  n, , given  r E -  -- . . . &rk 
a r e  g i v e n  by 

They a l s o  s u g g e s t e d  a method for computing c o n s e r v a t i v e  lower  
c o n f i d e n c e  l i m i t s  f o r  r e l i a b i l i t y  a t  e a c h  s t a g e .  T h i s  method 
i n v o l v e d  c o n s i d e r a t i o n  o f  t h e  data a s  though homogeneity 
e x l s t e d  between a l l  s t a g e s  as i f  no r e l i a b i l i t y  growth were 
t a k i n g  p l a c e .  The u s u a l  t e c h n i q u e  f o r  o b t a i n i n g  a one-sided 
lower  conf idence  l i m i t  f o r  a b inomia l  pa ramete r  i s  t h e n  used  
w i t h  S s u c c e s s e s  i n  N k  t r i a l s  where 

and 

Table  2 p r o v i d e s  t h e  r e s u l t s  of a p p l i c a t i o n  of  t h e  two approaches  
which i n c l u d e  p o i n t  estimates of t h e  r e l i a b i l i t y  i n  e a c h  s t a g e  
f o r  both approaches ,  lower  Bayes ian  90% conf idence  l i m i t s ,  
and Barlow and S c h e u e r ' s  c o n s e r v a t i v e  9 0 %  conf idence  bounds. 



TABLE 2 

B A Y E S I A N  LOWER 9 0 % C O N F .  LIM. 
STAGE ESTIMATE M.L.E. B A Y E S I A N  CONSERVATIVE 

The r e s u l t s  i n c l u d e d  i n  TABLE 2 reflect immedia te ly  t h e  pe l -  
a t i v e l y  c l o s e  agreement  between t h e  p o i n t  e s t i m a t e s  d e t e r m i n e d  
u s i n g  t h e  two approaches .  They a l s o  d e m o n s t r a t e  t h e  e x t r e m e  
conserva t i sm of t h e  c o n f i d e n c e  bound s u g g e s t e d  by Barlow and 
Scheuer and t h e  improvement i n  t h i s  r e s p e c t  ach ieved  by t h e  
method i n t r o d u c e d  h e r e .  These P e a t u r e s  are more r e a d i l y  a p p a r e n t  
when reviewed g r a p h i c a l l y ,  as i n  FIGURE 1, where t h e  t r a c k i n g  
of r e l i a b i l i t y  growth  f o r  t h i s  example i s  p r o v i d e d .  

The improvement i n  the  c o n f i d e n c e  bound o b t a i n e d  v i a  t h e  
Bayes ian  approach  can be viewed f rom a d i f f e r e n t  a s p e c t  and 
said t o  r e s u l t  f rom an i n c r e a s e  i n  t h e  pseudo-sample s i z e  
f o r  each s t a g e .  Th i s  v a l u e  f o r  t h e  k t h  s t a g e  i s  d e n o t e d  by ik 

and i s  s i m p l y  t h e  sum o f  t h e  p a r a m e t e r s  of  t h e  beta a p p r o x i m a t i o n  
determined f o r  h(rklP12j i22...5?k ) reduced by t h e  sum of  the  p r i o r  

parameters f o r  t h a t  s t a g e ,  1 - e -  a,kt%k Hence, 

~f we d e f i n e  t h e  number o f  pseudo-:;uccesses t o  b e  gk=pk-aok and 

the number of  pseudo-f a i l u r e s  to br. *k =qk -b ok, then fik=& -Fk 

The va lues  of f i k ,  sk , fk f o ~  o u r  example  are p r o v i d e d  i n  TABLE 3 





TABLE 3 

STAGE, k .4k= pk-1 gk =qk-1 +fik 

The r e s u l t s  i n  t h i s  t a b l e  show t h e  degree  t o  which t h e  pseudo- 
sample s i z e  was i n c r e a s e d  i n  e a c h  s t a g e  as compared t o  t h e  actual 
sample size of L O  t e s t e d  a t  e a c h  s t a g e .  T h i s  i n c r e a s e  i n  pseudo- 
sample s i z e  and t h e  u s e  o f  sk , r a t h e r  t h a n  t h e  c u m u l a t i v e  
number o f  a c tua l  successes  used  by Rarlow and Scheuer  lead t o  
t h e  improved confidence l i m i t s  i n  TABLE 2.  

I n  a d d i t i o n  t o  c a r r y i n g  o u t  t h e  n e c e s s a r y  c o m p u t a t i o n  
f o r  many examples  s u c h  as t h e  one j u s t  p r e s e n t e d ,  computer  
s i m u l a t i o n  and d i r e c t  c o m p u t a t i o n s  were made t o  d e t e r m i n e  t h e  
p r o p e r t i e s  of  t h e  p o i n t  e s t i m a t e s  r e s u l t i n g  from t h e  s u g g e s t e d  
Bayes ian  approach .  These i n v e s t i g a t i o n s  i n v o l v e d  t h e  e f f e c t s  
of v a r y i n g  sample s i z e s  w i t h i n  s t a g e s  and from s tage  t o  s t a g e .  
A broad spec t rum of t r u e  r e l i a b i l i t y  growth  p r o f i l e s  were 
employed f o r  which a d e t e r m i n a t i o n  w a s  made of  t h e  b i a s  and 
mean-square-er ror  (MSE) of  e s t i m a t e s  of  r e l i a b i l i t y  a t  each  
s t a g e .  These va lues  were d e t e r m i n e d  f o r  e a c h  o f  t h e  p r o f i l e / s a m p l e  
s i z e  c a s e s  for b o t h  t h e  Bayes ian  a p p r o a c h  and t h e  maximum 
l i k e l i h o o d  method o f  Barlow and Scheuer .  I n  e v e r y  case a t  
each s t a g e  t h e  MSE of t h e  e s t i m a t e s  r e s u l t i n g  from t h e  B a y e s i a n  
approach were smaller t h a n  t h a t  f o ~  t h e  MLE. I n  most c a s e s ,  
w h i l e  t h e  b i a s  of  t h e  Bayes ian  e s t i m a t e s  was l a r g e r  than t h a t  
o f  t h e  MLE I n  t h e  e a r l y  s tages ,  as t h e  number of s tages  
i n c r e a s e d  t h e  d i f f e r e n c e  d e c r e a s e d .  I n  some of  these  c a s e s  
t h e  b i a s  o f  t h e  Bayesian e s t i m a t e s  became s m a l l e r  t h a n  t h a t  
o f  t h e  MLE i n  t h e  l a t e r  stages. 

PROCEDURE FOR PREDICTION: A t  any i n t e r m e d i a t e  stage o f  
t e s t i n g  d u r i n g  a development  program, t h e  program managers  
would like t o  have a p r o j e c t i o n  o f  t h e  r e l i a b i l i t y  th rough  
f u t u r e  s t a g e s  o f  t e s t i n g  assuming the program w i l l  p roceed 
w i t h o u t  many unforeseen problems.  I n  t h i s  r e s p e c t ,  a r e l i a b i l i t y  



growth a n a l y s i s  approach which p r o v i d e s  on ly  a method o f  t r a c k i n g  
t h e  p a s t  and c u r r e n t  s t a t u s  of sys tem r e l i a b i l i t y ,  i s  incomple te .  
A means o f  p r e d i c t i n g  o r  f o r e c a s t i n g  r e l i a b i l i t y  t h r o u g h  l a t e r  
s t a g e s  o f  t e s t i n g  based on t h e  p a s t  e x p e r i e n c e  i s  n e c e s s a r y .  

F o r t u n a t e l y  t h e r e  i s  a n a t u r a l  and i n t u i t i v e l y  p l e a s i n g  
way t o  e x t e n d  t h e  Bayes ian  approach of  t r a c k i n g  r e l i a b i l i t y  
p r e s e n t e d  above t o  p r o v i d e  a p rocedure  f o r  p r e d i c t i n g  r e l i a b i l i t y  
growth t h r o u g h  f u t u r e  s t a g e s .  Suppose t h a t  t e s t i n g  t h r o u g h  
s t a g e  k  h a s  been accompl ished and t h e  r e s u l t i n g  d a t a  h a s  been 
used a l o n g  w i t h  data  from p r e v i o u s  s t a g e s  t o  t r a c k  r e l i a b i l i t y  
t h r o u g h  s t a g e  k by t h e  Bayesian approach.  P r e d i c t i o n  f o r  f u t u r e  
s t a g e s  i s  accompl ished by c o n t i n u i n g  t h e  a n a l y s i s  conducted  f o r  
s t a g e s  1 t h r o u g h  k  i n t o  s t a g e s  k+l,k+2,..,,rn, by d e f i n i n g  t h e  
p r i o r  b e t a  p a r a m e t e r s  f o r  t h e s e  s tages  t o  be 

aoi = pk and boi = qk 

f o r  i = k + l , k + 2 ,  ..., m ,  where pk and q k  a r e  t h e  computed p a r a m e t e r s  

o f  t h e  b e t a  approx imat ion  t o  h ( r k 1 p & 2  .. .L ik). Then f o r  each 

s tage i, i = k + l ,  ..., m, s i n c e  no a c t u a l  d a t a  has been obse rved ,  
we d e f i n e  S i=o  and =o,  s o  t h a t  t h e  p a r a m e t e r s  of t h e  uncondi-  
t i o n a l  m a r g i n a l  be ta  d i s t r i b u t i o n  of t h e  Ci, i=k+l . ,  , . . , m  a r e  

- 
ai - si + pk = pk and bi = xi + qk = qk 

The c o n d i t i o n a l  m a r g i n a l  d i s t r i b u t i o n  o f  t h e e i  g i v e n  

El2 e22. ..si can t h e n  be approximated  by a  b e t a  d i s t r i b u t i o n  

by c o n t i n u i n g  t h e  p rocedure  used f o r  s t a g e s  1 t h r o u g h  k. P o i n t  
and i n t e r v a l  e s t i m a t e s  of t h e  p r e d i c t e d  r e l i a b i l i t y  f o r  t h e  
future s t a g e s  can then be ob t a ined  i n  t h e  same way as f o r  earlier 
s t a g e s .  

T h i s  p r o c e d u r e  was a p p l i e d  t o  t h e  example presented i n  
t h e  p r e v l o u s  s e c t i o n  t o  p r e d i c t  r e l i a b i l i t y  growth f o r  stages 
8,  9 ,  and 1 0 ,  s i n c e  f o r  t h a t  cxample k = 7 ,  The r e s u l t s  a r e  
presented  I n  TABLE 4 and i n c l u d e  p o i n t  e s t i m a t e s  and lower 90% 
Bayes ian  c o n f i d e n c e  l imi ts  f o r  s t a g e  7 ,  computed p r e v i o u s l y ,  
as well as, f o r  s t a g e s  8 ,  9, 10. 



STAGE 

TABLE 4 
POINT 

ESTIMATE 
LOWER 90% 

C O N F .  LIMIT 

A g r a p h i c a l  representation of  t h e  t r a c k i n g  and prediction 
of r e l i a b i l i t y  growth f o r  s t a g e s  1 t h r o u g h  10 of o u r  example 
I s  prov ided  in FIGURE 2. 

STAGE, k 

FIGURE 2 



RICLIABILITY GROWTH-INDEPENDENT POISSON PROCESSES: 

We conclude  t h i s  p a p e r  w i t h  a d i s c u s s i o n  of a n  e x t e n s i o n  
01: t h e  method p r e s e n t e d  i n  t h e  p r e v i o u s  s e c t i o n  f o r  t e s t  s t a g e s  
d e f i n e d  by independen t  B e r n o u l l i  p r o c e s s e s  t o  t h e  c a s e  where 
t h e  t e s t  s t a g e s  a r e  d e f i n e d  by independen t  Poisson p r o c e s s e s .  
I n  s u c h  cases d a t a ,  i n s t e a d  of  b e i n g  p rov ided  as a number of 
failures i n  a g i v e n  number o f  t r i a l s ,  i s  p rov ided  i n  t e rms  of  a 
number o f  f a i l u r e s  o c c u r r i n g  i n  some t o t a l  t e s t  t ime  a t  e a c h  
stage. Tha t  i s ,  a t  s t a g e  k ,  N k  i t ems  are p l a c e d  on t e s t ,  

the t e s t  be ing  t e r m i n a t e d  when e i t h e r  ( a )  a l l  Nk i t e m s  have 

f a i l e d ,  ( b )  a p rede te rmined  number, N O k ,  o f  i t e m s  have f a i l e d ,  

o r  ( c )  a p rede te rmined  t e s t  t i m e ,  T O k ,  has been r e a c h e d .  Re- 

g a r d l e s s  of t h e  manner i n  which t h e  k t h  s t a g e  t e s t  i s  t e r m i n a t e d ,  
t h e  t i m e  t o  f a i l u r e  of each  f a i l e d  i t e m  1s r e c o r d e d  a l o n g  w i t h  
t h e  t o t a l  number of  f a i l u r e s ,  and t h i s  i n f o r m a t i o n  i s  used t o  
d e f i n e  a se t  of s u f f i c i e n t  s t a t i s t i c s ,  nk, Tk}, f o r  t h e  unknown 

kt;h s tage f a l l u r e  rate, A k  . The d e f i n i t i o n  of t h e  e l e m e n t s  

of t h e  s u f f i c i e n t  s t a t i s t i c  s e t  depend on t h e  manner i n  which 
t h e  t e s t  was t e r m i n a t e d .  

When t e r m i n a t i o n  c r i t e r f o n  ( a )  i s  used nk and Tk a r e  

d e f i n e d  a s  

nk = n k 
Nk and Tk = i= C l ti 

where t; i s  t h e  ith g ~ ~ e a t e s t  t i m e  t o  f a i l u r e  of t h e  n k  i t e m s .  

For t e r m i n a t i o n  c r i t e r i o n  ( b )  we have 

nk 
and Tk = .C ti + (Nk - ~ ~ k )  tnk 

J " = l  



w i t h  t h e  ti de f ined  as f o r  ( a ) .  For  c r i t e r i o n  ( c )  w e  have 

nk 
nk = Nok and Tk "iElti + (Nk - NOk) T,k 

where Nok i s  t h e  observed number of failures o c c u r i n g  b e f o r e  

o r  a t  T O k  and t h e  t i  d e f i n e d  as f o r  (a). 

The p r o b a b i l i t y  d i s t r i b u t i o n  of  t h e  t imes  t o  f a i l u r e  of  
t h e  items t e s t e d  a t  s tage  k has d e n s i t y  

T h i s  i s  t h e ~ d e n s i t y  o f  t h e  e x p o n e n t i a l  d i s t r i b u t i o n  with f a i l u r e  
r a t e  Xk. It is e a s i l y  shown t h a t  t h e  s e t  ( nk, Tk)) w i t h  

d e f i n i t i o n  depending on t h e  t e r m i n a t i o n  c r i t e r i o n  i s  a s e t  of  
s u f f i c i e n t  s t a t i s t i c s  f o r  hk given  t h e  sample i n f o r m a t i o n  a t  

each  s t a g e .  The f a m i l y  of  d i s t r i b u t i o n  c o n j u g a t e  t o  t h i s  Po i s son  
process  i s  t h e  f a m i l y  of gamma d i s t r i b u t i o n  c h a r a c t e r i z e d  by 
t h e  d e n s i t y  

f y ( ~ l n , ~ )  = 
( ~ h )  "exp [-TX] T 

T (n4-1) 

Let stage k prior be f ( h k l n i , ~ ~ )  
Y 

where {n;,T ' 1  i s  i n t e r p r e t e d  as t h e  p r i o r  s u f f i c i e n t  s t a t i s t i c  
k 

s e t ,  t h e n  g iven  t h e  observed s u f f i c i e n t  s t a t i s t i c  se t  {%,Tk) 

t h e  p o s t e r i o r  d i s t r i b u t i o n  o f  ik h a s  d e n s i t y  f (hk1 "{,%'I) w i t h  
Y 

n " = n  + n '  
k k k  



5'017 t h e  remainder  of t h i s  d i s c u s s i o n  we w i l l  l e t  &=T;=o, t h e  

s i t u a t i o n  analogous  t o  aOk=bok= 1 f o r  t h e  B e r n o u l l i  p r o c e s s .  Then 

t h e  p o s t e r i o r  d i s t r i b u t i o n  o f  hk i s  c o n s i d e r e d  t o  have d e n s i t y  

To develop an approach t o  a n a l y s i s  of  r e l i a b f l i t y  growth 
for t h i s  case we f i r s t  n o t e  t h a t  t h e  r e l i a b i l i t y  of  e a c h  i t e m  
p l a c e d  on t e s t  a t  s t a g e  k i n  t e rms  of a s p e c i f i e d  m i s s i o n  t i m e ,  
t,, i s  g i v e n  by 

so t h a t  i f  we t r e a t  t h e  unknown f a i l u r e  r a t e  as a Bayes ian  random 
v a r i a b l e ,  jik , t hen  t h e  r e l i a b i l i t y  i s  a l s o  such a random v a r i a b l e  

d e f i n e d  by 

w i t h  d i s t r i b u t i o n  depending on t h e  d i s t r i b u t i o n  of Xk. I n s t e a d  

of d e t e r m i n i n g  t h e  d i s t r i b u t i o n  of t h e  rk d i r e c t l y  and p r o c e e d i n g  

w l t h  o u r  a n a l y s i s  o f  reliability growth w i t h  t h e  assumpt ion  
that 2$2s .. . gk, we w i l l  approximate  these d i s t r i b u t i o n s  by 

members of t h e  b e t a  f a m i l y  u s i n g  t h e  method of  moments. T h i s  
is accomplished by f i rs t  d e t e r m i n i n g  t h e  f i r s t  and second moments 
of ck , denoted  plk and p2k , by 

and 



Performing t h e  r e q u i r e d  i n t e g r a t i o n  yields 

where G k = T k / h  i s  t h e  r a t i o  of t o t a l  t e s t  t ime t o  m i s s i o n  t ime .  

We can t h e n  employ ( 1 2 )  and ( 1 3 )  w i t h  a k  and bk s u b s t i t u t e d  
f o r  p k  and q k ,  r e s p e c t i v e l y ,  t o  o b t a i n  t h e  p a r a m e t e r s  of t h e  

b e t a  f i t  t o  t h e  d i s t r i b u t i o n  o f  F k .  The r e s u l t i n g  b e t a  

d i s t r i b u t i o n s  f o r  e a c h  stage,  ff3 (rk)ak , b k ) ¶  can  then be u s e d  f o r  

r e l i a b i l i t y  growth a n a l y s i s  p r o c e e d i n g  i n  e x a c t l y  t h e  same way 
as f o r  t h e  B e r n o u l l i  p r o c e s s  t o  o b t a i n  p o i n t  and i n t e r v a l  
e s t i m a t e s  of the  r e l i a b i l i t y  a t  e a c h  s t a g e  under  t h e  non- 
d e c r e a s i n g  r e l i a b i l i t y  assumpt ion .  It i s  e x p e c t e d  t h a t  simu- 
l a t i o n  s t u d i e s  would demons t ra te  t h a t  t h e s e  e s t i m a t e s  have 
p r o p e r t i e s  a lmost  as good a s  t h o s e  demons t ra ted  f o r  t h e  
B e r n o u l l i  p r o c e s s .  
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ABSTRACT, A computer s imuln t ion  model of t h e  AUTOVON Network has 
been conecructed i n  GPSS-V. I t  inc ludes  a l l  70 switches and 60 mul t ip le -  
homed PBX'B i n  t h e  c o n t i n e n t a l  United S t a t e s .  This  model is used t o  
p r e d i c t  t h e  behavior  of t h e  network under normal ope ra t ing  cond i t i ons  
and under s t r e s s  s i t u a t i o n s ,  such as  a sudden accumulation of high- 
p r i o r i t y  c a l l s  o r  the e l imina t ion  of a number of swi tches  or  in te rcon-  
nec t ing  l i n k s ,  The s i z e  of t h e  network and i t s  importance wi th in  t h e  
communicatione systems make i t  imprac t i ca l  t o  determine t h e  r e a c t i o n s  
of t h e  network by a c t u a l  experiment. The large degree of complicat ion 
brought about by t h e  m u l t i p l e  in te rconnect ions ,  rou t ing  i n a t r u c t i o n s  
and f i v e  l e v e l s  of c a l l  p r i o r i t y  preclude a pure ly  t h e o r e t i c a l  ca lcu la-  
t ion .  Thus, t h e  tool of computer s imula t ion  provides  the bea t  way t o  
o b t a i n  t h e  answers when t h e  network is represented  i n  t h e  r equ i r ed  
d e t a i l .  Ques t ions  t h a t  are answered i n  t h i s  manner inc lude  t h e  e f f e c t s  
of r o u t i n e  t ra f f ic  on the h igh -p r io r i t y  c a l l s  under s t r e a a  condi t ion ,  
and t h e  t r a n s i e n t  effects of t h e  e l imina t ion  of a block of swi tches  o r  
i n t e r s w i t c h  l i n k s .  The v a l l d l t y  of t h e  s t a t i s t i c s  ga thered  f o r  t h e  
model depends on t h e  l eng th  of t h e  s imu la t ion  run and t h e  adequacy of 
t h e  random number gene ra to re  used. General r e s u l t s  on t h e s e  p o i n t s  a r e  
not  known for GPSS. 

1. INTRODUCTION. The AUTOVON network is  p a r t  of t h e  World-Wide 
M i l i t a r y  Command and 'Communications SystemIDefense Communications 
Syatem (WWMCCS/DCS). The Cont inenta l  US (CONUS) part of t h e  network 
c:overs t h e  US and Canada and permit8 vo ice  cammunications f o r  r o u t i n e  
t r a f f i c  and p r i o r i t y  matters. 

The precise conf igu ra t ion  of t h e  network i a  cons t an t ly  being 
altered a s  a r e e u l t  of imprwements and changes i n  t h e  na tu re  of t h e  
1.0ad. The model t h a t  was used i n  t h e  s imu la t ion  c o n s i s t s  of 70 swi tches  
and 60 multiple-homed P r i v a t e  Branch Exchanges (PBX). For t h i a  investi- 
ga t ion ,  t h e  changes Introduced i n  t h e  network do not  a f fec t  t h e  v a l i d i t y  
of the results, 

The model is coded i n  GPSS-V, and i t  f a i t h f u l l y  r e p r e s e n t s  t h e  
processing of long-dis tance c a l l s  through t h e  AUTOVON system. Minor 
changes a r e  introduced t o  s imu la t e  t h e  s p e c i a l  cond i t i ons  considered 
f o r  each run, 

The purpose of t h e s e  runs  was t o  s tudy  t r a n s i e n t  e f f e c t s  on t h e  
f low of traffic, which may occur under emergency condi t ions .  Thla is  

'~h~his e f f o r t  vaa i n i t i a l l y  farmulaced as p e r t  of DNA~DCA j o i n t  PREMPT Program. 



i n  c o n t r a d i s t i n c t i o n  t o  t h e  more uqual  s imula t ion  programs primari ly 
d i rec ted  t o  t h e  eva lua t ion  of s teady  s t a t e  cond i t i ons  of normal op- 
e r a t i o n s  e 

Sec t ion  2 pzeaents  a aummary of t h e  f u n c t i o n a l  a s p e c t s  of t h e  
network and s e c t i o n  3 d e s c r i b e s  t h e  p r i n c i p a l  f e a t u r e s  of t h e  model. 
Sec t ion  4 summaries a s tudy  af t h e  e f f e c t s  of r o u t i n e  background traffic 
on su rges  of h igh -p r io r i t y  c a l l s ;  and s e c t i o n  5 gives some r e s u l t s  f o r  
t h e  t r a n s i e n t  e f f e c t s  of t h e  e l imina t ion  of a block of swi tches  o r  a p a r t  
of the  l i n k  between t h m  on p r i o r i t y  t r a f f i c .  Some of t h e  problems 
associated w i t h  the  s t a t i s t i c a l  aapec ta  of s imu la t ions  are discussed i n  
s e c t i o n  6. 

The e f f e c t  of t h e  r o u t i n e  background t r a f f i c  is not  large bu t  
c l e a r l y  no t i ceab le ,  about 10%. The t r a n s i e n t  e f f e c t s  of t h e  d i s r u p t i o n  
o f  switchea o r  l i n k s  a r e  negligible, and t h e  s t eady- s t a t e  e f f e c t s  depend 
s t r o n g l y  on t h e  s e l e c t i o n  of l i n k s  t o  be e l imina ted .  This r e f l e c t 8  t h e  
importance of t h e  r o l e  of the random-number gene ra to r s  i n  a GPSS model. 

2, THE AUTOVON NETWORK. There a r e  70 swi tches  t h a t  form t h e  
b a s i c  g r i d  of AUTWON, i d e a l l y  l a i d  out i n  a hexagonal pa t t e rn .  Each 
switch then  has 6 n e a r e s t  neighbors  and 6 second n e a r e s t  ne ighbars ,  
except  for t hose  on t h e  edges of t h e  network, and each swi tch  i s  con- 
nected t o  t hese  12 neighbors  t h a t  form t h e  home g r i d  of t h e  switch. 
I n  p r a c t i c e  t h i s  p a t t e r n  i s  cons iderably  d i s t o r t e d  and the home g r i d  
can inc lude  e i t h e r  more o r  less than  12  switches.  I n  a d d i t i o n ,  each switch 
is  connected t o  a number of o ther  switches o u t s i d e  t h e  home g r i d  by 
long l i n e s .  The 60 multiple-homed PBX's are smaller switches t h a t  a r e  
connected t o  two ( i n  one case ,  three) main swi tches  and have a s i n g l e  addreas.  
When t h e  d e s t i n a t i o n  of a call i s  e s t a b l i s h e d ,  each swi tch  has  a t a b l e  
t h a t  shows how t o  r o u t e  th iu  c a l l  t o  a swi tch  or PBX i n  t h e  moat expe- 
d i t i o u a  manner. Outside t h e  home g r i d ,  t h e  r o u t i n g  i n s t r u c t i o n s  provide 
a d i r e c t  r o u t e ,  when available, and three t r i p l e s  of swltches t h a t  aerve  
as a n  in t e rmed ia t e  d e s t i n a t i o n ,  a mast d i r e c t  t r i p l e ,  a f irst  a l t e r n a t e  
t r i p l e ,  and a second a l t e r n a t e  t r i p l e .  I n s i d e  t h e  home g r i d ,  t h e r e  
exist a d i r e c t  r o u t e  and a f i r a t  and second a l t e r n a t e  t r i p l e s  only. The 
home g r i d  for a multiple-homed PBX c o n a i s t s  of t h e  home g r i d s  of the  
swi tches  t o  which i t  is connected. 

There are five p r i o ~ i t y  l e v e l s  f o r  t h e  c a l l s ,  r o u t i n e  c a l l s  having 
t h e  lowest  p r i o r i t y .  The r o u t i n g  i n s t r u c t i o n s  for r a u t i n e  c a l l s  r e s t r i c t  
them i n  t h e i r  a b i l i t y  t o  move l a t e r a l l y  when forward r o u t e s  a r e  not  
a v a i l a b l e ;  f o r  p r i o r i t y  c a l l s ,  a route-cont ro l  d i g i t  i a  used t o  avoid 
shuttling and c i r c u l a r  patterns i n  l a t e r a l m o v e s .  Calls can  preempt 
t runks  used by those  of lower p r i o r i t i e s  a f t e r  searching  for  an a v a i l -  
able one t o  the d e s t i n a t i o n  o r  in t h e  most d i r e c t  t r i p l e .  The PBX's a r e  
normally capable  of gene ra t ing  only  r o u t i n e  t r a f f i c ,  and they  can go t o  
e i t h e r  switch f i r s t ,  whereas p r i o r i t y  calls typically o r i g i n a t e  from 
eubec r ibe r s  d i r e c t l y  connected t o  n switch. 



The information t o  process  a c a l l  is t ransmi t ted  forward fram one 
ewitch t o  t h e  next  aa i t  uaea tandem switches t o  reach  i t a  d e s t i n a t i o n .  
Although p a r t  o f  t h i s  information ia t h e  p r i o r i t y ,  p r i o r i t y  c a l l s  g e t  
no p r e f e r e n t i a l  t rea tment  when queuing f o r  common equipment used i n  
ca l l  processing a t  a switch,  

A more d e t a i l e d  description of t h e  AUTOVON network and i t 8  
s imula t ion  w i l l  be presented  i n  an  HDL Technical  Report naw i n  prepara t ion .  

3, THE NETWORK MODEL. The code f o r  s imula t ion  of t h e  AUTOVON 
network is  w r i t t e n  i n  GPSS-V. It uses  t h e  random number gene ra to r s  i n  
t h e  o r i g i n a t i o n  of c a l l s ,  t h e  s e l e c t i o n  of d e s t i n a t i o n ,  t h e  de l ays  a t  
switches,  t h e  l eng th  of conversa t ion ,  t h e  s e l e c t i o n  of a tandem swi tch  
w i t h i n  a t r i p l e  f o r  p r i o r i t y  calla, t h e  choice  of a c a l l  t o  be preempted, 
etc., modified i n  t h e  a p p r o p r i a t e  way f o r  each case. 

The background t r a f f i c  is generated i n  such a way t h a t  t h e  network 
is more or less uniformly loaded,  as  ind ica t ed  by t h e  number of calls  
blocked at each awitch. To g e t  good s t a t i s t i c s  f o r  reasonable  r u n  
times, t he  load i s  chosen rather heavy, so t h a t  an apprec i ab le  f r a c t i o n  
of t h e  calls is  blocked or preempted! this is not  intended t o  r e p r e s e n t  
the normal t r a f f i c  p a t t e r n .  The priority p r o f i l e  of t he  c a l l s  is a l s o  
chosen i n  a way t h a t  i t  f a c i l i t a t e s  t h e  s tudy  of t h e  s p e c i a l  e f f e c t s  
t h a t  are being i n v e s t i g a t e d ,  and does not  r ep re sen t  an average condi t ion .  

The model u ses  t h e  a c t u a l  rou t ing  i n s t r u c t i o n s  f o r  the  network, 
and t h e  numbers of interewitch and PBX-to-awltch t runks  a r e  c l o s e  t o  t h e  
a c t u a l  ones. It also fo l lowe t h e  procedures  used by the  awitch t o  preempt 
c a l l s .  

A swi tch  is represented  by a delay,  which i n  t h i s  case i a  chosen 
t o  be a func t ion  of t h e  load. This  func t ion  was determined by a simu- 
l a t i o n  of a n  AECo swi tch  i n  a s e p a r a t e  model; It was assumed t h a t  t h e  
d i f f e r e n c e s  between t h i s  and the ESS and 4W5 switches, which are t h e  
two o t h e r  k inds  i n  t h e  network, would not a f f e c t  t h e  n a t u r e  of t h e  re- 
s u l t s .  It i a  s t r a igh t fo rward  t o  include a more d e t a i l e d  model of t h e  
swltch I n  the s imu la t ion  i f  t h i s  I s  necessary. The l o c a l  t r a f f i c  t h a t  
might e x i s t  and t h e  p o a e i b i l i t y  of t h e  called l i n e  being busy were no t  
taken i n t o  account.  Th i s  could be included by a s u i t a b l e  extension of 
the code. Addi t iona l  as$umptiona a r e  d e t a i l e d  i n  t h e  fa l lowing  s e c t i o n s ,  

4. EFFECTS OF BACKGROUND LOAD ON PRIORITY TRAFFIC, Although t h e  
a b i l i t y  of h igh -p r io r i t y  ca l l s  t o  preempt lower p r i o r i t y  ones seems t o  
Lndicate t h a t  r o u t i n e  t r a f f i c  has  no e f f e c t  on t h e  p r i o r i t y  traffic,  
there a r e  at l e a a t  two reasons  why a high load of background traffic 
makea the completion of p r i o r i t y  c a l l s  more d i f f i c u l t .  

The p r i o r l t y  of a c a l l  is recognized only  by a swi tch  a f t e r  t h i s  
information has been re layed  t o  i t  by the  previous switch. Thus, whi le  



queuing up t o  be se rv i ced  f o r  t h e  first t ime by t h e  switch marker, 
routine calls have t h e  same p r o b a b i l i t y  of being taken aa a p r i o r i t y  
one, de lay ing  t h e i r  proceaaing. Even hot - l ine  c a l l s ,  which are checked 
first by t h e  marker i n  t h e  o r i g i n a t i n g  switch,  r ece ive  no special pref-  
e rence  when competing wi th  o t h e r  c a l l s  t o  be recognized a t  another  switch. 
Furthermore, t h e r e  is a time-out l i m i t  for t h e  c a l l  t o  be accepted by 
the next  switch. I f  t h i s  time i s  exceeded, t h e  previous swi tch  w i l l  t r y  
another  t runk;  i f  t h i a  happens aga in ,  i t  dec ides  t h a t  t h e  switch is out  
and tries another  rou te .  

Routine t r a f f i c  a l s o  a f f e c t s  t h e  rou t ing  of p r i o r i t y  c a l l s  thraugh 
t h e  i d l e  eearch. I f  a d i r e c t  l i n e  is a v a i l a b l e  bu t  all t runks  are busy, 
a p r i o r i t y  c a l l  w i l l  normally search  f o r  a free t runk  i n  t h e  moat d i r e c t  
t r i p l e  of switches; on ly  if none is  a v a i l a b l e  does i t  go back t o  preempt 
a lower p r i o r i t y  c a l l  i n  t h e  direct route .  The t i m e  de lay  f o r  t h e  aearch 
i t s e l f  is n e g l i g i b l e ;  bu t  when a r o u t e  from t h e  t r i p l e  i s  chosen t h e  number 
of tandem swi tches  i nc reases ,  t h e  c a l l  has  t o  be processed by t h e  a d d i t i o n a l  
swi tches ,  more equipment is used, and t h e  p r o b a b i l i t y  of i t s  being preempted 
by a c a l l  of h igher  p r i o r i t y  a l s o  increases .  

To determine t h e  e x t e n t  of t h e s e  e f f e c t s ,  t h e  syatem was h e a v i l y  
loaded wi th  r o u t i n e  t r a f f i c .  A t  a set t i m e ,  i t  is  assumed t h a t  an 
emergency occurs  and t h a t  a ve ry  l a r g e  number of p r i o r i t y  calls is generated.  
A t  t h e  same t i m e ,  moat of t h e  r o u t i n e  t r a f f i c  i s  excluded from AUTOVONg 
i n  t h e  model, t h e  remaining r o u t i n e  t r a f f i c  being generated is repre- 
sented by the 50% of blocked and preempted c a l l s  t h a t  t r y  again. It 
is  a l s o  assumed t h a t  an a d d i t i o n a l  40% of t h e  p r i o r i t y  t r a f f i c  o r i g i n a t e s  
i n  t h e  Washington, DC area, and t h a t  an  a d d i t i o n a l  30% termina tes  there .  No 
priority t r a f f i c  o r i g i n a t e s  from t h e  multiple-homed PBX'~, but  40% termi- 
n a t e s  there .  S t a t i s t i c s  a r e  taken primarily fo r  t h e  p r i o r i t y  c a l l s .  
The surge  of  calls i s  o f  s h o r t  du ra t ion ,  and t h e  network is  then allowed 
t o  go t o  an i d l e  condi t ion .  Af t e r  r e s e t t i n g  t h e  random number gene ta to ra ,  
t h e  same p r i o r i t y  calls  are genera ted ,  t h i a  time on an empty network, 
and t h e  s ta t is t ics  are c o l l e c t e d  s e p a r a t e l y  and compared wi th  t h e  previous 
ones. 

Before g iv ing  some of t h e  r e s u l t s ,  a few a d d i t i o n a l  d e t a i l s  on t h e  
s imp l i fy ing  assumptions f o r  t h e  switch behavior a r e  i n  order .  The delay 
of t h e  cal l  a t  a swi tch  i s  a func t ion  of t h e  load ,  which was camputed 
fo r  t h e  s tandard  AECo swi tch  wi th  24 r e g i s t e r s ,  wi th  t h e  proper d i f f e r e n c e s  
for the o r i g i n a t o r  and d e s t i n a t i o n  switches.  T h l s  va lue  i s  then  increased  or  
decreaeed a t  random by up t o  20% t o  g i v e  some express ion  of the a r b i t r a r y  
s e l e c t i o n  of a call by t h e  marker. The swi tch  can handle only 24 calls a t  a 
time, and new calls have t o  queue for t h e  marker. It was assumed t h a t  a queue 
of 5 calla or let8 would make i t  t r y  bne t runk ,  of 10  ca l ls  or less, two 
t runks ;  and fo r  mare than  10 ca l l a ,  i t  cont inues  i t s  search f o r  another 
route. A l i m i t  of 56 c a l l s  queued waa s e t  f o r  the o r i g i n a t o r  switch,  
representing t h e  pa t i ence  of the c a l l e r  t a  get  a d i a l  tone. These as- 
eumptAons do not  r e f l ec t  p r e c i ~ e l y  t h e  v a r i a t i o n s  i n  delay times, bu t  a 



better s o l u t i o n  would have demanded a rudimentary switch model t o  be 
included,  wi th  t h e  corresponding inc rease  i n  running t i m e .  A l l  t h e s e  
a d d i t i o n a l  wai t ing  perioda inc rease  t h e  de lay  time a t  t h e  switch. 

In each case ,  5430 p r i o r i t y  c a l l s  a r e  generated with a uniform 
p r i o r i t y  p r o f i l e ,  and t h e  number of! c a l l s  a t a r t e d  inc reases  t o  7146 and 
7141 (wi th  and without  background af r o u t i n e  c a l l s )  due t o  r e t r i e s  from 
blocked and preempted calls. The c a l l s  t h a t  reached t h e i r  d e s t i n a t i o n  
were 2227 and 2366 r e s p e c t i v e l y ,  an i n c r e a s e  of approximately 6% when 
t h e r e  w a s  no i n t e r f e r e n c e  from r o u t i n e  t r a f f i c .  The numbers of completed 
c a l l a  were 3573 and 2085 r eapec t ive ly ,  bu t  t h e  f i r s t  number i nc ludes  
r o u t i n e  calls; i n  t h e  second case ,  38% of t h e  c a l l s  were even tua l ly  
completed. It should be noted t h a t  t h i s  percentage does not correspond 
t o  a r e a l i s t i c  s cena r io ,  but  t o  an overloaded network. The average 
number of tandem swi tches  used by p r i o r i t y  c a l l s  t h a t  were completed is 
1.561 and 1.474 r e s p e c t i v e l y ,  showing a decrease  of 6%; t h e  maximum number 
of tandem switches was 6 i n  both cases. The average time f o r  a p r i o r i t y  
cal l  t o  reach i t s  d e s t i n a t i o n  was 120 and 111 seconds, showing a decrease  
of 8%. An i n d i c a t i o n  of t h e  o-rerloading of t h e  network is  t h e  average 
number af c a l l a  a c t i v e  o r  queued for a switch when a new ca l l  a r r i v e s ,  
which is 25.3 and 24.7 calls r e s p e c t i v e l y ,  wi th  a  maximum of 8 1  as should 
he  expected from t h e  pa t i ence  ass igned  t o  t h e  caller. 

The number of blocked p r i o r i t y  ca l l s  shows a decrease  of 10%. from 
2930 t o  2650, whi le  t h e  corresponding number of preempted c a l l s  shows 
an inc rease  of 9% from 856 t o  928, This last r e s u l t ,  which a t  f i r s t  
s i g h t  seems t o  go a g a i n s t  t h e  gene ra l  t r end  of improvement w i th  t h e  
absence of background t r a f f i c ,  probably r e s u l t s  from t h e  lack of 
preemptable r o u t i n e  c a l l a  and t h e  i n c r e a s e  i n  t h e  number of e s t a b l i s h e d  
p r i o r i t y  calls. The l a r g e s t  e f f e c t  appears  i n  t h e  number of h ighes t  
p r i o r i t y  c a l l a  t h a t  were blacked,  w i t h  an 1 1 X  decrease  from 681 t o  613. 
For t h e  next lower p r i o r i t y ,  t h e  decrease  i s  a 7% from 753 t o  697, ac- 
companied by a 102 i n c r e a s e  in preempted c a l l s ,  from 137 t o  151. 

The conclusion t h a t  can be drawn from t h e  above r e s u l t s  is tha t  
t h e  e f f e c t s  of r o u t i n e  background traffic a r e  smal l  bu t  no t  negligible. 

5. SWITCH OR LINK ELIMINATION. To t e s t  t he  t r a n s i e n t  effects of 
the e l imina t ion  of a block of 1 2  switches i n  t h e  c e n t e r  of t h e  network, 
t h r e e  s e t a  of s t a t i a t i c a  are taken. The f i r s t  s e t  is f o r  normal con- 
d i t i o n e ,  t h e  second one i s  r i g h t  a f t e r  t h e  swi tches  have been e l imina ted ,  
and t h e  t h i r d  one is  taken a f t e r  t h e  n c t w r k  haa reached s steady state 
without  t h e  ewitches.  The network i s  heavily loaded with  r o u t i n e  traffic 
and priori ty  traf f ic  of t h e  t h r e e  lower p r i o r i t i e s ,  and superimposed i s  
coast-to-coast t r a f f i c  of t h e  h ighes t  p r i o r i t y  used t o  t e s t  more vividly 
the effects of t h e  swi tch  e l imina t ion .  The s t a t i s t i c s  a r e  ga thered  f o r  
a s imulated t i m e  of 6 minutes  each time. 

The numbers of s p e c i a l  c a l l s  (h ighes t  p r i o r i t y ,  coas t  ro  c o a s t )  f o r  
t he  t h r e e  intervals are 580, 571, and 635 r e s p e c t i v e l y ,  and the numbers 



o f  ca l l s  that were blacked dur ing  these per iods  were 23, 1 7 7  and 172. 
It is d i f f i c u l t  i n  t h i s  c a s e  t o  e s t a b l i s h  a clear r e l a t i o n s h i p  between 
t h e  two sets of numbers, s i n c e  t h e  former set does not  inc lude  c a l l s  t h a t  t r y  
again and t h e r e  is  a variable time de lay  between t h e  i n i t i a t i o n  of t h e  
ca l l  and i ts reaching t h e  d e s t i n a t i o n  switch or PBX. The average time t o  
connect t h e  special c a l l s  was 13.1, 13.3, and 13.3 seconds; t h e  average numbers 
of tandem swi tches  used by these  c a l l s  were 1.425, 1.415, and 1.441, wi th  
maximum numbera of 4 ,  5, and 5 r e spec t ive ly .  

There is a coneiderable  i n c r e a s e  i n  t h e  number of blocked ca l l s  
(aga in  i t  should be emphaaized t h a t  t h e  load is no t  r e a l i s t i c  bu t  chosen 
l a r g e  enough t o  b r ing  out  t hese  e f f e c t a ) ,  bu t  t h e r e  is  no s i z a b l e  effect 
on those  ca l ls  t h a t  g e t  through either i n  the period immediately fol lowing 
the pe r tu rba t ion  o r  l a t e r  on. No apprec i ab le  queuing occurs  a t  t h e  
switches,  where t h e  maximum number of a c t i v e  calls being processed goes 
from 12  t o  15  t o  18  in t h e  t h r e e  per iods ,  compared wi th  a maximum capac i ty  
f o r  24 s imultaneous c a l l s  of t h e  s tandard  AECo switch. 

The number of "preempted" calls, a l l  of lower p r i o r i t y ,  goes fram 
720 t o  1272  t o  570; t h e  second number i nc ludes  those calls  t h a t  were dis- 
connected due t o  t h e  f a i l u r e s .  

A v a r i a t i o n  of t h e  same problem was then  t r i e d ,  where t h e  l i n k s  
between t h e  same 12  swi tches  and o t h e r  swi tches  were f a i l e d  wi th  a prob- 
a b i l i t y  of .3, as chosen by a random number genera tor .  

The s p e c i a l  c a l l s  were 580, 537, and 561; those  blocked were 23, 62,  
and 108; t h e  average t imes t o  connect ion were 13.1, 13.3, and 13.3 seconds; 
t h e  average number of tandem swi tches  1.425, 1.467, and 1,494, wi th  a maximum 
of 4 ,  5, and 6 swi tches  respectively. 

There is a s i g n i f i c a n t  r educ t ion  in t h e  number of blocked ca l l s  when 
t h e  switches remain i n  s e r v i c e ,  b u t  o therwise  t h e  behavior  of t h e  network 
is no t  too d i f f e r e n t  from t h e  former case o r  t h e  normal network. The l a r g e  
change i n  the  number of blacked c a l l s  from t h e  t r a n s i e n t  s tare t o  t h e  steady 
s t a t e  of t h e  damaged network is  due to a change i n  t h e  sequence of random 
numbers t o  determine t h e  e l imina t ion  of l i nks .  I n  the run  t o  determine the  
t r a n s i e n t  e f f e c t s ,  7 1  l i n k s  were e l imina ted ,  whi le  I n  t h e  one f a r  s t eady- s t a t e  
cond i t i ons  72  were e l imina ted ,  bu t  they were no t  t h e  same ones. 

The numbers of "preempted1' c a l l s  were 720, 1014, and 629 r e s p e c t i v e l y ,  
and t h e  maximum a c t i v e  loads on t h e  swi tches  were 1 2 ,  13, and 1 2  c a l l s .  

6 ,  STATISTICAL CONSIDERATIONS. I n  conducting computer " e ~ ~ e r i m e n t ~ "  
8uch a s  these ,  i t  i s  important  t o  keep i n  mind t h e  requirements  and 
l i rn i t a t i ona  of t h e  s imu la t ion  language used. 

There always exists a problem about the  l eng th  of t he  s imula t ion  
run  requi red  t o  g a t h e r  t h e  information sought.  It i s  d e s i r a b l e  
t o  ascertain t h a t  the resu l tn  are reasonably stable, which would auggest 



r epea t ing  t h e  runs  wi th  d i f f e r e n t  time spans and random number gene ra to r s ,  
But on a b ig  model such as that on t h e  AUTOVON network, which uses between 
600 and 800K of co re  and about one-half t h e  simulated time i n  CPU t i m e  
on an  IBM 360-95, t h e r e  a r e  s t rong  reasons  t o  l i m i t  t h e  l eng th  of runs  
t o  a minimum. (The CPU time can vary significantly wi th  t h e  s imulated load of 
t h e  system, t h e  type  of"experimentl' ,  ant1 even the  f o r t u n e  of running i n  
a Easter po r t ion  of core.)  Experience then d i c t a t e a  t he  l eng th  of 
s imula t ion  runs, t oge the r  wi th  the  c h a r a c t e r i s t i c  t imes i n  t h e  model 
such as t h e  de l ays  a t  t h e  switches,  t h e  l eng th  of convereat ions,  and the 
i n t e r c a l l  a r r i v a l  time. 

Questions a l s o  arise about t h e  in f luence  of a p a r t i c u l a r  sequence 
of numbers from a random number genera tor ,  which can be cans ide rab le  
as shown by the  r e s u l t s  from t h e  el . imination of l i n k s  diecussed i n  
s e c t i o n  5. This  problem can be a s soc i a t ed  wi th  t h e  l i m i t a t i o n s  of a 
random number gene ra to r  o r  w i t h  t h e  actual. u n c e r t a i n t i e s  of t h e  system 
itself when chance p l ays  an  important  r o l e .  

Another problem a r i s e s  when s t a t i s t i c s  gathered under d i f f e r e n t  
cond i t i ons  are compared. It appears  was t e fu l  to extend t h e  l eng th  of 
t h e  runs  u n t i l  t h e  averages a r e  we l l  e s t ab l i shed ,  bu t  t h e  manipulat ion 
of t h e  random number gene ra to r s  t o  reproduce t h e  same sequences r e q u i r e s  
a cons iderable  amount of programming with t h e  a s soc i a t ed  drawbacks. 

A t  the  present  level  of understanding of these c h a r a c t e r i s t i c s  of 
a s imula t ion  language, t h e s e  decisions have to be l e f t  t o  t h e  judgement 
of the  developer of t h e  model both i n  terms of the  program c h a r a c t e r i s -  
t i c s  and the  i n t e r p r e t a t i o n  of t h e  r e s u l t s .  

7, SUMMARY AND CONCLUSIONS. A d e t a i l e d  GPSS-V model of t h e  CONUS 
AUTOVON network was developed, and i t  was used t o  determine some load 
e f f e c t s  and t r a n s i e n t  effects under abnormal condi t ions .  

It was found t h a t  r a u t i n e  background t r a f f i c  has a smal l  bu t  s i g n i f -  
i.cant o b s t r u c t i n g  r o l e  on a su rge  of p r i o r i t y  t r a f f i c .  The mast c r i t i c a l  
phase of processing t h e  c a l l  occurs a f t e r  a t runk  t o  another  switch i s  
taken and the c a l l  waits f o r  a response from t h i s  switch. When i t  is  
overloaded, a c a l l  might no t  be recognized soon enough t o  avoid a time-out 
which de l ays  t h e  c a l l s  o r  r e a u l t s  i n  its being blocked when t runks  are 
really s t i l l  a v a i l a b l e .  Other ca l ls  arc s i g n i f i c a n t l y  delayed or 
abandoned because they g e t  no d i a l  tone. Another cause of de l ays  i s  
t h e  i d l e  search f o r  t runks  i n  t he  most d i r e c t  t r i p l e  when c a l l a  of lower 
p r i o r i t y  are us ing  t h e  d i r e c t  t runks.  The d e t e r i o r a t i o n  of t h e  s e r v i c e  
t o  p r i o r i t y  c a l l s  due t o  t h e  presence of background t r a f f i c  is of t h e  
o rde r  of 10%. 

I The e l i m i n a t i o n  of a block af 1 2  switches i n  t h e  c e n t e r  of t he  
network reduces markedly t h e  proba1)i l i ty  of a coast-to-coast high 
p r i o r i t y  call beinjr, completed dur ing  heavy t r a f f i c ,  b u t  i t  does no t  



increase by a large amount the t i m e  i t  needs for proceasing or the number of 
tandem switches It uses.  The transient e f f e c t s  due to  the traff ic  that is 
disrupted and t r i e s  again i s  not a very s ign i f i cant  factor i n  the pro- 
cessing of the high priority c a l l s .  Similar reaulte are true when 
about 30% of the l l n k s  between the switches are eliminated without af- 
fecting the performance of the switches themselves; in this case, an 
important factor is apparently which of the  linka are eliminated. 

These are j u s t  a few special conditions that can be simulated with 
the computer model, where practical  considerations preclude actual  
test ing of the network under abnormal circumstances. Furthermore, the 
model can be refined to include local traffic and a switch model, either 
the same one for a l l  ewitches or a different one in each caae. 



AN W L Y S I S  OF BUFFERS I N  A PRODUCTION SYSTEM 

MQN HAUSCHILD 
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ABSTRACT: BUFFERS W BE USED TO INCREASE THE AVERAGE THROUGHPUT 
OF A PRODUCTION SYSTEM. THE USE OF BUFFERS HAS THE EFFECT OF smm: 
ING THE PROCESS FLOW THROUGH THE SYSTEM BY PROVIDINE FOR IN-PROCESS 
INVENTORIES. I F  A BUFFER ENPTIES, I T  CAUSES THE SHUT-DOWN OF OMER 
MACHINES I N  THE PRODUCTION LINE. THESE SHUT-DOWNS CAN BE MINIMIZED 
WITH PROPERLY SIZED BUFFERS. 

INITIALLY THE USE OF BUFFERS WAS INVESTIGATED TO DETERMINE THE 
EFFECTS THEY WILL HAVE ON A PRODUCTION SYSTEM. RULES WERE ESTA5LISHED 
TO IWROVE M E  EFFECTIVENESS AND INCREASE THE BENEFIT DERIVED FROM 
PLACING BUFFERS I N  A PROWCTI~N LINE, THESE RULES TAKE INTO ACCOUNT 
THE DISTRIBUTION OF THE MTTR AND THE PRODUCTION SPEED FOR EACH MAMINE 
I N  THE PRODUCTION LINE. THESE RULES WERE THEN APPLIED TO THE SCPMP 
PROWCTION SYSTEM. A MONTE CARLO S I W l A T I O N  OF THE SCAMP SYSTEM WAS 
USED TO DETERMINE WHAT EFFECT VARIOUS SIZE BUFFERS AND SMALL CHANGES 
I N  M E  PRODUCTION SPEED WILL HAVE ON THE THROUGHPUT OF THE SYSTEM, 
PJJD THUS MINIMIZING THE NUMBER OF SHUT-DOWNS CAUSED BY THE EMPTYINE 
OF A BUFFER. 

1. INTROOUCTION: BUFFERS CAN BE USED TO INCREASE THE AVERPA;E 
SHROUGHPUT OF A PRODUCTION SYSTEM. THE USE OF BUFFERS HAS THE EFFECT 
OF SMOOTHING THE PRODUCT FLOW THROUGH THE SYSTEM BY PROVIDING FOR IN- 
PROCESS INVENTORIES, I F  A BUFFER EMF'TIES, I T  CAUSES THE SHUTDOWN OF 
OTHER MACHINES I N  THE PRODUCTION SYSTEM. THESE SHUTD"3WNS CAN BE MINI-  
MIZED WITH PROPERLY SIZED BUFFERS. 

INITIALLY, THE USE OF BUFFERS WAS INVESTIGATED TO DETERMINE THE 
EFFECTS THEY WILL HAVE ON A PRODUCTION SYSTEM. RULES WERE ESTABLISHED 
TO IMPROVE THE EFFECTIVENESS AND INCREASE THE BENEFIT DERIVED FROM 
PLACING BUFFERS I N  A PRODUCTION LINE. THESE RULES TAKE INTO A C C W  

DISTRIBUTION OF M E  MEANTIME TO REPAIR (MTTR) AND THE PRODUCTION 
SPEED FOR EACH MACHINE I N  THE PROQUCTION SYSTEM, N4D STATE GENERAL 
CONCLUSIONS AND RECOMMENDATIONS CONCERNING THE SIZE OF THE BUFFERS 
WHICH SHOULD BE EMPLOYED. THESE RULES WERE THEN APPLIED TO THE SMALL 
CALIBER W N I T I O N  M3DERNIZATION PROGRPM (SCAMP) PRODUCTION SYSTEM. 
A MONTE CARL0 SIMULATION OF THE SCPMP SYSTEM WAS USED TO DETERMINE 
WHAT EFFECT VARIOUS SIZE BUFFERS AND SMALL CHANGES I N  THE PRODUCTION 



SPEED WILL HAVE ON M E  AVEWE THROUGHPUT OF M E  SYSTEM, PND THUS 
REDUCE M E  NUMBER OF SHUTDOWNS CAUSED BY THE EMPTYING OF A BUFFER. 

ME S W  PRODUCTION SYSTEM I S  DESIGNED TO PRODUCE SMALL CALIBER 
W I T I O N  AT A MAXIMUM RATE OF 1200 PIECES PER MINUTE. THE SYSTEM 
I S  A SERIES OF MACHINES KNOWN AS SUBMOOULES THAT PERFORM UNIQUE 
PROCESSES M A T  ULTIMATELY YIELD A COMPLETED CARTRIDGE. THE M4CHINES 
CONSIST OF A CASE SUBMODULE THAT PRODUCES A COMPLETE BRASS CARTRIDGE 
W E ;  A PRIMER INSERT SUBMOUULE THAT INSERTS THE PRIMER INTO THE JUST 
MANUFACTURED CASE; A BULLET SUBMODULE THAT PRODUCES THE COMPLETED 
BULLET; PND A L O N  AND ASSEMBLE SUBMODULE THAT LOPDS THE CASE WITH 
P R O P E L M  MdD INSERTS THE BULLET INTO THE CASE, THUS PRODUCING A 
COMPLETED CARTRIDGE. 

BECAUSE OF THE SERIAL NATURE OF mIs PRODUCTION SYSTEM, IT WAS 
FELT THAT SQME IN-PROCESS INVENTORIES BETWEEN SUBmDULES WOULD BE RE- 
QUIRED I N  ORDER TO OBTAIN A SYSTEM THROUGHPUT THAT REFLECTED THE CAPA- 
BILITIES OF THE EQUIPMENT. THE ADDITION OF BUFFERS REDUCES THE SERIAL 
EFFECT PND SMOOTHS THE PRODUCT FLW THROUGH M E  SYSTEM. WITH BUFFERS, 
A SUBMODULE FAILURE WILL NOT AUTOMATICALLY SHUTDOWN M E  WHOLE SYSTEM, 
BUi WILL ALLOW CONTINUED PRODUCTION BY THE OMER SUBMOOULES. 

THE USE OF ARBITRARILY LARGE OR INFINITE BUFFERS WILL PRODUCE THE 
MAXIMJM SYSTEM THROUGHPUT, WHICH WILL BE THE THROUGHPUT OF THE LAST 
SUBMODULE I N  THE SYSTEM. FAILURES I N  ANY OF THE SUBMOOULES WOULD 
NOT AFFECT SYSTEM THROUGHPUT OR CAUSE SHUTDOWN OF ANY OTHER SUBMODlJLE 
BECAUSE M E  INPUT BUFFER TO THE FAILED SUBMODULE CAN STORE AN ARBI- 
TRARILY LARGE NUMBER OF ITEMS FROM THE PRECEDING SUBMODULE, THUS M E  
PRECEDING SUBMODULE WILL NEVER NEED TO BE SHUTDOWN DUE TO A FULL BUFFER. 
SIMILARLY, THE SUCCEEDING SUBMODULE WILL NOT BE SHUTDOWN SINCE AN IN- 
FINITE AMDUNT OF IN-PROCESS WORK PIECES ARE AVAILABLE AS INPUT TO THAT 
SUBMODULE, 

OBVIOUSLY, INFINITELY LARGE BUFFERS ARE IMPRACTICAL. THIS PAPER 
ATTEMPTS TO ESTABLISH HOW BUFFERS CPN BE SIZED I N  ORDER TO MINIMIZE 
TI€ SERIAL EFFECT OF A PRODUCTION SYSTEN ANI THUS INCREASE M E  AVERAGE 
THROUGHPUT FOR THAT SYSTEM. 

INITI.ALLY, A STATISTICAL APPROACH WAS ATTEMPTED I N  ORDER TO OBTAIN 
M R I C A L  PROBABILITIES AND ESTABLISH CONFIDENCE INTERVALS FOR THE 
W T Y I N G  OF A BUFFER FOR A GIVEN SIZE. THIS ETHOD PROVED VERY CWER-  
SOME, COMPLEX, PND MATHEMATICALLY TEDIOUS. AN ATTEMPT AT PN EXACT 
SOLUTION ALSO ELIMINATED M E  POSSIBILIlY OF INVESTIGATING VARIOUS 
ALTERNATIVES, THEREFORE, THIS APPROACH WAS ABAMX3NED. 

A SECOND METHOD OF ATTACHING A COWLEX PROBLEM I S  TO MAKE PN PB- 
SOLUTE MINIMUM NUM6ER OF ASSUMPTIONS INVOLVING OPERATING POLICIES AND 



TIME DISTRIBUTIONS OF T I E  TO FAIL  PND REPAIR. THIS APPROACH MORE 
ACCURATELY REPRESENTS THE SYSTEM TO BE MOOELED AND PROVIDES A GREAT 
PIU)DUNT OF FLEXIBILITY TO VARIOUS RPES OF ASSUMPTIONS THAT NEED TO 
BE INVESTIGATED. THE DISPPYPNTAGE OF THIS APPROACH I S  THAT "ME 
W E W I T Y  AND F L E X I B I L I N  INCORPORATED INTO THE A W Y S I S  PREVENT 
A COMPLETE AND GENERAL SOLUTION FOR THE DETERMINATION OF THE OPTIMUM 

1 BUFFER SIZE. 

THE ACTUAL ETHOD OF ANALYSIS USED WA!5 A CObBINATION OF THE TWO 
ABOVE MENTIONED TECHNIQUES. INITIALLY, A GENERALIZED PNALYSIS OF 
M E  EFFECT OF BUFFERS I N  M E  S W  PRODUCTION SYSTEM WAS CONDUCTED. 
THIS RESULTED I N  THE ESTABLISHMENT OF A SET OF RULES TO IMPROVE: M E  
EFFECTIVENESS AND INCREASE THE BENEFIT DERIVED FROM PLACING BUFFERS 
I N  A PRODUCTION LINE. THESE RULES TAKE INTO ACCOUNT THE DISTRIBU- 
TIQN OF TIME TO REPAIR, PRODUCTION SPEEDS, AND AVAILABILITY FOR EACH 
SUBWULE I N  THE SYSTEM, AND WERE USED AS GUIDELINES AND HEWED TO 
L IMIT  THE NUMBER OF ALTERNATIVE SOLUTIONS. 

I N  ORDER TO DETERMINE NUMERICAL SOLUTIONS FOR THE BUFFER SIZES, 
A M E  CARLO SIMUMTION OF THE SCAMP PRODUCTION SYSTEM WAS WRITTEN. 
USING THE RULES FOR SIZING BUFFERS I N  A PRODUCTION SYSTEM AS A WIDE, 
NUERICAL SOLUTIONS FOR SEVERAL ALTERNATIVE OPERATING MODES WERE DE- 
TERM1 NED. 

THE RULES CONCERNING M E  PLACEMENT OF BUFFERS ARE OF SUCH A GENERAL 
NATURE THAT THEY CAN BE APPLIED TO PNY PRODUCTION SYSTEM. HOWEVER, I N  
ORDER TO DETERMINE NUMERICAL VALUES, A SPECIFIC MATHEMATICAL OR 
SIWLATION MODEL MUST BE AVAILABLE FOR USE. 

I 3. BUFFER RULES : 

THE RULES OBTAINED FOR THE EFFECTIVE PLACEMENT OF BUFFERS WERE DE- 
RIVED FROM GENERAL. OBSERVATION OF TI-IE EFFECT A BUFFER WOULD HAVE ON 
M E  THROUGHPUT OF THE PRODUCTION SYSTEM. THESE RULES ALSO INCLUDE 
FACTS THAT ARE TRUE FOR PNY PRODUCTION SYSTEM, AND CPNNOT NECESSARILY 
BE CHANGED BY THE ADDITION OF BUFFERS. S O E  OF THESE RULES MIGHT 
SEEM ELEMENTARY, BUT THEIR KNOWLEDGE I S  REQUIRED TO INSURE THAT A 
CXM'LETE AND COMPREHENSIVE REVIEW OF THE FACTORS PERTAINING TO BUFFERS 
IN A PRODUCTION SYSTEM I S  INCLUDED. 

THE RULES THAT FOLLOW ARE BASED ON THE SCPMP SYSTEM D I K M  SHOWN 
IN  FIGURE 1. 

A* A SYSTEM WITH NO BUFFERS WILL YIELD M E  MINIMJM POSSIBLE AVER- 
PW THROUGHPUT FOR WE SYSTEM. 

B. THE USE OF INFINITELY LARGE BUFFERS WILL YIELD THE MAXINM 
AVERAGE THROUGHPUT FOR THE SYSTEM. 

I C. WEN USING BUFFERS, THE AVERAGE THROUGHPUT OF A SYSTEM CPSJ BE 
NO GREATER TWN THE AVER&€ THROUGHPUT OF THE SLOWEST SUBMOWLE. 





Dm THE ADDXTZON OF BUFFERS S W T W S  P I E  PRODUCTION PROCESS BY 
REDUCING ME INTERACTION OF SUBWDULES THAT RESULT WHEN FAILVRES 
OCCUR. 

E* IF  THE AVERAGE THROUGHPUT OF THE PRECEDING SUBMODULE I S  
LESS THAN M E  AVERAGE THROUGHPUT OF THE SUCCEEDING SUBMOWLE, THE 
BUFFER BETWEEN THE TWO WILL MNTUALLY BECOME EMPTY. 

F. THE CLOSER THE BUFFERS ARE TO THE END OF THE SYSTEM, THE 
mRE IMPORTANT I T  I S  TO INSURE THAT THEY DO NOT EMPTY. 

G. IF  A BUFFER FILLS, I T  WILL CAUSE M E  SHUTDOWN i ) ~  A MACHINE, 
BCrr I T  WILL NOT D E C R m E  THE AVERAGE THROUGHPUT FOR M E  SYSTEM. 

H. RUN THE SLOWEST SUBMODULE AT FULL SPEED AT ALL TIMES I N  
ORDER TO GET MAXIMUM PRODUCTION. 

I ,  RUN THE LAST SUBf'XAY.JLE I N  THE SERIES TO ITS WXIMUM CAPACITY 
I N  ORDER TO GET THE MAXIMUM POSSIBLE THROUGHPUT. 

4. S W  SIMULATION: 

THE SIMULATION OF THE SCPMP SYSTEM USED I N  THIS ANALYSIS I S  A 
RELATIVELY SIMPLE PROGRAM USING A MONTE CARL0 TECHNIQUE. I T  I S  VERY 
GENERAL I N  NATURE SO THAT DIFFERENT OPERATING POLICIES AND DISTRIBU- 
TIONS OF TIME TO FAILURE AND REPAIR CAN BE USED. THE PROGRAM GENER- 
ATESATES TIMES TO FAILURE AND REPAIR BASED ON AN EXPONENTIAL DISTRIBU- 
TION. THE QUANTITIES I N  M E  BUFFERS ARE TABULATED EACH MINUTE AND 
TESTED TO SEE I F  THEY HAVE EMPTIED OR FILLED. OPTIONS ALSO EXIST 
THAT WILL CHANGE THE OPERATING SPEEDS WHEN BUFFERS REACH CERTAIN 
VALUES. 

5. ALTERNATIVES INVESTIGATED: 

NOW THAT THE GROUND RULES FOR M E  BUFFER ANALYSIS HAS BEEN ESTABLISHED, 
THE DIFFERENT O P E N I N G  POLICIES THAT NEED TO BE M Y Z E D  MUST BE DE- 
TERMINED. THESE POLICIES REPRESENT FEASIBLE ALTERNATIVES THAT CPN 
LEAD TO DIFFERENT VALUES FOR M E  AVERAGE THROUGHPUT. I T  I S  NECESSARY 
TO INVESTIGATE THESE WLICIES, BECAUSE OF THE NEWNESS OF mE SYSTEM, 
PND I N  ORDER TO DETERMINE BUFFER CHARACTERISTICS FOR EACH OF THE 
POLICIES, 

1740 OPERATING POLICIES ARE INVESTIGATED WD PRESENTED I N  THIS PAPER. 
FIRST, THE PRODUCTION RATE OF M E  SUBFDDULES I N  M E  UP-MODE WERE MATCHED, 
THE OPERATING CONDITIONS THAT WERE USED WERE: 

CASE SUBMODULE 
PRIMER SUBMODULE 

PRODUCTION RATE MTBF MTTR 
1080 75 2 5 

BULLET SUBMODULE 1080 90 30 98% 
LOADJASSEMBLE SUBMODULE 1080 40 20 100% 



THE SECoND POLICY THAT I S  INYESTIGATED FjATCHES THE: AVERAGE THROUGH- 
PUT OF 'IW S U W W L E S ,  THE CONDITIONS USED WERE: 

PRIMER SUBMDDULE 
BULLET SUBMODULE 
LOPD/ASSWLE SUBMODULE 

SUWWLE SPEED CHFWEES ARE CWAPED FOR EACH OF THE ABOVE OPERA- 
TING POLICIES. FIRST SPEEDS ARE HELD CONSTANT, NEXT, M E  SPEED OF 
THE PRECEDING SUBMODULE I S  INCREASED WHEN THE BUFFER LEVEL DROPS TO 
WE QUARTER FULL AND I S  DECREASED WHEN THE BUFFER LEVEL REACHES THREE 
QUARTERS RILL. 

FINALLY, THE OPERATING SPEEDS ARE ONLY INCREASED PND THEN ONLY 
DECREASED WHEN M E  BUFFER LEVELS REACH THE ABOVE MENTIONED LEVELS. 

FOR EACH SPEED CONDITION AND OPERATING POLICIES, TWO BUFFER LEVELS 
WERE INVESTIGATED. THESE LEVELS WERE DETERMINED USING THE MTTR OF THE 
PRECEDING SUBMODULE. THE W I W M  QUMTITY ALLOWED I N  THE BUFFER WAS 
I 'MT Q U M I T T  WHICH WOULD SUPPLY THE SUCCEEDING SUBMODULE WITH INPUT 
FOR TWICE r r s  MTTR OR THREE TIMES ITS MTR. 

I N  ORDER TO VALIDATE THE POLICY COMPARISONS, THEY MUST BE TESTED 
& A I N S T  THE S N  CONDITIONS. T H I S  I S  DONE BY RE-INITIALIZING THE 
WWM NUMBER GENERATOR SO THAT THE SPME CONDITIONS WILL BE RE-CREATED 
FOR EACH POLICY M A T  I S  TESTED. THE DURATION OF ALL SIMULATION RUNS 
WERE FOR 9600 MINUTES OR TWENTY DAYS OF PRODUCTION AND BUFFERS WERE 
INITIALIZED TO VIE HALF FULL LEVEL. 

MESE OPERATING POLICIES REPRESENT ONLY A FEW OF THE POSSIBLE CON- 
DITIONS THAT COULD BE INVESTIGATED, THEREFORE, EVERY EFFORT HAS BEEN 
W E  TO G U M T E E  THAT THE SELECTION REPRESENTS A GOOD CROSS-SECTION 
OF ANTICIPATED OPERATING ENVIRONMENTS. 

ALTHOUGH, I T  MIGHT NOT SEEM OBVIOUS, THE GENERAL ANALYSIS OF BUFFERS 
HELPED TO L IMIT  THE NUMBER OF ALTERNATIVES THAT NEEDED TO BE INVESTI- 
GATED. THE RULES LIMITED THE SCOPE OF THE ANALYSIS AND HELPED PREVENT 
M E  INVESTIGATION OF UNFEASIBLE ALTERNATIVES. M E  STUDY OF THE ALTERNA- 
TIVES ALSO SUCCEEDED I N  PRODUCING ADDITIONAL FACTS PERTAINING TO WE 
EFFECTIVENESS OF BUFFERS I N  A PRODUCTION SYSTEM. WESE WILL BE LISTED 
I N  THE RESULTS SECTION OF lHIS PAPER. 

SINCE TWO W O R  OPERATING POLICIES WERE INVESTIGATED, THE RESULTS 
OF EACH StiALL BE PRESENTED SEPARATELY. 

FIRST, CONSIDER THE WTCHING OF PRODUCTION RATES I N  M E  UP-MODE. 
THE CONTROLLED CONFIGURATION FOR M E  FIRST POLICY CONSISTED OF AN UN- 
BUFFERED PRODUCTION SYSTEM AND ONE WITH INFINITE CAPACITY BUFFERS. 
FOR THESE CONFIGURATIONS, IT WAS OBSERVED THAT: 



AVERAGE THROUGHPUT WITH NO BUFFERS - 358, ~~/PIECES/MTNUTE 
AVERAGE THROUGHPUT W IW INFINITE BUFFERS - 887 40 pIECES/MINtlTE 

THE RESULTS OF 'ME SIMULATION W N  BUFFERS MERE SIZED N I C E  THE 
MlTR. WERE: 

AVERAGE THROUGHPUT WITH NO SPEED CHPSJGES - 760. O ~ / P I  ECES/MIWTE 
AVERAGE MOUGHPUT NITH INCREASE AND DE- 

CREASES I N  SPEED - 768.9O/PI ECES/MINUTE 
AVERAGE THROUGHPUT WITH SPEED INCREASES ONLY -768. ~ O / P  1 ECES/MINUTE 

~HWX+IPUT WITH SPEED DECREASES ONLY -~~~.~~/PIECES/MINUTE 

M E  POLICY WAS REPEATED FOR BUFFER CAPACITIES M F  WERE THREE TIMES 
THE m R :  

AVERAEE THROUGHPUT WITH NO SPEED - 795.6VP IECES~MINUTE 
AVERAGE THROUGHPUT WITH INCREASES PND 

=CREASED I N  SPEED - 791. ~~/PIEcEs/MINUTE 
AVERAGE THROUGHPUT WITH INCREASES ONLY - ~O~.~~/PIECES/MINUTE 
AVERAGE MOUGHPUT WITH DECREASES ONLY - 783.98/~I ECES/MI NuTE 

THE aNTROLLED CONFIGURATION FOR ?HE POLICY WHERE THE AVERAGE 
THROUGHPUTS WERE MATCHED WAS THE SAME AS THE FIRST POLICY. FOR THIS 
CONFIGURATION,IT WAS OBSERVED THAT: 

AVERAGE THROUGHPUT WITH NO BUFFERS - 344.8 PIECES/MINUTE 
AVERAGE THROUGHPUT WITH INFINITE BUFFERS - 790.29 PIECES/MINUTE 

WEN BUFFER CAPACITIES WERE SIZED TWICE M E  M T R :  

AVERAGE THROUGHPUT WITH NO SPEED C H W E S  - 691.14/~1 ECES/MINUTE 
AVERAGE THROUGHPUT WITH INCREASES AND 

DECREASED I N  SPEED - 703.07/PIEC€S/MINUTE 
AVERAGE THROUGHPUT WITH SPEED INCREASES ONLY - 737.29/PIECES/MINUTE 
AVERAGE THROUGHPUT W I T H  SPEED DECREASES ONLY - 697.52/PIECES/MINUTE 

WHILE RESULTS OBTAINED WITH BUFFER CAPACITIES SIZED THREE TIMES 
THE MTTR WERE : 

AVERKE THROUGHPUT WITH NO SPEED CHPNGES - 73g.'jO/PIECES/MINUTE 
AVERAGE THROUGHPUT WITH INCREASES AND 

DECREASES I N  SPEED - 746.35/P1 EC€S/MINW'E 
AVEWE THROUGHPUT WITH SPEED INCREASES ONLY - 753.47/~1 ECES/MIMJTE 
AVERAGE THROUGHPUT W I T H  SPEED DECREASES ONLY - 722.70/PIECES/MINUTE 

FROM THESE RESULTS, SOME GENERAL CONCLUSIONS CAN BE DRAWN: 

A. INCREASING THE OPERATING SPEED WEN THE BUFFER LEVEL DROPS 
I S  THE MOST EFFICIENT WAY TO INCREASE WE AVEFAGE THROUGHPUT AN) IN- 
CREASE THE EFFECTIVE SIZE OF THE BUFFERS. 



B e  DECREASING ME SPEED WHEN A BUFFER STARTS FILLING DOES NOT 
INCREASE THE AVERAGE THROUGHPUT. 

C. MATCHING THE PRODUCTION RATES IN THE UP-FJODE GIVES A HIGHER 
AYERPIGE THROUGHPUT THPN MATCHING THE AEMGE T'tIRQUGHPUT RATE. 

D. ON THE AVERAGE, A BUFFER W A C I N  OF WICE THE MTTR HAS PN 
EFFICIENCY OF 91% COMPARED TO AN INFINITELY LARGE BUFFER. 

6. A BUFFER CAPACITY OF THREE TIMES THE MTTR HAS AN EFFICIENCY 
95% COMPARED TO AN INFINITELY LARGE BUFFER. 

BECAUSE THE S C W  SYSTEY I S  STILL UNDERGOING DEVELOPFENTAL TEST- 
ING, MUCH MORE WORK ON BUFFER ANALYSIS WD MANY IVK)RE OPERATING POLI- 
CIES NEED TO BE INVESTIGATED. ALSO, AS SYSTEM OPERATINI; CHARACTERIS- 
TICS CHANGE AND COME TO LIGHT, NEW PNALYSES SHOULD BE W E  AND HOPEFULLY, 
THIS ANALYSIS I S  OF SUCH A GENERAL NATURE THAT ALL NEW COWITIONS CAN 
BE ANALYZED USINt THIS TECHNIQUE. 



STATISTICAL MODEL FOR COI4TROLLER PERFORMANCE MEASURES FOR 

AN A I R  TRAFFIC AUTOI,ZATED SYSTEM (ATMAC) 
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The Avionics Laboratory is presently engaged in the construction of 
a computer queuing model to evaluate and to compare candidate system con- 
figurations for an Air Traffic Automated Center (ATMAC). 

It is necessary to verify that the model generates and operates on 
data that are truly representative of the Air Traffic System configura- 
tions being simulated. 

The ATMAC queuing model simulates Amy aircraft operations, the 
approach control, enroute control and departure control functions in a 
division area, data processing and communications functions in regulating 
and controlling Army Air Traffic consisting of 100 to 300 aircraft of 
various types. 

In order to validate the ATMAC queuing model, an Interactive Simu- 
lator was developed to integrate t h e  various data processing and display 
equipment and t o  integrate the software program packages required to gen- 
erate the desired realistic controller responses. The data recorded and 
collected from the Interactive Simulator include: 

Controller time response data: elapsed time from displayed alert 
to  acknowledge action; from presentation of f l i g h t  blank display t o  com- 
pleted flight plan entrance, etc. These are response time probability 
distributions associated with each of the sequence of tasks performed by 
an operator (controller). 

The enroute control Eunc t ion  for instance, inc ludes  a measurement 
of the time required for a controller to acknowledge a conflict a l e r t ,  
A scenario is developed to verify that t h c  alert  acknowledged time measure- 
ments are representative of realistic (actual) events. Based on a designed 
realistic scenario discrete action requircd by the Controller ate  deter- 
mined. From the distribution of operator response time measurements, time 
Sntervals, the mean, the standard deviations and the cumulative probability 
disttibutiorl are computed. This process is repeated for all operator task 
time statistics gathered by the interactive simulator. 



In a d d i t i o n  t o  providing val id data (from t h e  a c t i o n s  of l i v e  exper- 
ienced opera to r s )  as input  f o r  t h e  ATMhC queuing model, t h e  interact ive 
simulator is being used f o r  t h e  v a l i d a t i o n  of t he  ATMACqueuingmodel: the 
data collected from t h e  i n t e r a c t i v e  s imula tor  are compared w i t h + t h e  r e s u l t s  
,of o t h e r  system s imula t ions .  These dzta inc lude c o n t r o l l e r  response time 
distrrrtbutions assoc ia ted  with sequenrzs of tasks and t h e  system performance 
for those functions incorporated ir, ,he i n t e r a c t i v e  simulator. The system 
performance data c o n s i s t  o f :  number of f l i g h t s  i n  a s ec to r ,  number of con- 
flicts, number of near misses, separa t ion  distance between any two ptanes, 
ctc. 

The basic s t a t i s t i c a l  method employed i n  t h e  a n a l y s i s  of t h e  i n t e r -  
active s imula tor  data is  t h a t  of a two-way a n a l y s i s  of variance to  analyze 
the approach control ,  Departure Contro l ,  and Handover data. It identifies 
simultaneously d i f fe rences  i n  opera tor  performance between ind iv idua l  oper- 
ators and between l e v e l s  of automation. For each opera to r ,  the  mean re- 
sponse time, t he  number of measurements, t h e  s t a n d a r d  e r r o r  of t h e  mean, 
the 90 percent  confidence i n t e r v a l  of t h e  time mean a r e  p r i n t e d  f o r  each 
task and f o r  each made of opera t ion.  

The Scheffe method was used to-compare t h e  mean response times of 
the semi-automated and max-automated modes fo r  t h e  same task .  The d a t a  
of opera to r s  which c o n s i s t e n t l y  y i e l d e d  response times s i g n i f i c a n t l y  d i f -  
f e r e n t  from t h e  major i ty  was de le ted  from t h e  data set: The analysis was 
then repeated f o r  t h e  remaining data. Differences i n  the  response times 
resulting from p a i r s  of automation l e v e l s  were i d e n t i f i e d .  The response 
times from d i f f e r e n t  l e v e l s  of automation represented t h e  same or a t  
least similar tasks. 

The inpu t s  to t h e  queuing model c o n s i s t ,  among other items, of the 
response time d i s t r i b u t i o n  f o r  (one) r e p r e s e n t a t i v e  opera to r  f o r  each task, 
function or subfunction of the ATMAC. 



1. INTRODUCTION 

The basic objective of the Air Traffic Management System 
is to facilitate safe, orderly, and efficient movement of air- 
c r a f t  throughout the combat area with minimum constraints on 
miasion accomplishments. 

The following are some of the typical missions flown by 
Army rotary wing and fixed wing aircraft. 

Tactical airlift: landing, airdrop, and maximum load 
Logistical airlift: troops, normal c a r g o ,  and maximum 

cargo 
Electronic warfare 
Battlefield illumination 
Search and rescue 
Medical rescue 
Emergency resupply 
Delivery of critical personnel and supplies 
Radar surveillance 
Infrared surveillance 
Armed reconnaissance, erc. 

One of the principal objectives of ATMAC is to accomplish 
safe movement of- aircrif t within the volume of responsibility. . - 
Each aircraft must arrive at its destination safely before it 
can carry out its miasion. 

Since timeliness is an important factor in mission accom- 
plishment, the orderly movement of aircraft is essential. With 
an orderly movement of alrcraft in the terminal area, each air- 
c r a f t  is able to depart the airfield close to the pilot's filed 
estimated time of arrival. 

The ATMAC must be capable of handling aircraft operations 
24-hours a day. It must handle high traffic densities with 
minimum traffic delays. 

The combat area represents the tactical environment for 
combat, combat support, and combat s u p p o r t  units that are di- 
rectly engaged with the enemy. 



2 .  INTERACTIVE SIMULATOR ( C O M P U T E R  PROGRAM) D E S C R ~ P T I O N  

The Interactive Simulator (I/A Sim) is a real-time system operating umler the 
Varian VORTEX operating system. In order to provide validation data for the 
ATMAC Queuing Model, an a i r  traffic environment is generated simulating the 
movement of aircraft  and performing the functions of console input/output, track 
state maintenance, maneuvering, conflict prediction and resolution, and approach/ 
departure control. 

The 1/A Sim operates under the Varian VORTEX operating system as two 
~nultiprogrammed tasks; 1) an event processing task consisting of Scenario 
Input, Track State Mainknance, Approach/Departure Control, Conflict 
~rediction/Resolution, Data Recording and Reduction, and 2)  a Console Input/ 
Output Task consisting of Switch Action Processing and Display Generation. 
Both tasks run concurrently. The functions in the event processing task are 
called in from rotating memory disc storage a s  overlays by a system scheduler 
program, as shorvn in the following diagram. 

The I/A Sim has three basic functions in common with the Queuing Model: 
~ p p r o a c h / ~ e p a r t u r e  Control. Track State Maintenance, and Conflict 
~rediction/Resolution. ~ p p r o a c h / ~ e p a r t u r e  Control monitors flights within a 
designated radius of a terminal checkpoint. determines patterns of approach and 
departure, and calculates spacing of aircraft for take-off and landing. Track 
State Maintenance mo;litors the flight enroute, updates i ts  position and heading, 
and calculates the necessary parameters for maneuvering. Conflict 
~rediction/Resolution monitors flights with respect to other flights and restricted 
areas. When a conflict i s  detected, a display alert  is generated for  the console 
operator. 

Flights ard fixed points are initiated through the Scenario Input Fhction. 
A preformatted Scenario input file is read and data is stored in the appropriate 
location in the data base, This data i s  then processed by the other system 
functions, thereby generating flights, terminals, boundaries, and navigational 
aids. 

The five display consoles of the 1/A Sirn are controlled by the Console 
Input/~utput function, Updated displays are output to each console a t  periodic 
intervals. All input from the alphanumeric and function keybaards and joy/ 
pressure stick is interpreted, processed, and appropriate data is stored in the 
data base. 

The folloa~ing paragraphs describe the I/A Sirn program functions in 
more detail. The I/A Sirn Program Description Document (CDRL item G001) 
provides a still more detailed description of the program. 

Console I/O - This function processes inputs from the display consoles 
and outputs updated displays to them. This function is core resident and oper- 
ates every 200 hlilliseconds. It  performs the following functions: 

Output updated displays to the console. o r  consoles. Whenever dis- 
plays have been updabd (changed) a flag i s  se t  indicating that they 
are to be output to the display consoles. Displays a re  updated when 
track positions ~hange,  when .4ROts have been modified, ,or when 
new categories of display data have been made up to alert the con- 
sole operator of conditions requiring his attention or in response 
to switch actions requesting such data. 
Input from console alphanumeric keyboard. Each console is examined 
to determine whether an input is ready (pending) from the alpha- 
numeric keyboard. If so, the message is input, buffered, and the 



console input (switch action) processor  scheduled to operate in 
the next cycle of the I/A Sim. 
Input from the function keyboard. Each console i s  examined to 
determine whether an input is ready (pending) from the function key- 
board. If so ,  the input is read, buffered, and the console input 
(switch action) processor  scheduled to  operate in the next cycle of 
the I/A Sim. 
Input from the joy/pressure stick. If the joy/pressure stick has been 
activated i t  is read and the value input used to  update the position 
of the hook symbol on the console display. Display update to the 
console from which the input was received is set to cause console 
1/0 to output displays (including the updated position of the hook 
symbol) to that particular console the next time i t  is operated 
(200 milliseconds later) .  

S stern Scheduler - This function schedules the operation of the pro- 
grams in + the I A Sim. This function is core resident and i s  designated as a root 
segment under VORTEX. The functional program segments of the I/A Sim a r e  
designated as overlay se,ments and reside on disc. (They are loaded into 
memory and operated on a cyclic basis by the system scheduler. 

Scenario Input Function - This function is read into memory and operated 
on a cyclic basis. Its task is to read scenario input data (simulation data) from 
ei ther  the  simulation file on disc storage or  from the simulation file on magnetic 
tape. This program rends such data into memory and update the I /A Sirn data 
base (i. e. tracking tables, etc. ) as required. 

Track State Maintenance - This function is read into memory and 
operated on a cyclic basis. Its purpose is to update the X, Y, 2, velocity and 
heading f o r  each active track in the I/A Sim system depending upon the parti- 
cular flight's characteristics.  

Location hlonitor - This function is read into memory and operated on a 
multiple cycle basis (i. e.  every other  cycle, every  third cycle, etc. ). Its 
task is to  monitor maneuvering flights (i. e. those following flight plans) and to  
determine a t  what point they should be required to maneuver to maintain course 
along a given flight path. Predicted maneuvers are communicated to the dis- 
play update function for the making up of displays to  alert the console operator  
of suggested course changes. 

Track Rlaneuve~ing - This function is called when it  is desired to 
maneuver a track in the I/A Sirn system. This function determines the neces- 
sary parameters  required to maneuver a flight to mother  heading, another 
altitude, another speed, o r  to a fixed location in the I/A Sim system. The 
parameters  output by this function are communicated to the display track update 
function for formatting displays to t h e  console operator  indicating the required 
change to the track. Changes to tracks are communicated to the ghost pilot 
console operator  who then implements the chage by an appropriate switch 
action. 

Conflict Prediction - This fu:lction is read into memory and operated on 
a multiple cyclic basis (i. e. every cther  cycle, every third cycle, etc. ). Its 
function is to  monitor the position of al l  flights within the I/A Sim system (a) 
in respect  to a l l  other  flights and (b) in respect  to system boundaries and 
restr icted a reas ,  When a conflict is detected, such data is communicated to 



the display update function for the making up of displays to a ler t  the console 
operator of the condition. The conflict prediction algorithm computes suggested 
course changes for display to the console operator to avoid the conflict. 

~ ~ ~ r o a c h / ~ e p a r t u r e  Control - Tl e Approach/iDeparture Control rou the  
is entered when 1) an approaching flight enters within a specified radius of its - - 

terminal checkpoint, or-2) whenever a tlight i s  scheduled-to depart. A/D Con- 
trol monitors the flight, determines patterns of approach and departure, calcu- 
lates spacing of aircraft for takeoff and landing, and provides vectoring instruc- 
tions for formation link up and break up. 

Display Generation - This function is read into memory and operated on 
a cyclic basis. Its purpose i s  to convert the positional data for the tracks in 
the I/A Sim system into display data for output to the consoles. In addition, 
this routine makes up displays for a console to indicate conflicts and suggested 
maneuvers for flights in the system. When this function has operated the 
display update flag i s  set indicating that the Console 1/0 function should output 
updated displays to the consoles. 

Switch Action Processing - This routine is read into memory and 
operated only upon receipt of an input from a console, Its function is to pro- 
cess the input for  legality and, i f  valid, provide the proper processing. Func- 
tions performed by this routine include the following: 

1. Format display for  output to console (e. g. boundaries, naviga- 
tional aids, corridors, etc. ) 

2. Input or modify flight plans 
3. Change track speed, altitude, or heading (i.e. vector flight) 
4. Accept flight from outside sector 
5. Handover flight to outside sector 
6. Handover flight to tower controller 
7. Accept flight from tower controller 
8. Break up o r  link flights 
9. Change display scale o r  display coordinates 

10. Format data for ARO display 
11. Initiate o r  drop flights within system 
12, S h r t  o r  terminate simulation processing 
Once switch action processing has been completed the display update 

flag will be se t  for Console I/O indicating the updated displays are to be output 
to the consoles. 

Data Recording - This routine is read into memory and operated on a 
cyclic basis when data recording has been requested. Its function is to format 
data for output to the recording output device. 

Data Reduction Program - The I/A Sim data reduction program operates 
off-line from the ' rest  of-the I/A Sim program, It operates upon the data 
collected during a simulation and computes ststistics describing operator task 
Umq and parametric function effectiveness. The output data provided by this 
program are described in the next topic. 



3.  TYPES OF DATA PROVIDED BY INTERACTIVE SIMULATOR 

The I/A Sim collects operator response time and algorithm effectiveness data for 
all major ATMAC controller tasks at  up to 3 automation levels. 

The data to be collected from the I/A SIM for validation of the 1:TMAC 
Model consists of controller response data and system and controller perform- 
ance data. Controller data includes such items a s  alert  response time, a ler t  
resolution time, flight plan entry/modification time, flight plan clearance time, 
and handover coordination time. System and controller performance data con- 
s is ts  of elapsed time of the simulation, number of flights in a sector, numbr 
of conflicts, near misses, restricted zones active, penetrations into restricted 
zones, separation alerts ,  arrivals,  departures, flight plans files, modified 
plans, original and modified flight plan e r rors ,  plans cleared, plans rejected, 
unassigned flights. and late handovers. The collected data is output after 
reduction and consists of cumulative probability distributions including means 
and standard deviations for all time-dependent categories of reccrded data. 

To facilitate the collection of controller response data with the 1/A SIM, 
validation test procedures have been developed for each of the AThIAC functions 
implemented on the I/A SIM as follows: 

r Flight Plan Entry and Modification 
a Flight Plan Clearance 
r Departure Control Functions 
a Approach Control Functions 

Enroute A i r  Traffic Operation Functions 
The validation test procedures are contained in the Validation Test Plan 

(CDRL D001) and consist of ttvu parts. The first part i s  a detailed description 
of the actions required by the test subject controller and the supporting con- 
trollers. The second part  i s  u ser ies  of flow diagrams which parallel the first  
part and include interactions between the exercise participants and the I/A SIM 
computer. Since most of the I/A SIR1 functions a r e  being evaluakd for more 
than one automation level, test procedures a r e  included for each level as 
required, 

The automation levels provided in the I/A SIhl a r e  as follows: 
a Flight Plan Entry - Semi-automated 

Flight Plan RIodffication - Semi-automated 
r Flight Plan Clearance - Semi-automated 
r Departure Control Operations - h1in. Auto and Max. Auto 

Approach Control Operations - Min. Auto and Max. Auto 
Handover Operations - Min. Auto and Max. Auto 

a Conflict Prediction - Automated 
a Conflict Resolution - Min. Auto, Semi-automated and 

Max. Automated 
a Flight Plan hfonitor - Min. Auto and Max, Autom:ited 
Tho types of operator tasks involved in the various modes of the 1/A SIM 

listed above inc:ude the following: 
Conflict Prediction/Rcsolution u -- Data - Data collected for conflict predic- 

tion and resolution include controllcr response times for conflict a ler t  acknowledge, 
conflict resolution determination, conflict resolution coordination, and flight 
vectoring. In addition, the program measures the effectiveness of the conflict 
resolution decisions and the effectiveness of aircraft separation performed by 
the controller. 



~ p p r o a c h / ~ e p a r t u r e  Control Data - Data measurements collected for 
approachldeparture control include controller participation time and effective- 
ness of control for flight breakup and flight linkup. Flight breakup is an 
approach control task where an incoming flight of several aircraft is divided 
into individual aircraft tracks to permit final approach arld landing. Flight linkup 
is a departure control task which combines aircraft which depart separately. 
into one flight. Data measurements also a re  made for the approach control 
tasks associated with aircraft vectoring, sequencing and metering. Both con- 
troller times and control effectiveness uill be recorded for these tasks. 

Flight Plan ~ntry/X~odification Data - Controller time required to enter 
and update flight plans are collected for  this function. For this operation, the 
controller enters flight plan data with a keyboard entry device. The computer 
records entry time and also measures accuracy of data entry. 

Flight Plan Clearance Data - Controller time required to perform flight 
plan clearance is collected for this function. Flight plan clearance involves 
examining the plan parameters and comparing them with other cleared flights 
for possible conflicts. 

Handover Dita - Data collected for handover situations include controller 
response times for handover alert  acknowledgment and handover resolution. 
These data Items will be collected for the following handover situations: 

a Enroute to enroute 
a Enroute to approach 
rn Approach to  tower 

Approach to GCA 
Approach to TLS 

m Tower to departure 
The general form of the output data consists of horizontal cumulative 

probability distributions with units on the top line with the cumulative percents 
below, as shown in the table on the facing page. Non-time-dependent data i s  
also output horizontally; for example: Number of Flights = 54. The figure on 
the opposite page is an example of the output for enroute conflict resolution. 
In the figure, d represents a decimal digit. Detailed descriptions of the I/A 
SIM output formats are contained in Vol. IV of the I/A SIM Program Descrip- 
tion Document. 



Table I. EXAMPLEOFTHEOUTPUTFORlMATSPROVIDEDBYTHEI/ASIMCOMPUTERPROGRAM 

ENROUTE CONFLICT RESOLUTION MEASURES 

AIR - AIR 

ACKNOWLEDGE ALERT MEAN = 7.5 STANDARD DEVIATION = 2.7 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 Seconds 
00 03 09 15 25 36 47 5 1  60 6 5  72 80 83 90 92 93 94 96 96 98 99 00 00 00 00 00 00 00 00 Percent 

RESOLVE CONFLICT MEAN = 23.1 STANDARD DEVIATION = 5.0  

5 10 15 20 25 30 35 4 0  4 5  50 55 60 66 70 75 80 85 90 Seconds 
b.I 
C 

00 00 25 <9 65 75 84 90 91 95 9 8  98 98 98 00 00 00 00 Percent 
-4 

NUMBER OF FLIGIITS = 54 CONFLICTS = 18 N E A R M I S S = 5  E L A P S E D ? ' I M E = ~ ~ ~ M I N  

RESTRICTED ZONES 

AC KNOUILEDG E ALERT MEAN = d. d STANDARD DEVIATION = d. d SEC 

1 2 3 4 5 6 7 8 9 LO 11 12 13 14 I5 16 17 18 1 9 2 0  21 22 23 2 4 2 5  26 27 2 8 2 9  Seconds 
dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd dd Percent 

RESOLVE CONFLICT  MEAN=^^.^ STANDARDDEVIATION=~.~SEC. 

Seconds 
Percent 

NUMBER OF ZONES = dd CONFLICTS = dd PENETRATIONS = dd ELAPSED TIME = dd' MIN 



The two primary activities performed by the ATMAC Queuing Model a re  
the functional application of air traffic control algorithms and the determination 
of system events In simulated time based upon these algorithms. The functional 
simulations respond to the status of system conditions and determine that a 
sequence of simulated system activity i s  required (e. g. , a controller must 
vector a flight in response to a conflict alert). This need is  communicated to 
ASP which then initiates and processes a Table of Action Sequences and Schedules 
(TASS), modeling the desired chain of simulated events, ASP simulates the 
utilization of controllers and system hardware such as the central data processor, 
(computer), G/G DDL and G/A/G DDL facilities. The TASS contains control and 
instruction parameters relating to this simulation capability a s  discussed above. 
Data concerning the utilization of system resources (controllers, data processor 
and DDL) are collected by ASP and are stored for later reduction by the Model 
Data Reduction Program. 

A single TASS may be in process for more than one flight during the same 
simulated time period. In cases where two o r  more flights a r e  assigned to the 
same controller and have the same TASS in process, ASP provides the queuing 
priority and maintains the queued tasks until the controller becomes free to 
handle the next task. 

ASP, residing at  the center of these activities, provides the primary 
model control mechanism. As such it receives and processes requests from 
external sources (functional modules) to initiate a sequence of TASS processhg 
steps and from internal sources such as requests encountered through processing 
TASS parameters, The external source interface i s  through the GASP event 
chain. Consider the example of the ASP interface processing which occurs when 
the Conflict Prediction algorithm determines that a flight is  in conflict with a 
restricted zone, as described in the preceding sample TASS. The Air-Air Con- 
flict Predictlon/Resolution TMS must be processed to simulate the corrtroller7s 
efforts in attempting to resolve the conflict in accordance with the sequence of 
events described in the next paragraph. 

The Conflict Prediction algorithm passes the appropriate parameter 
data h e  flight's identification and control parameters which request ASP pro- 
cessing) to GASP. The GASP routines store this data in the GASP event chain. 
When the Conflict Prediction algorithm is finished testing for conflicts, it 
returns control to GASP, As GASP processes the event chain, it removes the 
next event in time sequence from the event chain. The control parameters 
placed in the event chain by the Conflict Prediction algorithm are interpreted as 
a request for ASP processing and control i s  passed to ASP. ASP receives control 
through Its external source interface using the control parameters associated 
with the event to initiate the interpretation of the appropriate TASS. Processing 
the TASS request beglns immediately and the internal source interface is 
exercised. Some requests such as branches and ASP services are  performed 
wholely within the ASP module. Other requests, such as simulating usage of a 
controller, cawe ASP to place paraaa te rs  into the GASP event chain which 
request future ASP processing. 

. During ASP processing of the Conflict Predictian/~esolution TASS two 
requests for execution of functional application algorithms a re  encountered. 
The ASP processing is the same for  both even though the control parameters 
are different. ASP places the control parameters into the GASP event chain 
and continues processing the TASS. After the next time delay event i s  pro- 
cessed ASP returns control to GASP. GASP again processes the event chain 



removing the next event in time sequence from the chain. The control param- 
eters placed in the event by ASP a re  interpreted to be a request for one of the 
two prediction/resolution functional applications and GASP passes control to the 
requested routine. After operating on the data base, the application algorithm 
returns control to GASP, completing the sequence of simulated activities caused 
by the detection of the conflict situation. 
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OUTPUT DATA P R O V I D E D  BY Q U E U I N G  MODEL 

Output data from the queuing model provides information for performing analysis of 
ATMAC system effectiveness by providing data on the most significant parameters 
which have sensitivity to scenario factors and to differences between the ATMAC 
configurations being modeled. 

The queuing model output and reduction functions provide data for analy- 
sis of the system effectiveness measures of an ATMAC configuration, These 
system effectiveness measures provide the means for comparison of alternate 
AThlAC configurations. 

During the execution of the queuing model, performance data is continu- 
ously written to disk for post-processing. This performance data consists of 
events that a re  about to occur o r  have just been completed, the time of day, and 
other information about the event. 

After the execution of the queuing model simulation, offline processing 
and reduction of the performance data begins. The performance data i s  read 
into tbe Varian computer from disk and is  processed by a postprocessing pro- 
gram. This program groups the data into many different sequences to provide 
the required data reduction and concludes by printing data reduction reports. 

The reduction reports consist of performance measures for the preceding 
simulation of a specific ATXIAC configuration. They consist of Arrival /Depar- 
ture rates, conflict rates, conflict resolution effectiveness, flight plan monitor 
effectiveness, approach/depa rture control effectiveness, flight/aircraft densi- 
ties, aircraftlnight delays and thruput, and processor, digital data link, and 
controller utilization. The type of information printed for each of these cate- 
gories consists of tltime-linett reports showing the actual time sequences fn 
which events occurred, mean and standard deviations of event occurrence t b e s  
and a tabular report of the event giving a percentage of occurrence (i, e., a dis- 
tribution) of each type of category. Accumulations of the occurrence of the total 
time required for an event in each category a re  also printed. A detailed des- 
cription of the queuing model output formats is given in Vol. V of the ATMAC 
Model Program Description Document. 

By relating these reports of performance measures for each AThUC con- 
figuration simulated it is possible to evaluate ATMAC system performance 
among the candidate configurations. 



5 PLAN FOR ANALYSIS OF INTERPICTIVE SIhIULATOR RESUL'rS 

Each of the AThUC functions simulated on the Interactive Simulator generates 
data which represent controller response times, switch actions and efficiency 
of operation. 

To fnsuro t h a t  thesn performance measures are re~rescntative and can be used 
on the AThLiC Queueing Model, the following preparation and analyses will be 
performed. 

a Propare Plan of Experiments 
Statistical .4nalysis of Results 

r Statistically Compare Results with Previous Studies 

6 .  PLAN OF EXPERIhENTS 

The Plan of Experiments defines a series of tests which are  designed to gather 
hurnan.pcrformance data for  ATAIAC functions i~~lplemented in the I/x SIN.  The 
personnel involved in the tests will include test subjects, tcst conductors, ghost 
pilots and ghost controllers. Test subjects with sufficient es~ericnce to be clas- 
sified as Air Traffic Controllers will be used. Each tcst subject will be made 
familiar with the I/A SIhI and the ATALIC functions through a training program 
prlor to collection of test data, 

The experiments will present the tcst subject with air situations based on 
approved scenarios. The test subject and the support personnel (test conk:: ,i-, 

ghost controllers) nil1 perform the experiment using the procedures d c ~ c r i i > ~ . r l .  

7.  STATISTICAL -4NALYSIS OF RESULTS 

The Plan a Experiments test program has been designed for eight subjects who 
am assumed to have essentially the sarne level of skill in air traffic control. 
Precautions slmll bc taken, however, to avoid the contaminating effects of d ~ f -  
ferent experience levels. 



, . In order to prevent biasing the experimental response data by individual 
differences of skill, a training session of at least two days with appropriate test- 
ing procedures will be used, 

The focus of data evaluation shall center about the purpose of the T/A Simulator 
and the AThlAC Model. The primary goal is to gather me.aningfu1 human response 
data which can be applied to the ATRWC Qu eu ing Model. 

The principal statistical methods which will  be employed to analyze the data are 
an analysis of variance for a two-way classification together with the standard 
Tukey and Scheffe' methods (denoted T-method and S-method, respectively) fo r  
multiple comparisons. The analysis of variance model proposed in the follow- 
ing section results in the standard F-test for accepting or rejecting hypotheses 
concerning the mean response times for the three different levels of automation. 

8 .  EXPERIMENTAL DESIGN* 

This section describes briefly the two-way classification model for the analysis 
of variance to be performed. It is assumed that the response time of each oper- 
ator for each class of tadis under each level of automatiox will be sampled N.. 
times, The sampled response times will be denoted Xi'k where i = 1,2,. . .n 1J 

denotes the operator, j = 1,2, , . . m denotes the level o automation, and k = 1, 
2, . . . Nij denotes the sample s i z e . 

1 

Tbe basic assun~ption for the subs~quent analysis is that the random variable 
Xi k may be represented as fallotvs (see H. Scheffe': The Analysis of Variance, 
1 d ley and Sons, 1959): 

In the~future, the foregoing set of assumptions will be referenced as hypothesis 
Q. The compoiients of qj:, are described in.- following tiqk 

~1 = general mean, 
= variation in the mean due to operator i, i 
= variation in the mean due to the level j of automation, 

*The Analysis of Variance, H. ~ c h e f f i ,  J .  Wiley & Sons, 
1 9 5 9 .  



Yij 
= interaction &tween operator i and automation level 

2 Eijk = random sample e r ro r  from a N ( 0 , u  ) distribution. 

Note that the expected value, E(Xijk), of Xijk is, therefore, 

In order,to be specific, P 1 will represent the variation in the mean due to the 
min-.automated mode of operation, p 2 the variation due to the semi-automated 
mode of operation, and /33 the variation due to the may-automated mode of 
operation. 

There are three separato hypotheses which will be of interest in analyzing the 
experimental data; they are: 

H :Y = 0 for i=1,2,. . .n and 
0 i j  

= 0 for  j=1,2,. . .m, 

HZ:ai = 0 for i=1,2, . . . n. 
The hypothesis ITo is of no direct interest; however, acceptance or  rejection of 
Ho determines the specific statistics used to test H i  and H? and influences sig- 
nificantly any interpretation of the results of those tests. h particular, if the 
hypothesis IIo i s  accepted, by statistical inference o r  othenvise, then inferences 
about the u and thep j ' s  rvill be sullicicnt to summarize the experiment. Thus, 
If it is concluded thatp 3 < P 1, then the difference in the response timcs between' 
levels of automation is the snmc for each operator. If i Io  is rcjected, however, 
then /3g < PI implies only that opcrator response, when averaged over all opcr- 
ators, is greater in the min-auto mode than in the mas-automated mode of 
operation. 

The important hypothesis with r c s ~ c c t  to tho Interactive Simulator is kl, the 
alternative hypothesis for 111. Note that I-cjcction of I 1 1  automatically implies 
acceptance of fil. In order to facilitate the computations, 11.1 will be tested 
rather than testing El dil-ectly. If H is rejected, then the T-method will be 
used to identify significant dlffcrences between the /3 nfs under the hpothesis iio. 
If Ho is rejected (that is, interactions a rc  present), h e  T-method cannot be 
used because thc p j ' s  may not have equal variances. 

Hypotheses Hz i s  included in order to verify that the operators have, at least 
approximatelS., the same level of skill. If ihe hypothesis 112 is rejected, the 
T-method (or the S-method if H, i s  rejc?ted) will be used to  determine which 
operator (or qx ra to r s )  contributed to the rejection. The analysis then can be 
reseated dtcr deletion of the rclcvmt opcrztor data o r  the e~periments  can be 
repmkd by the appropriate operator (or operators) aiter the appropriate training. 



9 .  COMPUTATIONAL P R O C E D U R E  

In this section the statistics which are necessary to test the hypotheses outlined 
in the previous section are defined. Recall that Xi)k represents the ~t~ sample 
response time of operator i in the operating mode j. 

Assume that the data set Xijk is given. In order to test tle hypothesps men- 
tioned previously, it will be gecessnry t o  compute the following sample means 
and estimabs (denoted collectively as the Means): 

m 
Gi = Nij, : row sums of cel l  numbers 

j=l 

Folloiving Scheffe': The Analysis of Variance, the maximum l i k e l i -  
hood estimates ofPj,  denoted bybj ,  are the solutions of the following set of 
linear equations: 



where 

The sums of squares (denoted collectively by SS) which are necessary for the 
analysis of variance are: 

where the weighting factors U and Wi are defined: 
j 
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T a b l e  IV. QUEUING MODEL AUTOMATION LEVELS 

*Uses radar video 
**Controller approves FP 

NOTE: COXT means controller performs function 
DP means Ll ta  processor performs function with controller review, 

approval and/or override. 

3- 

Semi-Automated 
Level ---- 

Yes 

Yes 

No 

Yes 

DP 

DP 

DP 

DP 

DP 

DP 

DP 

hIin-Automated 
Level 

Yes 

No 

No 

Yes 

DP 

DP** 

CONT 

CONT 

CONT 

CONT 

CONT 

'ifanual 
Level* 

Max-Automated 
Level 

Yes 

Yes 

Yes 

Yes 

DP 

DP 

DP 

DP 

DP 

DP 

DP - 

Facility 

Computer 

G G  DDL 

&A DDLf* 

A-G DDL 

B!mmn 
Track Acquisition/~racking 

~g Proce ssing/~pproval 

FP Conformance 

Approach/~eparture Control 

Formation ~inkxp/~reahup 

Handover 

Conflict Prediction/~esol. 
0 

No 

No 

No 

No 

CONT 

CONT 

CONT ' 

CONT 

CONT 

CONT 

CQNT 



When these computations have been completed, the hypotheses Ho, HI, and H2 
will be tested by the procedures enumerated below: 

Step 1: Test Ho against Q at the significance level u (= 0.05). In order to perform 
this t es t ,  define the statistic: 

The random variable F has an F-distribution with parameters (m-l)(n-1) and 
(Nt-mn). The F-test for Ho is defined as follows: Fteject Ho if F > F, where Fo 

I satisfies: 

I Step 2: ~ & t  HI. I£ Ho is accepted, test HI against. i l  f l  Q; that is, set: 

The random variable F has an F-distribution with parameters (m-1) and 
(Nt-m-wl). An F-test similar to that of Step 1 may be used to accept or reject 
H1. 

If H, is rejected, then H should be tested against Q rather than ' Q n Q; the 
appropriate statistic in t k i  s case is: 

which has an F distribution with parameters (m-1) and (Nt-m) .  

1 As noted previously, rejection of Hi is equivalent to acceptance of the hypothesis 
that there are significant differences in the P j ' s t  that is, differences other than 
those produced by sampling errors. The sipficance of accepting o r  rejecting . 
Ho upon HI was discussed in the preceding section. If Ho is accepted, the 
T-method will be used to determine the significant differences in the Pj's when- 
ever Hi is rejected. I€ H, is rejected, then the S-method will be used rather 
thsn the T-method to detemihie dgaificant differences in the /3 when HI is 
rejected. 

I Step 3: Test Hz. If H, is accepted, test H2 against $2 n Q with the statistic: 

which bas an F distribution with parameters (n-1) and (Nt-m-n+l). The standard 
F-test will be employed (see Step 1). 



If Ho is rejected, Ha should be tested against Q. In this case, 

Acceptance of H2 is equivalent to acceptance of the hypothesis that all of the 
operators have an equal level of skill. Conversely, rejection of H2 implies that 
the operators have unequal levels of skill; in this case, the S-method or  the 4 

T-method (as above) will be used to determine which operators were respon- 
sible for rejecting Hz. 

10. EXPECTED DATA RESULTS 

All communications shall be recorded for detailed analysis. Operator workloads 
shdl  be recorded throughout the entire run. The operation .uvorkload for the pur- 
pose of this study is defined as the sum of all a i r c r d t  being displayed o r  under 
his control plus all communications, verbal o r  otherulise, that he i s  engaged in 
at any discrete period of time. 

Data analysis of cumulative probability distributions, summary totals, and 
flights per time displayed coupled with statistical test applications will provide 
knowledge of differences in human operator responses which will be attributable 
to mode manipulations i. e. , max-automated o r  min-automated rather than 
sampling error.  

The results of this comprehensive data collection and analysis will provide inputs 
to the ATRIAC Model which will, within the Limitations of the 1/A Simulator, be 
both realistic and meaning-. 

The data to be gathered for each test subject and the treatment of the data for 
each ATPl'tAC function to be examined on the I/A SIhI a re  contained in the follow- 
ing sections. 

a .  F l i g h t  P l a n  Entry/Modification/Clearance. 

The following calculations will be made. 

Flight plan entry time 

The data output i ,  e., number of flight plans entered, etc. is expected to be large. 
For this reason no unusual statistical test of sijpifi,cance is envisioned; however, 
if the sample size should diminish o r  be affected by widely discrepant subject 

mght plan modification time 

Flight plan clear-rejdct time 

Means 

xx 

xx 

xx 

SD 

xx 

C. P. D. 

xx 

xx 

xx 

xx 

xx 



responses, the Student litfi test shall be employed between subject means, 
Cumulative probability distributions and sample size shall determine the need 
for the use of the Student l1tI1. 

b. Approach Control. 

The following calculations shall be made for each mode, max-automated and 
min-automated. 

. . 
Data shall be compiled for each subject. A total mean shall be calculated for 
each measure in each mode. The hypothesis to be tested shall be: 

Accept hand-in time 

Approved vector instructions time 

Resolve separation alert time 

Closest approach distances 

The implied null hypothesis is: 

The significance level shall be set at 0.05. 

Means 

xx 

f~ 

xx 

xx 

The F-test shall be used to test the differences between sample means. In spe- 
cific terms the research hypothesis is that the mean responses in the min- 
automated mode will be different than the mean responses in the max-automated 
mode and that such a dmerence is not due to sampling error. 

c. Departure Control. 

SD 

xx 

xx 

xx 

3tx 

The following calculations shall be made for each mode, max-automated and 
min-automated. 

C. P. D, 

xx 

xx 

xx 

xx 

Departure alart acknowledge time 

Approve vector instructions time 

Resolve Separation alert time 

Closest approach distances 

Means 

xx 

xx 

xx 

xx 

SD 

xx 

1~ 

xx 

xx 

C. P. D. 

mc 

mt 

1~ 

xx 



Data shall be compiled for each subject. A total mean shall be calculated for 
each measure in each mode. The hypothesis to be tested shall be: 

ii,:s,,a, $0 
The implied null hypothesis is: 

H1:Pl=8 = 0 

The significance level shall. be set at 0.05. 

'The F-test shall be used to test the differences behveen sample means. In spe- 
cific terms the research hypothesis is that the mean responses in the manual 
mode will be W e r e n t  than the mean responses in the automated mode and that 
such a difference is not due to sampling error. 

d .  Enroute C o n t r o l .  

The following calculations shall be made for each mode, Max-Automated, Semi- 
Automated, and Mia-Ahtomated for  both Air-to-Air and Air-to-Restricted Zone 
conflicts* 

A total mean shall be calculated in each mode. The hypothesis to be tested shall 
be: 

Conflict alert achorledge time 

Conflict resolution time 

q: PI, f12, not all zero 

The implied null hypothesis is: 

Means 

xx 

xx 

The significance level shall be set at 0.05. 

The F-test shall be used to test the differences behveen sample means. In spe- 
cific terms the research hypothesis is that the subject mean responses will  be 
Werent acrom each m d e  and that such a diffclence is not due to sampling 
error. 

SD 

xx 

xx 

e .  Handover. 

C. P. Dm 

xx 

ME 

Handovers will  occur in the Approach, Departure, and Enroute functions, The 
event (handover/handin) will be controlled by the scenario. The following 



calculations shall be made for handovers in each function, for min-auto and 
max-automated modes. 

The F-test shall be applied for testing a difference between means in each of the 
three functions. The hypothesis to be tested shall be: 

Handover alert achowledge t h e  

Handover coordination time 

The implied null hypothesis is: 

The significance level shall be set at 0.05. In specific terms the research 
hypothesis is that the mean responses in the min-automated mode will be dif- 
ferent than the mean responses in the max-automated mode and that such a dif- 
ference is not due to sampling error. 

Means 

xx 

xx 

11. RESULTS COMPARISON 

The controller and system ~erformance distributions obtained from the tests will 
be used to validate the Queuing Model. Validation of specific functions will be 
performed by comparison with the results of previous studies or  (when there are 
no previous results for a function) by comparison with predicted results. 

SD 

xx 

xx 

The prevlous studies to be considered are: 

C. P. D. 

xx 

xx 

(, Final, &port on tho Evaluation of a Semiautomatic Flight Operations Center 
Army Tactical A i r  Space Regulation Systcm (ATARS) 

a Design Plan Supplement for Basic Semiautomatic Flight Operations Center 
MTACCS 
FAA Controller task time data 

The methods of implementing air traffic control functions and the scenarios used 
vary between the above studies and the AT5LAC. It is necessary, therefore, to 
determine which study corresponds best for a particular function, and to make 
allowance for these differences in making the comparisons with the data collected 
on the L/A SIM. 

Far those ATMAC functions where there are no previous data (or the degree of 
correspondence is not acceptable), the test results will he compared with pre- 
dicted results. The predicted results will be based on analysis of the modeling 
techniques used to gcnerate the simulation and the test procedures developed for 
the test subjects. The analysis will separate the data processing actions from 
the test subject actions and assign elapsed time periods to each. The data 



processing times w i l l  be derived from the same or similar processing techniques 
used in ATMAC which have correspondence with one of the previous studies. The 
test subject times will be obtained with real time observatione of the test subject 
performing the AThWC functions, 

To validate the data, controller response distribuyons from the previous studies 
or from the predicted results analysis will be statistically compared with the 
corresponding distributions from the Interactive simulator, The data will be 
cansidered validated if the comparison shows that both distributions are within 
the:confidence interval of the selected population parameter. If the cornparis& 
is false, further attempts wil l  be made to justify the differences by analysis. In 
the event that adequate explanations for the differences a re  found, the data ob- 
tained from the L/il SDI will be used a s  input parameters to the Queuing Model. 
If, on the other hand, inadequate reasons for the discrepancies are found, the 
I/A Slnl data will be adjusted until the remaining differences can be justified, 

GLOSSARY OF SYIlIBOLS 

Xijk = k th time response of operator i in mode j 

X 
ij 

= mean response time for operator i in mode j (cell i j  mean) 

p = general mean 

= maln effect of operator i 

81 = mahi effect of mode j 

il = interaction of operator i with mode j 

2 
Eijk = sample error, N(0, u ) 

H~ = hypothesis: yiJ=o tor all i, j 

H1 = hypothesis: P = O  for all j 1 
= hypothesis: ai=O for al l  i 

a = significance lava1 for tho F-test 
A 
A il = sample mean response time for operator i in mode j 

0 = general sample moan 
A : 

= sample maLn effect of operator i 

4 = sample main effect of mode j 
A 

Yu = sample interaction between operator i and mode j 

ss, = aum of squares for main effects af the operators (ai) 



S S ~  
= sum of squares for main effects of the modes (P  ) 

j 

s sc = sum of squares for the interactions ( Y  ) il 

~ S E  = surn of squares for the errors 

$11 
= contra@ of main effects of the operating modes ( P  - P ) 

5 1  

= least square estimate of JI from the sampled values of Xijk 
jl 

O i l  - contrast of the main effects of the operators (ai-al) 

t = least square estimate of 0 il 

N = no, of dbservations from the ij-cell 

n = no. of operators 

m = no. of modes of operation 

Means = sample means 

SS = sum of squares 

Q = general hypothesis for the two-way classification analysis of variance 

CPD = cumulative probability distribution 



12. DATA COLLECTION FROM THE INTERACTIVE SIMULATOR 

Time measurements of controller interaction with simulated situations a r e  
collected from the mteractive Simulator and used as part of the validation data 
for the AThiAC Queuing Model. The collected data, as applied to the ATILAC 
Queuing Model, are in the form of distributions resulting from several tr ials 
of each simulated situation. Section 3 describes the data to be collected and 
its output format. 

13. DEVELOPMENT OF OTHER MODEL VALIDATION DATA 
\. 

The model validation data obtained from the Interactive Simulator represents 
only a portion of the data which is required to assure a totally valid queueing 
model. Such additional validation data include, but are not limited to, addi- 
tional controller l*esponse time statistics derived from other sources, usage 
rate, of various classes of subsystems, and flight durations and durations of 
discrete events as a function of the scenarios. Descriptions of those other vali- 
dation techniques are included in Section 1 4 .  

14. ATMAC QUEUING MODEL VALIDATION 

The model validatiun process includes the following: 

Use of valid scenarios by using Government furnished and acceptable 
documents . 
Validation of the ATMAC Model structure. 

Validation of the results of certain simulation runs using data obtained from 
the hteractive Simulator. 

a Validation of simulation measures using empirical data. 

Indirect validation of other data which have not been previously developed. 

The plan for Queuing Model validation is describgd in t h i s  section. 



THE S-METHOD (SCHEFFE'S METHOD) 

Whenever either of the hypotheses HI or H2 is rejected under the hypothesis Q 
(that is,  Ho is rejected), the S-method will be used to determine which factors 
contributed to the rejection and to estimate the size of the differences between 
the parameters. In particular, if HI is  rejected, then the functions 

= p - p ,  1 l <  j rn ,  
$11 l i 

will be tasted for sigaificant differences from 0 by use of the least square esti- 
mate $ J ~ ~  of + p j m  Note that 

The basis of the S-method is the following fact: the probability is 1-a! that 

where 

md S is determined from an F-distribution with parameters (m-1) and(Nt-mu) 
such that 

The statement above implies that Sij i s  significantly different from 0 if 



Jf W2 is rejected under the hypothesis Q, then the functions 

will  be tested for significant dilfferences from 0. The procedure I s  similar to 
that outlined above with 

f = A i - A t ,  
i e 

and 



THE. T-METHOD (TWCEY1S METHOD1 

Whenever either of the hypotheses Hi or H2 is rejected, Tukeyrs Method (here- 
after, simply the T-method) will be used to determine which factors contributed 
to the rejection and to estimate the size of the differences. In particular, if Hi 
is rejected, then the functions 

will 9 tested for significant differences from 0 by use of the least square &ti- 
mate Jlj t' of t$ (. Note that 

fiet a satisfy 0 < a < 1. The T-method is based upon the following theorem (due 
to Tukey): The probability is I - u that 

where 

I and T is chosen to satisfy 

where t has a student t-distribution with parameters m and (Nt-mn), Thus, 
there are eignificaat differences in the , 's if 



I€ the hypothesis 3 is rejected, then the functions 

will bc. tested for significant differences from 0, The procedure is ths same as 
that o?ltUned above except that T i s  chosen to satisfg 

where t has parameters n and (Nt - m). 



1 5 .  *INTERACTIVE SIMULATOR DATA ANALYSIS 

The following paragraphs contain a description and summary of the results 

from the statistical analysis of the Jnteractive Simulator data proposed hi the Valida- 

tion Test Plan (VTP). As stated in the VTP, each of the A T U C  functions simulated 

on the Interactive Simulator generates data which represent controller response 

times, switch actions and efficiency of operation. The goal of the statistical analysis 

~f this data is to gather meaningful data concerning the human response times which 

can be applied to the ATMAC Queueing Model. 

a. D e s c r i p , t i o n  of t h e  Data.  
4 '  

The primary method of the statistical analysis of the I/A data was the two-way 

analysis of variance scheme outlined in the VTP; also see Henry Scheffe: The Anal- 

ysis of Variance (New York: John Wiley & Sons, Lnq. ; 1959). The analysis of variance 

acheme identifies simultaneously differences in operator performance between the 

individual operators and between levels of automation. The data for those operators 

which consistently displayed response times significantly different from the ~ j o x i t y  

was deleted from the data set; the analysis then was repeated for the remaining data. 

In this way it was possible to obtain information concerning the distribution of opera- 

tor response times (the rneau, standard deviation and cumulative distribution func- 

tion) in each level of automation and to identify the differences in the response times 

which were a result of mode manipulation rather than sampling errors.  

b. Interactive Simulator Data. 

The data from the Interactive Simulator in the max-automated automation 

level consists of an average response t h e  together with the number of samples, 

standard deviation, and cumulative distribution function for each operator with respect 

to each task. 

In order for the results of the two factor analysis to be meaningful, i t  is nec- 

easaxy that the response times from the dFfferent levels of automation represent 



pekformance of the same (or'at least similar) tasks. Unfortunately, in many cases 

the data from the interactive simulator in the max-auto mode do not correspond 

directly with the data from the interactive simulator in the mir-auto mode of opera- 

tion. Consequently It  was necessary in some cases to group or identify hvo separate 

tasks as one task; in other cases it was necessary to add the response times. The 

formulae for these manipulations are given in the following paragraph. 

As in the VTP, let the operators be indexed by the subscript i and the level of 

automation by the subscript j. For a given task, N.. represents the number of times 
1J 

operator i performed the task in level j; A .. and a;. represent the corresponding mean 
1J 1J 

and standard deviation of the response times. Whenever it was necessary to group or  

identify two tasks, the new statistics N.. , Ail, m. were computed from the original 
IJ 1J 

rtatistics Nij , A ij (I), u!l) and =!!I as follows : 
1J 1J 

Whenever it ,was necessary to add response times, the new statistics were computed 

according to: 

In addition to the discrepancy between the min-auto and ma-auto modee with 

respect to the definition of the tasks, there is another fundamental difference Ln the 



data. A response time in the max-auto mode includes the time necessary to perform 

two distinct pbases of the task; namely a decision-making process in which the appro- 

priate action is determined followed by the physical or  mechanical processes (i, e., 

switch actions) necessary to implement the decision. Xn contrast to the rnax-auto 

mode, the min-auto mode response times do not include the times for the decision 

making process because only times for voice  communications are available. In order 

to compensate for this difference between the data from the two modes, the manual 

mode response times were increased by 25 percent. No attempt was made either to 

justify the magnitude of the increase or to investigate the sensitivity of the results to 

the magnitude of the increase. 

c:. Analysis of Variance: D a t a .  

The two-factor analysis of variance scheme was used to analyze the Approach 

Control, Departure Control, Enroute Control and Handover data. Valid Flight Plan 

data was collected from two operators only; consequently the means and standard 

deviations for the response times were computed with no additional data evaluation, 

When the analysis of variance methods were used to analyze the data for a 

particular ATMAC function, a computer program (a listing is included with the data) 

was executed to perform the necessary computations. Each time the program was 

executed, the data described in the following sections was printed. 

(1) For each operator, the mean response time Aij, the number of observations 

N the standard error of the mean S and a 90 percent confidence interval 
iI ' 15 

for the true meanp.. of the distribution is printed for each method of 
11 . 

operation. The standard e r ro r  of mean S Is ti 

* The confidence interval is computed by considering 

P r ( - b  < T < b ) = 0 . 9 0  



where 

bas a student's t - distribution with parameter N., - 1. The variable p u ij 
represents the true mean. The probability is 0.90 that 

(2) For each mode of operation under consideration, the mean operator 

response time, the standard error of the mean, and a 90 percent confi- 

dence interval for the true mode mean are printed. The first value of the 

mode mean Ai is computed according to 

where n is the number of operators considered. The second value of the 

mads mean 1 is given by 
1 

where 

Slmllarly, two values of the standard error, s. and are given; 
J j' 



W o  confidence inrtervals for the true mode mean p. are computed by 
J 

considering the student t - statistics 

Aj -P, 
T = 

"1 

and 

which have parameters *n-1 and N. -1, respectively. 
1 

( 3  The analysis of variance parameters a r e  printed also. These include the 

general meanp, the variations ai in the mean due to the operators @-main 

effects), the variations p. in the mean due to the automation levels 
3 

(33-main effects), and the i n t e r a c t i o n s ' ~ ~ ~ .  Recall that the underlying 

assumption of the analysis of variance scheme ia that the individual 

response times Xiik satis@ 

where r is a random sample from a normal distribution with mean 0 and 

2 variance u , In addition to these parameters, five F-statistics are 

pridted. (See Table V . 
16. SUMMARY OF RESULTS 

In the following sections, the mean response times together with the corre- 

I sponding standard deviations are given for the various ATMAC functions, Except for 

the Flight Plan data, the analysis of variance scheme was used to isolate 

those operators who consistently dieplayed response times aigniiicantly different (as 

determined by the S or T method of multiple comparison). The mean and standard 

dsvlation of the response times were computed by deleting the data of the operators 



m =r number of automation levels 

n = number of operators 

Nt = total number of obsemations 

mentionad above. A computar print-out of the original data sets as well as the final 

data, sets ia  included. 

As was stated prevlutlsly, the Flight P h  means and standard deviations were 

computed by using all of the available data. 



17. FLIGJT PLAN ~ ~ T R Y / M O D I F I C A T I O N / C L E A R A N C E  

The following is based upon the data collected from operators Olson and 

Wilson. 

Table VI. FLIGHT PLAN DATA 

18. APPROACH CONTROL 

The analysis of variance program was used to compare the aax-automated 

mode of operation with the min-automated mode of operation for two data aeta. In the 

first data set, which is labeled llAccept Haad-hvv, the automatic mode data consists 

of the I/A SIM data bearing the same label; the min-auto mode data consiets of the 

Fwction 

Entry Time 
(Seconds) 

Modification 
Time - 

Clear-Rejec t 
Time 

sum of the following tasks: 

Establish contact with adjacent sector controller 

Complete handover 

Pilotestablishescontact 

The second data set, which is labeled lvApprove Vector  instruction^^^, consists of the 

I/A SIM data with the same name for the max-auto mode together with the following 

grouped min-auto mode data : 

Provide vector instructions . Issue formation breakup command. 

Mean 

209.50 

52.05 

130.12 

SM. Dev. 
of Population 

62.58 

21.75 

67.19 

Std. Dev. 
of Mean 

11.43 

4.44 

14.66 

No. of Observations 

30 

24 

2 1 



In both cases, the analysis showed that the data did not satisfy the 

criterion for additivity; that is, Ho was rejected. Again, in both cases, 

all but two operators were eliminated from consideration; for both cases, 

the final mean response time in the max-auto mode was significantly (by 

the S-method) less than the mean response time in the min-auto mode. 

Table VII. APPROACH CONTROL DATA: MAX-AUTOMATED MODE 

Table VIII. APPROACH CONTROL DATA: MIN-AUTOMATED MODE 

Function 

Accept Hand-In 

Approve Vector 
Instructions 

Resolution of 
Separation 
Alert 

Minimum Approach 
Separation 
Distance 

Mean 

7 .34  sec. 

3.38 sec. 

42.33 sec. 

553.57 meters 

Function 

Provide Vector 
Instructions 

Formation Backup 
Command 

Establish Contact 
with ad j . sector 

Complete Handover 

Pilot establishes 
contact 

S t d .  Dev. 
of Population 

5.15 

4.45 

29.85 

310.83 

Mean 
(sec.) 

5.67 

4.72 

1.55 

10.94 

3.76 

Std. Dev. 
of Mean 

0.72 

0.58 

8.62 

89.73 

No. of 
Observations 

5 1 

59 

12 

12 

No. of Observations 

294 

2 5 

17 

18 

2 4 

Std. Dev 
of Pop. 

2 ,53  

4 .21  

1.71 

5.10 

1.44 

of Mean 

0,15 

0.84 

0.41 

1.20 

0.29 



1 9  D E P A R T U R E  C O N T R O L ,  

The analysis of variance program was used to compare the max-auto mode of 

operation with the min-auto mode of operation for two sets of &ta. In the first data 

set, which is labeled "Alert Acknowledgev, the max-auto mode data consists of the 

I/A SIM data with the same name; the mh-auto made data consists of the sum of the 

following steps : 

Receive call from tower 

Request and receive departure data 

In the second data set, which is labeled "Approve Vector  instruction^^^, the max-auto 

mode data consists of the I/A Slhl data with the same name; the min-auto mode data 

consiats of: 

Provide Vector Instructions 

Provide Departure Instructions 

For the I1Alert Acknowledget1 data, the hypothesis of additivity, that is HO, 

was accepted. The mean response time for the max-auto mode was significantly less 

than that of the rnin-auto mode (as determined by the S o r  T method). In the seco* 

I data set, the hypothesis H was rejected; however the max-auto mode response time 
0 

abo was found to be significantly less than the min-auto mode response time. 

2 0 .  ENROUTE CONTROL 

The analysis of variance program was used to compare the operator response 

times for oonflict resolution in the max-automated, semi-automated, and min- 

automated modes of operation. The max-auto mode data consists of the I/A SIM data 

for the resolution time of air-to-air conflicts and air-to-restricted zone conflicts. 

The semi-automated mode data consists of all data for: vtProvide vector instruction~~~. 

The min-auto mode data is similar to that of the semi-auto mode. 
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Table IX. DEPARTURE CONTROL DATA: MAX-AUTOMATED MODE 

Function I Mean No. of Obseiwations 

Departure Alert 1 4m96secg 1 4*18 I 0*47 1 79 
Acknowledge 

Approve Vector 
Jnstructions 

Minimum Departure I 362.44 meters I 440.92 1 139.43 1 10 

2.80 sec. 

- - 

Resolution of 
Separation Alert 

Sepration 
Distance 

Table X. DEPARTURE CONTROL DATA: MXN-AUTOMATZD MODE 

I I 

41.52 sec. 

Successive application of the analysis of variance scheme eUminated all but 

three opemtor~. On tbe basis of the data for these three, the hypotheses HO and HI 

were rejecbd. By the S-method, the response times Ln the semi-autorhated mode 

were found to be significatly less than those of the other two mcdes; however there 

Was no significant difference between the max-auto and min-auto mode response 

times, 

In addition to the conflict resolution data, the analysis of variance program 

, -8 exemised to compare the operator response times for the max-auto mode against 
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122 3.13 

26.03 

h c  tion 

Provide Vector 
Xnstruc tions 

Redelve Call from 
Tower 

Fkqueet and Receive 
Departure Data 

Provide Departure 
Instructions 

0.28 

8.23 10 

No. of Observations 

262 

65 

56 

74 

Mean 
(sec. ) 

5.63 

1.81 

6.49 

6.56 

Std. Dev. 
of Pop. 

2.65 

1.43 . 

2.81 

4.79 

of Mean 

0.16 

0.19 

0.38 

0.56 



the response times for the semi-auto mode for the Air-to-Air and the Air-to-Restricted 

Zone Conflict Alert Acknowledge Time data. Both data sets were taken directly from 

the 1/A SIM output data. 

The analysis of variance indicates Wt, in both data sets, Ho is accepted and 

HI is rejected. Relative to the S-method, the mean response time in the max-auto 

mode is significantly less than that of the semi-automated mode. 

Table XI. ENROUTE CONTROL DATA: MAX-AUTOMATED AND SEMI-AUTOMATED 
MODES (DATA COLLECTED BY COMPUTER PROGRAM) 

Table XIL. ENROUTE CONTROL DATA: MIN-AUTOMATED AND SEMI-AUTOMATED 
MODES (DATA COLLECTED FROM VOICE TAPES) 

No, of Observations 

332 

339 

74 

62 

271 

10 

Function 

Conflict Alert Ack. 

Air-Air (Max-Auto) 

(Semi-Auto) 

Air-Restric ted Zone 

(Max -Auto) 

(Semi-Auto) 

Conflict Resolution 

Air-Air 

Air-Restricted Zone 

- 

Mean 
(sec. ) 

15.31 

19.15 

14.94 

19.11 

7.69 

7.20 

Std, Dev. 

No. of Observations 

172 

225 

111 

of Pop. 

8,93 

9.56 

9.04 

10.07 

4.20 

3.00 

Function 

Provide Vector 
Instructions 
(Mln-Auto) - 

Provide Vector 
Instructions 
(Semi-Auto. Mode) 

Controller calls adjacent 
facility and completes 
handover (Semi-Auto) 

of Mean 

0.49 

0.52 

1.05 

1.28 

0.26 

0.95 

Mean 
(sec. ) 

6.69 

5.30 

3.07 

Std, Dev. 
of Pop. 

3.37 

2.55 

0.92 

of Mean 

0.26 

0.17 

0.09 



21. H A N D O V E R  

For each of the three general functions -Approach, Departure and Enroute 

Control -data was collected for the associated handover functions. The analysis of 

variance program was exercised in order to compare the max-automated with the 

min-automated mode response times for the Approach and Departure Control fuqctions; 

the program was used to compare the response times for all three levels of automa- 

tion for the Enroute control function. In all of the three data sets bearing the label 

'lHandavertl, tbe max-auto data (and the semi-auto mode data for the Enroute Control 

function) consists of the sum of the response times labeled 11f3andover Alert Acknowl- 

edgett and llHandover Coordination Time". Ln the data set for the Approach Control 

function, the mh-auto mode data is the sum of the following Steps: 

Establish contact with adjacent sector controller 

* CornpleteHandover 

Pilot establishes contact 

together with the sum of: 

Initiate tower handover 

Complete tower handover. 

For the Departure Control function, the mh-auto mode data is the grouped data for: 

Pilot establishes contact 

Contact adjacent sector controller 

Complete bandover. 

Finally, for the Enroute Control function, the min-auta mode data consists of the sum 

of the data for: 

Establish contact with adjacent roctor controller 

Complete bandover 

Pilot establishes contact 



together with the sum of the data for: 

Contact adjacent sector controller 

* Complete handove r. 

For both the Approach Control function and the Departure Control function, 

the hypothesis Ho was accepted and the hypothesis HI was rejected. In both cases. 

the S-method indicated that the mean response time for the max-auto mode ia signifi- 

cantly lesa than the mean response time for the min-auto mode. On the other hand, 

the analysis of variance ot the Enroute Handover data resulted in the rejection of H 0 
and the acceptance HI, that is, there is no significant difference in the response times 

for the three modes of operation when tested by the S-method. 

Table XIII. HANDOVER: MAX-AUTOMATED AND SEMI-AUTOMATED MODES 

Mode 

Approach Control 1 1 6.63 1 7.20 1 0.45 1 259 

I Function I t,"?) Std. Dev. 
of Pop. I of Mean 

- 

(Max-Automated) 

NO. 
of Obee.marions 

Departure Control 

(Max-Auto) - 

(Semi-Auto) I 1 1 9.50 1 11.89 1 0.79 1 228 

2 

Enroute Control 

(Max-Auto) 

Function 1 .- Handover Alert Acknowledge 

Function 2 - bodover Coordination Time 

1 

2 

7.91 

10.80 

7.83 

6.35 

7.15 

7.20 

0.71 

0.51 

4.52 

4.54 

234 

234 

0.44 268 

0.39 

0.39 

135 

135 



Table XIV. HANDOVER: MIN-AUTOMATED MODE 

Function 

Approach Control 

Initiate Tower Handover 

Complete Tower Handover 

Departure Control 

Pilot establishes contact 

Contact adjacent sector controller 

Complete Handover 

Enroutc Control - --.-- 
Establish contact with adjacent controller 
Complete handover 
Contact adjacent sector controller 

Complete handover 

Pilot establishes contact 

Mean 

1.71 

9.77 

4.05 

3.64 

5.73 

2.44 
--- 
9.95 

1-96 

11.24 - 
4.19 

No. of 
observation 

4 3 

39 

101 

100 

100 

96 

95 

62 

61 

89 

Std, 
of Pop, 

2.77 

3.89 

1.86 

2.87 

3.82 

2.28 

5 . 1 6  

0.75 

5.42 

2.11 

Dev, 
of Mean 

0.42 

0.62 

0.19 

0.29 

0.38 

0.23 

0.53 

0.10 

0.69 

0.22 



22. DETAILED ANALYSIS OF THE DATA FOR APPROACH CONTROL: ACCEPT HAND-IN 

The o r i g i n a l  data set  f o r  t h e  Approach Control: Accept Hand-in 
funct ion is contained i n  t h e  Appendix (Al.1). The r e s u l t s  of t h e  applica-  
tion of t h e  a n a l y s i s  of var iance  program are given i n  t h e  ~ ~ ~ e n d i x '  (Al.2) 
A brief inspect ion of the  F - s t a t i s t i c s  i n  t h e  Appendix (A1.2) will Sndlcate 
tha t  the hypothesis  Hz w i l l  be rejected by t h e  F-test .  Table XV conta ins  
the values of t he  c o n t r a s t s  

for 11, - i < 1 - < 7; t h e  value  of ( O i l )  appears immediately below iil. 
According t o  ~ e h e f  fits method, iil w i l l  be s i g n i f i c a n t l y  d i f f e r e n t  from 

0 i f  

where S is defined by 

for a n  F-dis t r ibut ion with (n - 1) and (Nt - mn) degrees of freedom. In 
this case S 0.3.55.  From Table XV i t  is  clear t h a t  t h e  i n e q u a l i t y  (1) is 
valid for  1 4, i - 1, 2, 3, 5, 6 ,  7. 

The Appendix (A1.3 and A1.4) conta ins the  results of t h e  analysis of 
variance with t h e  d a t a  fo r  opera tor  4 dele ted .  The value  of S i n  equation 
(2) is 3.33; from. Table XVI It i s  clear tha t  inequa l i ty  (1) is v a l i d  fo r  
1 = ' 4 ,  i - 1, 2, 3. 

The Appendix (A1.5 and A1.6) con ta ins  t h e  results of t he  a n a l y s i s  of 
var iance  with t h e  data f o r  opera tors  4 and 5 dele ted .  Since t h e  value of 
F(1) is 7.12, the hypothesis  Ho (Addi t iv i ty)  is  r e j e c t e d ;  thus  F ( 4 )  is  used 
t o  tes t  HZ. The degrees o f  freedom f o r  F(4) a r e  4 and 128. No? 

Implies tha t  f is approximately 2.45. Since the va lue  of F ( 4 )  is  2.84, 
HZ I s  r e j e c t e d  again. The value  of S in (2) is 3.10. Table XVIX shows 
that 

for a l l  i ,  j . Consequently, t h e  r e j e c t i o n  of the hypothesis  H is due t o  
a linear. combination of t h e  aits other  then a simple c o n t r a s t  fthat is, 
the 013 ' 8 ) .  However, - t h e  value  of t h e  sample standard dev ia t ion  G i j  f o r  
operator 4 (6 i n  the Appendix (Al .  1 ) )  i s  21.4; the va lues  of iij f o r  t h e  
other opera tors  i n  t he  Appendix (A1.5) are 3.8, 4.9, 5.1, and 6.5, re- 



spectively. Therefore, the data for Operator 4 was deleted from the data 
set and the analysis was repeated. 

The results of the analys is  are given in the Appendix (A1.7 and A 1 . 8 ) .  
The hypothesis H was rejected again. The value of S i n  (2)  is 2.87; the in- 
equality (1) hol6s for 014 and 034. The data for operator 4 (7 of the o r i g i n a l )  
was deleted and the analysis repeated. The results are given i n  the Appen- 
d i x  (A1.9 and A l . 1 0 ) .  The appropriate vaiue of S i n  (2)  i s  2.49;  from 
Table XIX it is clear that (1) holds for 812. The data for operator 2 was 
deleted. 

The analysis of variance program w a s  applied to the data for the re- 
maining t w o  operators, the results are given in the Appendix (Al.ll and 
A1.12)" The F s t a t i s t i c  i n  the Appendix (A1.12) indicate that Ho and Hz 
w i l l  be accepted and that H1 w i l l  be  rejected. The value of $12 is - 9.01 
where 

The value o f  S in  (2) (where m replaces n) is approximately 1 . 6 . .  Since the 
value of 6 ($12) ie 1.12, $1 in s igni f icant ly  larger than 82. 



T a b l e  XV . MULTIPLE COMPARISON BY THE S-METHOD 

Note: Line 1 is Oil = ui - al for  i < 1. 
A 

Line 2 is ct (Oil). 



T a b l e  XVI. MULTIPLE COMPARISON BY THE S-METHOD 

- - 

-:.Table XVII. MULTIPLE COMPARISON BY THE S-METHOD 



Table XVIII. MULTIPLE COMPARISON 

Table XIX . MULTIPLE COMPARISON 
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A FLEXIBLE, GENERAL PURPOSE COVARIANCE COMPUTER PROGRAM 

Clifford J. Maloney 
and 

Lucille A. Carver 
Food and Drug Administration 
Bethesda, Maryland 20034 

I. Introduction: ~eraclitus, five centuries before the birth 

of Christ, maintained that no one steps in the same river twice; yet 

"enduring as a mountain" is an ancient simile of permanence though 

rivers are older than the mountains they drain. L i f e  is lived i n  a 

multi-faceted, ever changing milieu; yet, if the past is to be our 

guide to the future, that can only be because the f u t u r e  is like the 

past. It is the invariant features, not the ephemeral, that matter. 

Constancy adheres to substance, properties, and relations. Father 

or son denotes no particular individual, but the father-son relation 

is fixed. 

Strictly speaking, substance is neither accessible to man, nor 

needed in the conduct of affairs. The scientific revolution in es- 

sence was an appreciation of that fact. Substance is an intellectual 

construct whose constancy or lack of it is inferred from constancy or 

variation in properties or relations. The latter two alone receive 

the professional attention of scientists, though scientists have 

varying appreciation of the validity of that fact. 

In turn, properties and relations are qualitative or quantita- 



tive. Each is often directly apparent, and where that is so, have 

been known since antiquity. But where the qualitative is inferred 

from quantitative observations it was, in practice, necessary to 

await: (1) the discovery of which quantitative relations throw 

light on which qualitative properties or relations and (2) the de- 

velopment of appropriate quantitative scales and devices. 

Until recently this latter process was carried out informally, 

each quantitative construct being worked out anew with no attention 

to accumulated experience until Helmholtz (5) developed a general 

theory of mensuration. An adequate elementary treatment is now 

available (2) . 

A complementary advance proceeds in the opposite direction. 

While it is often necessary to discover which "instrumental" variables 

to observe in order to measure, control, or understand a quantity of 

interest, it is equally imperative to learn which plausible but irrele- 

vant extraneous variables to ignore. The phases of the moon, the con- 

junctions of the planets, the services of soothsayers (except in eco- 

nomics) are easily recognized as such. But choice of treatment or 

prognosis for a di~eased individual is a constant reminder that the 

problem remains in more difficult circumstances. Xn essence, statis- 

tical method is the form in which this process is most efficiently 

carried out. 

In statistical terms, we express constancy of a property by 



some "measure of central tendency"; often a mean. And for many pur- 

poses this is not only "good enough" but the best we can do. Thus, 

as we seek to dimension a doorway, we cannot vary its height as each 

person passes through, but must adopt some one height convenient for 

almost everyone, but seldom for all, unless monumental considerations 

determine the answer and not the heights of individuals. 

For clothing this doesn't work--and fortunately another solution 

is feasible, though far from ideal, Here a multidimensional complex 

of continuously varying measures are reduced to a limited set of 

"sizes". This same procedure, not always recognized as such, lies 

back of most if not all applications of analysis of variance. By 

treating one variate or cluster of variates as a qualitative cate- 

gorization, a multivartate problem is made univariate within classes. 

Much, though not all, of the advantage in doing so lies in the re- 

sultant simplification of the arithmetic required for an effective 

analysis of the resulting data. The advent of computers, where 

available, greatly reduces the attraction from this point of view. 

In addition, data must frequently be analyzed which does not admit 

the arithmetic simplification of analysis of variance. 

Table 1 sets out the four situations. In line 1 all factors are 

held constant except the variate of interest. This corresponds to 

the "vary one factor at a rime" prescription formerly regarded as 

the scientific method, and still appropriate in some circumstances. - 
The second a p p l i e s  wherever all but one factor varies by jumps,or 



can be made to do so--the analysis of variance situation. The contri- 

bution of American Experiment Station scientists, in particular, J. 

Arthur Harris, to the development of the concept of generalized variance, 

and to the now universally applied calculational algosithm,has dropped 

from sight. Moreover, the extension of the number of class means 

above the two treated by Student has opened the Pandora's box of mul- 

tiple comparisons. My own contribution to this debate is given in (6). 

But so soon as regression coefficients are calculated the usual 

plethora of statistical questions arises. Is each significant? Do 

they differ? Is there a significant regression of the group means? 

How is it related to the within group regressions? And so on. It is a 

curious historical accident that the usual textbook presentation of co- 

variance tend to regard these questions as rarely, if ever of interest 

and the use of the covariance technique as helpful primarily (1) to 

place group means on a comparable basis, and (2) to reduce the estimate 

of residual error. This attitude is in marked contrast to the insis- 

tence on the examination of the parallelism of regression in the close- 

ly related, but presentationally and computational separate, technique 

of bioassay. The textbook proclivity to spare the novitiate "unneces- 

sary" complexity by treating only "the most common" cases subjects him, 

in the next stage, to a seemingly endless succession of unconnected va- 

riations in technique neither mutually organized nor suggesting what 

further developments are likely or wou1.d exhaust the possibilities. 

Yet to do so only requires setting each of the parameters in the last 

column of the fourth row of Table 1 to (a) known values, (b) known 



relations or, (3) unrestricted freedom. 

The following section presents from first principles, and somewhat 

more detail than is usual, those aspects of covariance provided for in 

the computer program which is the principle topic of this paper. 

11. Covariance: Covariance analysis is a standard statistical 

technique widely explained in statistical texts (Snedecor and Coch- 

ran,(lO), Steel and Torrie, (ll)), though admitting elaborations for 

special circumstances for which reference must be made to the journal 

literature. An experiment is never, or almost never, conducted in 

complete ignorance of every aspect of the behavior of the material 

under study. The use of linear covariance does not assume that the 

relation between the dependent and independent variate is strictly 

linear, but only that it is good enough for the purpose at hand, Use 

of a higher order polynomial or a monotone functian of the readings 

differs only in computational complexity. It is neglected here in the 

interest of simplicity while covering the most common case. There is 

also an implied assumption that accidental unobserved factors did not 

disturb the progress of the study ( i . e . ,  that departures from the 

assumed linear relation are homogeneous in the probability sense). 

That such departures from the linear relation are normally distributed 

(perhaps after transformation) is required for tests of significance 

but this requirement is not normally a stringent one. 

Further discussion will be facilitated by reference to Tables 2, 
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3, 4 ,  and 5. Table 2 glves, purely for illustration, the linear re- 

gression of day three weights of mice on their day zero weight in one 

laboratory of a twelve laboratory collaborative trial. Full details 

of the experiment, the statistical analysis and the findings are re- 

ported elsewhere (7) ,  (8). The mouse numbers are for identification 

and supply no information. It is conceivable that, were observational 

data available on individual mice, such information could suggest ex- 

planations for the anomalous weight gain behavior of specific mice. 

The initial weights are shown in Column 2. Column 3 gives each mea- 

sured three day weight and Column 4 gives what the weight of each 

mouse would have been had it been exactly what the regression line 

computes for it. Column 5 shows how large the discrepancy between the 

observed weight (Column 3) and calculated weight (Column 4) is and 

Column 6 shows the contribution of that one discrepancy to the uncer- 

tainty in every deduction from the data. The sum of Column 6 is 

25.3186. From Column 6 it is seen that mouse 2 and mouse 5 each con- 

tribute about a third and together two-thirds of the total. Mouse 5 

lost weight and mouse 2 gained well above expected. 

If we assume that the day three weights are linearly dependent on 

the initialweights, then the twenty weight observations can be sum- 

marized by three quantities, the mean initial weight, the mean final 

weight, and the slope of the line relating initial and final weight. 

Of course, the observed mean and slope are only estimates of what 

would be observed if a very large study were to be carried out. How 



good an estimate is measured by the deviations in Column 5 of Table 2. 

Provided all of the usual assumptions in least square analysis are 

valid, this measure requires only the sum of the deviation squares of 

Column 6 and their number, 10. Again a study of the adequacy of con- 

formance of the actual assay to the theoretical ideal involves the ob- 

served deviations, or residuals, of Column 5. Failure to conform to 

the model may be due to (a) momentary loss or gain in weight due to 

crowding, fighting, inequalities in food sharing, errors in weighing, 

and so on, (b) to real differences in rate of gain by individual mice, 

( c )  to heterogeneity in the supply of mice, (d) to non-normality in 

the distribution of weight deviations (Column 5, Table 2) and (e) to 

many other possible factors. 

Tn this experiment weights of each of ten mice were measured be- 

fore treatment and three days later in each of six treatment classes 

in each of twelve laboratories. The six treatments were three vac- 

cines in two replications. Table 3 gives the initial, observed three- 

day, and adjusted three-day mean weight, and the slope for each of the 

six vaccine-replication combinations for the same laboratory as that 

of Table 2. It will be noticed that the mean initial and day three 

weights of R m  1 agree with the means of Table 2. The adjusted means 

of Table 3 are our estimates of what the day three means for each lot 

would have been had all of the mice weighed 15.18 grams initially. 

The slope of the line relating the three-day and zero-day weights is 

the line giving the best fit to the data of the ten mice within each 

treatment class. These slopes and means can be viewed as the essen- 



tial inputs to the covariance analysis of the one laboratory's three- 

day weights, Table 4. 

It is possible that the slope relating a variate of interest, in 

this case the three-day weight, and an unavoidable nuisance variate, 

in this case the initial or zero-day weight, may be known, or known 

so accurately that it is considered legitimate to treat it as known. 

Doing an analysis of variance on weight gains is equivalent to doing a 

covariance analysis with a slope constrained to be unity. In o t h e r  ap- 

plications a differeat scaling factor might be more appropriate. The 

appropriateness of using a known regression coefficient and, if so, 

its specification is - not discussed in Table 4. It is provided f o r  in 

the covariance program. However, the complete covariance analysis over 

the twelve laboratories yielded a regression coefficient indistinguish- 

able from unity. 

There is a striking variation in the observed slopes for the six 

treatment groups for this laboratory (Table 3). The mean of these 

slopes, 0.523, is only half the value, unity, assumed when analysis is 

carried out in terms of weight gains. The reality of this variation 

in slopes is examined in Tables 4 and 5. 

Further, the data of an experiment where covariance is possible 

can always be analyzed to yield three different types of slope esti- 

mates. Table 4 supplies the information needed to check the adequacy 



of each of these methods of adjusting three-day weights to allow for 

variation in initial weights. Depending upon which procedure is cho- 

sen, a different estimate of residual variation is obtained. These 

are also supplied in Table 4. First, a l l  of the data can be entered 

into a single overall regression, ylelding a common regression esti- 

mate of the slope. This would be appropriate if the treatment classes, 

in our case the s i x  vaccine-replication combinations, were without ef- 

fect on either the means or the slopes (section 14.7, Snedecor and 

Cochran, 1967). Second, the data of each treatment class on its own 

can be used to supply a separate slope estimate varying for each class 

(Column 6, Table 3). A compromise, and the method normally meant when 

the technique of analysis of covariance is used, is to assume that the 

various treatments might well affect the mean level of the response in 

each class--it is usually the object of the experiment to study that 

question--but to assume (subject to test) that the treatments (in this 

study, vaccines) will not appreciably affect the slope; which conse- 

quently will remain constant over the classes. For each of these three 

alternatives a different set of adjusted means, supposedly removing the 

effect of variation in the nuisance variate, initial weight, will re- 

sult. Of courue, a fourth alternative is simply to neglect the co- 

variate (or to show that it is without effect). 

I r  is normally assumed in a covariance analysis that the residual 

mean squares within classes vary no more than would be expected by 

chance. Hence the residual mean squares of the six vaccine-replica- 

tion classes, each with eight degrees of freedom, are pooled in line 1 



of Table 4 t o  give a s i n g l e  e s t ima te  of 1.4817 based on 48 degrees of 

freedom. The leg i t imacy of t h i s  s t e p  will be  d iscussed  later. S i x  

of t h e  l i n e s  of Table 4 are concerned wi th  s l o p e s  ( l i n e s  2 ,  3, 4 ,  6 ,  

7, 8, and 9). Line 5 is  t h e  only l i n e  of the t a b l e  not yet l i s t e d ,  

It i s  t h i s  l i n e  t h a t  answers t h e  ques t ion :  Was there a mean e f f e c t  

on mouse weight ga in  by e i t h e r  t h e  vacc ines  o r  t h e  r e p e t i t i o n  of the  

t r i a l ?  

Even i f  t h e  ad jus t ed  weights  are s i g n i f i c a n t l y  d i f f e r e n t ,  t h e  

s lopes  f o r  each d i f f e r e n t  vacc ine  I n  each of the two r e p l i c a t i o n s  may 

or may no t  be  t h e  same. This  i s  t e s t e d  i n  l i n e  2 of Table 4 .  The 

non-signif icance i n  Column 7 imp l i e s  that a given change i n  three-day 

weight f o r  a g iven  change i n  i n i t i a l  weight i s  t h e  same i n  all three 

vacc ines  and i n  both r e p l i c a t i o n s .  The mean square  of Column 5, l i n e  

3, 1.5403, hence i s  an e s t i m a t e  of the same q u a n t i t y  t h a t  t h e  1.4817 

of l i n e  1 is .  Line 4 of t h e  tab le  tests whether t h e r e  is  a r e g r e s s i o n  

l i n e  wi th  non-zero s l o p e  r e l a t i n g  i n i t i a l  and three-day weight after 

al lowing f o r  a p o s s i b l e  v a r i a t i o n  i n  the  subc la s s  means; t h e  f o u r t h  

p o s s i b i l i t y  l i s t e d  above. That t h e  r e l a t i o n  t e s t s  non-s igni f icant  

(Column 7 ,  l i n e  4 )  shows t h a t  t h e  v a r i a b i l i t y  i s  h lgh  compared t o  the 

range of i n i t i a l  weights  s o  t h a t  any such var ia t ion does no t  c l e a r l y  

show a dependence between t h r e e  and zero-day weights,  Of course ,  

t h e r e  was i n  fac t  l i t t l e  v a r i a t i o n  i n  the i n i t i a l  weights  themselves. 

Since the ad jus t ed  weights  ( l i n e  5) a l so  test non- s ign i f i can t ly  d i f f e r -  

e n t ,  a s i n g l e  regression encompassing all 60 r ead ings  seems j u s t i f i e d .  

The residual mean squares from t h i s  r e g r e s s i o n  i s  g iven  i n  Column 5, 



l i n e  6 ,  and t h e  r e a l i t y  of t h e  non-zero s l o p e  of t h e  r e g r e s s i o n  i n  line 

7. Again, such a  l i n e  i s  no t  c l e a r l y  e s t a b l i s h e d ,  

Lines 8 and 9 have a d i f f e r e n t  meaning, Each of t h e  s i x  t rea tment  

c l a s s e s  ( t h r e e  vacc ines  i n  two r e p l i c a t i o n s )  y i e l d s  a mean i n i t i a l  weight,  

- 
x and a mean f i n a l  weight ,  7 .  The s i x  such p a i r s  of readings  could f a l l  -- 

on a line, which might o r  might no t  have t h e  same s l o p e  as t h e  average 

wi th in-c lass  l i n e s .  Whether such a l i n e  meets the  s tandard  t e s t  of s i g n i -  

f i c a n c e  f s  t e s t e d  i n  line 9. Whether t h e  s c a t t e r  of the six class means 

depa r t  from t h a t  l i n e  more than can be accounted for by chance i s  t e s t e d  

i n  l i n e  8 of Table 4. Neither  t e s t s  s i g n i f i c a n t  i n  t h i s  one l abo ra to ry .  

If l i n e  9 were s i g n i f i c a n t  and l i n e  8 n o t ,  a presumption would be shown 

t h a t  t h e  ad jus t ed  t rea tment  means d i f f e r e d  only  because the  average i n i -  

t i a l w e i g h t  of t h e  mice ass igned  t o  each class d i d  s o ,  and hence t h a t  t h e  

n a t u r e  of vacc ine  t rea tment  was i n e f f e c t i v e .  For t h i s  conclus ion  t o  be 

appeal ing,  t h e  between-class s l o p e  would have t o  agree  w i t h  t h e  within-  

c l a s s  s lope .  This  t o p i c  is discussed  more f u l l y  i n  Sec t ion  1 4 . 7  of 

Snedecor and Cochran (10). 

A c l e a r e r  i n s i g h t  i n t o  t h e  meaning of t h e  l i n e s  of Table 4 can be  

obtained by r e fe rence  t o  Table 5.  Line 1 of Table 5 g ives  t h e  pooled 

cor rec ted  sum of squares and products  i n  a l l  s i x  t rea tment  c l a s s e s  a f t e r  

a d j u s t i n g  f o r  p o s s i b l e  t rea tment  e f f e c t s  on t h e  mean values of t h e  i n i -  

t i a l  and t h r e e  day weights  ( i - e . ,  assuming t h a t  the dependence (regres- 

sion) of t h r e e  day weight on i n i t i a l  weight i s  no t  a f f e c t e d  by t h e  treat- - 
ments even though t h e  t h r e e  day expected weights  themselves might w e l l  



be) .  Notice t h a t  t h e  co r r ec t ed  sum of squares  f o r  t h r e e  day weights ,  

y2=87 .325, i s  the sum of t h e  l i n e  3 and l i n e  4 sums of squares  of Table 4,  

repea ted  i n  Columns 6 and 7 of Table 5. The 81.634 then  i s  t h e  v a r i a b i l -  

i t y  l e f t  over a f t e r  f i t t i n g  t h e  b e s t  p o s s i b l e  common s lope  l i n e  through 

t h e  mean va lues  of t h e  v a r i a t e s  i n  each of the s i x  c l a s s e s  whereas the 

5.691 is t h e  b e n e f i t  ob ta ined  by doing so .  Next, assume f o r  the moment 

t h a t  t h e  weights  of all mice w i t h i n  each vacc ine - r ep l i ca t ion  class were 

i d e n t i c a l .  Then we g e t  the same r e s u l t  if we c a l c u l a t e  a r e g r e s s i o n  on 

the  s i x  group means as if we use a l l  t h e  d a t a  i n  a s i n g l e  r eg re s s ion .  

The necessary  co r r ec t ed  sums of squares  and products  are shown i n  l i n e  2 

of Table 5. Again t h e  r e g r e s s i o n  sum of squares  and t h e  r e s i d u a l  sum 

of squares  ag ree  w i t h  the e n t r i e s  i n  Column 4 of l i n e s  8 and 9 of Table 4 .  

But, of course ,  t h e  i n i t i a l  and f i n a l  weights f o r  every mouse w i t h i n  

each vacc ine - r ep l i ca t ion  c l a s s  are no t  i d e n t i c a l .  Ignor ing  t h a t  va r i a -  

t i o n  and us ing  a l l  t h e  data i n  a single o v e r a l l  r e g r e s s i o n  y i e l d s  t h e  

sums of squares  and products  of t h e  t h i r d  and l a s t  l i n e  of Table 5 ,  It 

i s  easy  t o  v e r i f y  t h a t  t h e  entries i n  t h e  f i r s t  fou r  numerical columns 

of the l a s t  l i n e  of Table 5 a r e  t h e  sums of t h e  two e n t r i e s  just above 

each. 

I n  effect then, t h e  f i r s t  f o u r  numerical  columns of Table 5 d i v i d e  

the  59 degrees of freedom f o r  a s i n g l e  r e g r e s s i o n  of y on x i n t o  54 fo r  

a pooled s lope  r e g r e s s i o n  al lowing f o r  a d i f f e r e n t  mean f o r  i and 7 from + 

subclass t o  subclass and 5 degrees of freedom f o r  a  r e g r e s s i o n  of the 7's 

on the  R t s .  Now, examine the  columns of Table 5.  The t h r e e  e n t r i e s  i n  

bolumns 6 and 7 ,  Table 5, each appear i n  Table 4. The e n t r i e s  i n  Column 



5, Table 5, are the sums of those in Columns 6 and 7 on the same line. 

Hence, the corrected sum of squares for y in each line is divided into 

two parts, one in Column 7 representing failure of a line through the 

overall mean (lines 2 and 3) or a line through each subclass mean but 

with a common slope (line 1) to account for of the variation in y. 

The entries in Column 6 are the amounts of sums of squares which sre 

accounted for in each case. The slopes calculated on the basis of 

Columns 3 and 4 are shown in Column 8. If treatment class were without 

effect, and if there were no chance variation, the slope calculated from 

each of the three lines of Table 5 would agree with those of the other 

two. The observed within-class pooled slope is 0.625 and the slope of 

the regression of 7 on Z is 0.194. Of course neither is close to unity, 

required for use of mean gains. Moreover, they do not test significant- 

ly different from each other. 

A distinction should be noted between the five degrees of freedom 

in line 2 of Table 5 and the five degrees of freedom in line 5 of Table 4. 

The former dissects the observed treatment class sum of squares for final 

weight 17.087 into two parts, one, 0.353, measuring how well the six 

class means for final weight fall on a straight line and the other, 

16.734, how much they fail to do so. The entry in line 5 of Table 4, 

17.8023, measures the overall agreement of the adjusted class mean final 

weight, that is, after making allowance for variations in initial weights 

within the one vaccine-laboratory-replication grouping. 

The detailed exposition of the covariance analysis above is only to 

make the procedure clear. Such a clear understanding is required to ex- 

ploit the output of the covariance program which is the principal subject 

of this paper. 



Table 1 

Types of S t a t i s t i c a l  Models 

Case Mean Deviation gum of Squares 
-- 

Univariate 

Analysis of - 
Ell = (Exlj) /ni di j  = x xZ(x..-g 1 2 

Variance i j  Xi, 31 I. 

Regression 

Analysis of F,= (Cy. lj )/ni 
Covariance h 

d i j = Y i j - Y f *  EX(yij-ai-bx ) 2  
:,= Qxij /ni i j 

Notes : - 
1. Analysis of Variance involves K > 1  classes. 

2. Regression involves regressor variable. 

3 .  Covariance involves both.  

4. For f u r t h e r  d iscuss ion see t ex t .  
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COMPUTATION OF MOMENTS OF A LOG RAYLEIGH 
DISTRIBUTED RANDOM VARIABLE 

W i l l  iam L. Shepherd 
Research Pro jec ts  O f f i c e  

Instrumentat ion D i rec to ra te  
White Sands M i s s i l e  Range, New Mexico 

ABSTRACT. A l o g  Rayleigh d i s t r i b u t e d  random va r iab le  i s  considered t o  
b e o r  which there  are numbers a and b, a # 0, b > 0, such t h a t  i t s  
probabi 1 i ty dens i t y  f u n c t i o n  i s  

Formulas f o r  recu rs i ve  computation o f  the  nth moment are obta ined and a 
convenient t a b l e  o f  constants whose use fac i  1 i t a t e s  the  computation i s  
g i  ven. 

1. INTRODUCTION. I n  [ I ]  and [2] ,  a c e r t a i n  t r a n s l a t i o n  proper ty  o f  the 
l o g  Rayleigh d i s t r i b u t i o n  was presented and used t o  ob ta in  a simple formula 
f o r  computing the  moments from a small  number o f  numerical constants and 
parameters of t he  d i s t r i b u t i o n .  I n  t h i s  paper, we der ive  a l t e r n a t e  formulas 
t o  those i n  [l J and [2],  whjch o f f e r  a somewhat b e t t e r  method f o r  computing 
a second s e t  o f  numerical constants r e l a t e d  t o  the  aforementioned set .  
The second s e t  i s  a l so  computed recu rs i ve l y ,  i s  more t r a c t a b l e  t o  machine 
computation, and less sub jec t  t o  accumulated e r r o r s .  A b r i e f  t a b l e  o f  
t he  a1 te red  constants i s  inc luded.  The d e r i v a t i o n  o f  the requ i red  formulas 
i s  se l f -conta ined i n  t h i s  presenta t ion  and the  reader need o n l y  r e f e r  t o  
[l] and [2] f o r  background in format ion .  References [4] ,  . . . , [6] cover 
r e l a t e d  mater ia l  i n  recent  engineer ing l i t e r a t u r e ;  [7]  i s  a paper on extreme 
value order  s t a t i s t i c s  which touches on a specia l  case of a l o g  Rayleigh 
d i s t r i b u t e d  random va r iab le .  

(1)  A random var iab le ,  X, i s  a Rayleigh d f s t r i  buted random v a r i a b l e  
i f  there i s  a constant b > 0 such t h a t  the  p r o b a b i l i t y  dens i t y  func t ion  
(pdf)  f o r  X i s  

( 2 )  Y i s  a l o g  Rayleigh d i s t r i b u t e d  random va r iab le  i f  X i s  a Rayleigh 
d i s t rqbu ted  random va r iab le  and there  i s  a constant  a f 0 such t h a t  



I t  can be shown t h a t  the pdf  f o r  Y i s  

f(x,  a, b )  = b(abgna)exp(ax - bexpax) , - m < x < a ,  . 

(3 )  The moments are 

Formulas for  computing the moments are obtained i n  Section 3. Section 2 
presents some p re requ is i te  mater ia l  on the Riemann zeta funct ion and on 
the gamma funct lon and i t s  der iva t ives.  

2. SOME REQUIRED FORMULAS FOR COMPUTING THE MOMENTS. The der iva t ions re-  
qu i re  a number o f  equations . . from [3], , . which are re fer red t o  i n  the notat ion 

o f  t h a t  book. With ~ J ( o ) ( x )  and r l o ) ( x )  r e f e r r i n g  t o  the  digamma and gamma 
funct ions,  Equation 6.3.1 of [3] i s  

D i f f e r e n t i a t i n g  n-1 times, we obta in  

from which 



Equations (6.3.2)  and (6.4.2)  of [3] are 

$ ( 0 ) ( 1 )  = -y , (2.4) 

1 )  = - j j +  , j = I ,  2. . . . (2  5 

We w i l l  use the notat ion 

61 = Y (Eul er ' s constant)  

in = ~ ( n )  , n = 2, 3 ,  . . . (Riemann zeta  f u n c t i o n ) .  

Subst i tu t ing  (2.4)  and ( 2 . 5 )  i n t o  ( 2 . 3 )  y i e l d s ,  a f t e r  manipulating, 

With 

d o = l  , 



Since accurate val ues for  the Riemann zeta funct ion,  c (n )  , are  a v a i l a b l e  i n  
Table 23.3 of [3], Equations (2 .9 )  and (2.8) permit  a recurs ive  computation * 
o f  r ( n ) ( ~ ) .  

Another fornula  for r ( n ) ( l ) ) ,  needed i n  ( 3 . 3 ) ,  can be der ived  from Equation 
6.1 .1  o f  [3] by repeated d i f f e r e n t i a t i o n .  

3.  FORMULAS FOR THE MOMENTS, mn(a*  b ,  . From (1 .l) and (1 . 2 ) ,  

Le t t ing  x = (&t - h b ) / a ,  (3 .1)  becomes 

D 
With o0 = 1 ,  

*From ( 2 . 1 ) ,  (2.8) and the Tay lor  expansion, about x = 1 ,  o f  r ( x ) ,  we also 
have 



Combining (2.10) and (3.2) resul ts  in 

Using (2 .8) ,  t h i s  becomes 

1 n n 1 
mn(a, b )  = n! ( -  ,) ( b )  , n = 0 ,  1 ,  . . . . (3.4) 

J'O 

I n  particular,  

4. SUEMARY AND CONCLUSIONS . With = y, cn  r ( n ) ,  (n = 2 ,  3 ,  . . . ), 

do = 1 ,  and 

we have derived the formulas 

Formulas (4.3) and (4.4) were presented i n  d i s  uised form i n  [2]. The forms 
presented above offer  advantages over [ I ]  and e 21 in computing m,(a, b ) .  Also, 

I I 

(4.1 ) and (4.2) together o f f e r  a way t o  compute r ( n ) ( l  ) which has not been 
found i n  the l i t e ra tu re .  

We have dl = y = .5772156649015327. For j = 1 ,  2,  . . . , 50, Table I 

gives numerical results in computing d 
, j ' 



TABLE I 



The numerical resu l  t s  presented i n  the  Table support t he  conjecture t h a t  

~ d ~ l i = ~  has t h e  l i m i t  1. If t h i s  i s  t rue ,  i t  i s  e a s i l y  shown t h a t  the 

r e l a t i v e  e r r o r  i n  e i t h e r  o f  the  formulas 

i s  zero a t  n = m. 
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TYPE I 1  ERROR OF THE 2x2 CONTINGENCY 
TABLE CHI-SQUARE STATISTIC 

Robert L. Launer 
Procurement Research O f f i  ce 

F o r t  Lee, VA 23801 

ABSTRACT. Around the t r n  o f  the century, K, Pearson in t roduced the 
" w a n  square contingency",$: which i s  a measure o f  the degree o f  associa- 
t i o n  b e t  en 2 d i sc re te  var iab les .  When app l ied  t o  m'x  n contingency 
tables, 7 i s  i d e n t i c a l  t o  the usual ~ h i - s q u a r e  s t a t i s t i c  d i v ided  by the 
sample s i z e ,  and i n  the 2 x 2 case, $ h a s  i d e n t i f i e d  as the square of the 
c o r r e l a t i o n  c o e f f i c i e n t ,  . [2 ;282]. 

For t h i s  note, a c e r t a i n  b i  v a r i  a te  Bernou l l i  d i s t r i b u t i o n  i s  developed 
which e x p l i  c i  t l y  invo lves  the  c o r r e l a t i o n  c o e f f i c i e n t .  The square o f  the 
maximum l i k e l i  hood est imate (MLE) o f  P i s  found t o  be equal t o  . This 
a l lows the  use o f  known la rge  sample d i s t r i b u t i o n a l  p roper t i es  o f  MLE's t o  
develop the general d i s t r i b u t i o n  o f  the chi-square s t a t i s t i c  and a l so  t o  
develop the type I 1  e r r o r  of the contingency t a b l e  t e s t  o f  independence as 
a func t i on  o f  p . Several i n t e r e s t i n g  p roper t i es  o f  the b i  v a r i a t e  Bernoul li 
d i s t r i b u t i o n  are  re la ted .  

INTRODUCTION: A BIVARIATE BERNOULLI DISTRIBUTION. L e t  X and Y represent 
Bernoul li random var iab les  . That  '.ii, 

P[X = I] = pl, P[X = 0] = 1-p,, P[Y = l ]  = p2, and P[Y = O ]  = 1-p2. 

If X and Y are independent, t he  j o i n t  p r o b a b i l i t i e s  nxy = PIX = x, Y = y ]  
x 1-x 

are given by p, ql p: q 2 ' - ~ ,  where ql = 1 - p ,  and q2 = Impp 

I f  X and Y are n o t  independent, then a t  l e a s t  one o f  the c e l l  
p r o b a b i l i t i e s  (spy n must d i f f e r  from the marginal product p r o b a b i l i t y  
by en amount (say ~ . j  Thus n = p pp + K, b u t  t o  keep the marginal 
probabi 11 t i e s  unchanged the rJlhainiAg c e l l  probabi li t l e s  nus t be a l t e k d  
so t h a t  

"10 ' P1q2 - K, bl = q1p2 - K and T~~ = q1q2 + K.  

This may be w r i  t t e n  i n  one o f  the two forms : 



The two cases are given i n  tabu1 ar form below. 

Y = O  Y = l  Y = O  Y = l  

Independent Noh-Independent 

Since E(xY)  = plpE + K, E(x) = pl , and E(Y) = p p ,  i t  i s  inmediately 
apparent tha t :  

(2)  Cov ( X ,  Y) = K 

Notice t h a t  since Var (x )  = plql and Var ( Y )  = p2q2, t h e  co r re la t ion  
coef f ic ient ,  p , i s :  

I f  nxy are given by (1) and y i e l d  the marginal p r o b a b i l i t i e s  p and pg 
f o r  X and Y,  then by forming the sum nll+~oO - ~ 1 0 - ~ 0 1  , we obtain : 

(4) K = 'ITll '00 " "10 no, and 

An examination o f  the i l l u s t r a t i o n  above, ind icates t k a t  K may never 
exceed any one o f  the fou r  quant i t ies  1-p p , 1-q1q2, q o r  q p2 and may 
never be less than -p p -qlq2, -(l-plq ] 6r - ( I -q  p$ls?nce a l l  c e l l  
p robab i l i t i e s  a r e  boddgd by 0 and 1. ~ 6 e n  plqZ = al - plp2 1-plp2, 
q1p2 = q1 -q1q2 < 1 -qlq2, etc. ,  so t h a t  

Now when pl > p2 then 0 < pl - p p  = p l  - plpZ - ( p p  - p1p2) = P1q2 - P2ql 

- 
S O  t h a t  min(plqp, qlp2) = qlp2. Also, when pl < q2, then 0 < pl - qp - 

p1p2 - ( ~ - P ~ - P ~ + P ~ P ~ )  = PIPe - q1q2 SO t h a t  min(p1p2 9 qlq2) = q1q2 



Then 

The j o i n t  moment generating funct ion (MGF) o f  X and Y i s  e a s i l y  seen 
t o  be 

I t  fol lows d i r e c t l y  t h a t  i f  Xi and Y .  are d i s t r i bu ted  as X and Y 
respect ively,  i f  W = X, + x k , a n d X = Y  + Y  ... Y , t h e n  
the j o i n t  MGF o f  ( ~ - n ~ ~ ) / ~ ~ ' ~ ~ d  2 - )  11 t a p a r t  fPom t e r m  
o f  order l / n  i n  the ex onent 

and therefore W and Z are approximately j o i n t l y  normally d i s t r i bu ted  
w i t h  man npl and np2 and cor re la t ion  coef f ic ient  P . 

MAXIMUM LIKELIHOOD ESTIMATES OF p, , p, and K. The l i k e l i h o o d  equation 

D i f f e ren t i a t i on  o f  I n  L w i t h  respect t o  pl , p2 and K y i e l ds  the fo l low ing  
s e t  o f  equations: 



where n represents the number of observations for  which X = x, Y = y. 
XY 

The solution of (9)  i s :  

I f  equations (10) are consistent, then from a resul t  of Chanda [ I ]  
they are the unique MLE of p l ,  pp and K. We will  demonstrate consistency. 
Let 

P 

0 ,  otherwise 
00 11 Then E (noonll) = E[E.I. r.1. 1 = n(n-l)(plp2 + K)(qlq2 K) and 

1 3 3  
2 - E(nlOnO,) = n(n-l)(plq2 - K)(qlpp - K ) .  Thus E(nllnO0 - n O 1 n 1 ~ ) 1  - 

A 
(n-l)K/n so K i s  asymptotically unbiased. Similarly, ( the algebra i s  inordate) 

and neglecting terms of order greater than l /n ,  

(11) v(@ = [-K2 + K(ql - ~ ~ ) ( q ~  - P ~ )  + ~ ~ ~ ~ q ~ 9 ~ I / n .  
A 

Therefore; & i s  a consistent estimate o f  K. I t  follows from [I ]  also t h a t  
A 
p , $ and K possess a multivar'ate normal dis t r ibut ion.  We may then, 
f a r  l$rse s mples, assume tha t  4 i s  normally 
variance ~ ( h  given by (11). More prec ise lyf i  
asymptotically N(0,l). 

THE ASYMPTOTIC DISTRIBUTION OF p . To obtain the MLE for  P we note 
t h a t  K =-is a one t o  one transformation from K to  p since t h e  

Jacoblan of the ) = p l ,  u2 (9) = p 2 ,  and u ( o  ) = 3 3 

K' J-2 > 0. Therefore from (9)  we have, 

That (12) conver es stochastically to  P follows from a theorem of Slutsky 
[2 ;255] (since d%?ffZ converges s tochas t i  cal ly to  J-2) and from 

the resul t  of the l a s t  section, 



I t  i s  in te res t ing  t o  note t h a t  may be written 

A 

and t h a t  l p  I i s  the well known phi coef f i c ien t  which i s  used t o  est imate 
the "degree of associat ion" i n  2 x 2 contingency tables  [Z]. 

a 

To obtain the d i s t r ibu t ion  of P note f i r s t  t h a t  from the  r e s u l t  of 
the preceding sec t ion ,  approximately, 

s i n c e / x  (1 - i )  ( l - i y ~ x  p p q q converges s tochas t i ca l  ly t o  1 , then 
combining t h i s  w i t h  (14) i t  follows from a r e s u l t  of Cramer 12; 2541 t h a t ,  

asymptoti cal ly , 

A 

Thus  f o r  l a r g e  samples, p is approximately normal ly d i s t r ibu ted  w i t h  
mean 6 and variance, 

THE LARGE SAMPLE DISTRIBUTION OF THE 2x2 STATISTIC. I f  we denote the 
2x2 chi -square s t a t i  s t 1  c by Xz2x,, then from (1 3) we have 

I From (14) and, (16) i t  follows t h a t  approximately f o r  large samples, 

where x': ( 0 )  represents a non-central chi-square random variable w i t h  
degrees of freedom and non-centrali ty  parameter e. 



APP,ROXIMATION, FOR THE TYPE I 1  ERROR OF THE 2x2 TEST. The type I1  
e r ro r  of th r  2x2 contingency t a b l e  t e s t  may be computed fo r  large 
sanp!es from (15) and (17),  b u t  i t  i s  eas ie r  t o  use the normal distribution 
of p . For example, the ,05 c r i t i c a l  value for  the chi-squared t e s t  
wi t h  1 degree o f  freedom i s  appaoxi mately 3.841 . Then, f o r  moderately 
large samples, we may write 

n 2 Notice tha t  i f  p = 1/2, p = 1/2  then V ( P  ) = (1-P' )In. This i s  an 
interest ing specjal  case bgcause the variance i s  not dependent on p or 
p p  and bebecause K has the largest  range of possible values (see (6 )  and ( 7 ) ) .  
For this  case we have + 1/4 < K .: 114, -1 < P  < 1 ,  and 

In order to  indicate the amount of e r ror  associated with the 
approximation given in th i s  sect ion,  the following tables compare the 
actual type I1 e r ro r  obtained from (1) and 

with the approximate values obtained fcom (18) and (153 for  several 
cases. Notice t h a t  by changing the values of p l  and p2 t o  1-p and 
I-p , respectively or by changing only one of p or p2 along w l t h  the 
s i &  of p as given below, the tables may be used for  4 separate cases 
each (the symnetric case p, = p2 = 112 excepted). This may be seen 
from (15) and ( 7 ) .  



PROBABILITY OF ACCEPTING Ho: P = 0 

CCMPARI SUN UF APPROXIMATE VALUES WITH EXACT VALUES 

p1 
= 2 p p  = 1/2; n = 25 

a = .1 a = .05 a = .O1 

APPROX EXACT APPROX EXACT APPROX EXACT 



PROBABILITY O F  ACCEPTING H o : ~  = 0 

CWARISON OF APPROXIMATE VALUES WITH EXACT VALUES 

APPROX EXACT 

-900 -890 

.818 ,804 

.592 ,573 

.309 .295 

.098 .09 7 

.a75 -077 

.00? ,001 

.000 .ooo 

. 000 ,000 

,000 . 000 

WPROX EXACT 

.950 .9 43 

.892 .881 

. 711  .692 

,433 .413 

,171 ,165 

.O 34 .O 38 

.002 .004 

.ooo .ooo 

. 000 ,000 

.ooo .ooo 

APPROX EXACT 

,990 ,990 

.969 .971 

.882 .885 

.6 83 .686 

.391 .397 

,134 .I45 

.019 .025 

.ooo .002 

,000 .ooo 

.ooo .ooo 



PROBABILITY OF ACCEPTING Ha: p = O 

COMPARISON OF APPROXIMATE VALUES WITH EXACT VALUES 

APPROX EXACT APPROX EXACT APPROX EXACT 

.580 .6 34 .74Q ,848 .9 34 .985 

*Change the  s i g n  o f  P Oo obtain the table o f  values for: pl = 3/4; p p  = If4  or  
P I  = 1/4; p2 = 3/4 



PROBABILITY OF ACCEPTING Ho: P = 0 

COMPARISON OF APPROXIMATE VALUES W ETH EXACT VALUES 

K* P * 
APPROX EXACT APPROX EXACT APPROX EXACT 

*Change the s i g n  o f  p to obtain the t a b l e  o f  values for: 
p, = -9; p2 = . I  

o r  
p1 = . I ;  p2 = .9 



DANIEL AWARDED THE 1974 SAMUEL S, WILKS MEMORIAL MEDAL 

Introductory Remarks Made by Frank E. Grubbs, Conference Chairman 

The Twentieth Design of Experiments Conference in Army Research, 
Development and Testing marks a very significant milestone for Statistical 
Methods in the Army. As we look back over all the conferences, it is 
easy to see that we owe the greatest of debts to Sam Wilks for his 
vision in getting Army statisticians together on a yearly basis for the 
common good of all. Indeed, we have benefited much from our twenty 
conferences, and I don't see now how we could have gone through the 
years without them. Do you? Every time, I have gone home with a new 
view of statistics in the Army, the papers by our University friends 
have kept us up to date and provided good summaries of timely accomplish- 
ments, and we have been motivated to either attack old problems with 
new vigor or to address new pressing problems. We have not stuck to 
the title, "Design of Experiments," in all detail, but that is good. The 
field changes fast and we must always move on to new things or areas, 
for example, reliability, to mention one. I could go on and on concerning 
the good these conferences have done, and Churchill Eisenhart has 
covered much of that so well anyway, so 1'11 stop on this point now. But 
I must mention that the success of these conferences would not have 
been so great were it not for our most dedicated friend, Francis Dressel, 
who as we a11 know deserves a vote of thanks at this time for his 
effective, continuing contributions. 

Now I would like to not introduce but name people at the head table 
that we know so well and have enjoyed association with over the years 
in our design conferences. 

We now turn to the Samuel S. Wilks Memorial Medal. 

The Samuel S. Wilks Memorial Medal Award, initiated jointly in 1964 
by the U. S. Army and the American Statistical Association, is 
administered by the American Statistical Association, a non-profit, 
educational and scientific society founded in 1839. The Wilks Award 
i s  given each year to a statistician and is based primarily on his 
contributions to the advancement of scientific or technical knowledge 
in Army statistics, ingenious application of such knowledge, or successful 
activity in the fostering of cooperative scientific matters which 
coincidentally benefit the Army, the Department of Defense, the U. S. 
Government, and our country generally. 



The Award consists of a medal, with a profile of Professor Wilks and 
the name of the Award on one side, the seal of the American Statistical 
Association and name of the recipient on the reverse, and a citation 
and honorarium related to the magnitude of the Award funds. The annual 
Army Design of Experiments Conferences, at which the Award is given 
each year, are sponsored by the Army Mathematics Steering Committee on 
behalf of the Office of the Chief of Research, Development and Acquisition, 
Department of the Army. 

Previous recipients of the Samuel S. Wilks Memorial Medal include John W. 
Tukey of Princeton University (1965), Major General Leslie E. Simon 
retired (1966), William G. Cochran of Harvard University (1967), Jerzy  
Neyman of the University of California, Berkely (1968), Jack Youden 
(1969) retired from the National Bureau of Standards and deceased, 
George W, Snedecor (1970) retired from Iowa State University, Harold 
Dodge (1971) retired from Bell Telephone Laboratories, G.E.P. Box 
( 1 9 7 2 ) ,  University of Wisconsin, and H. 0 .  Hartley (1973), Texas A. and 
M. University. 

With the approval of President Jerome Cornfield of the American 
Statistical Association, the Samuel S. Wilks Memorial Medal Committee 
consisted of Bob Bechhofer (Cornell University), George Box (University 
02 Wisconsin), Joe Cameron (National Bureau of Standards), Fred 
Friehman (Internal Revenue Service), Oscar Kempthorne (Iowa State 
University), Albert Madansky (Great Neck, N. Y. ) ,  Bill Pabst (Retired 
from the Navy), Les Simon (Major General, Retired) and of course the 
esteemed chairman, Stu Hunter (Princeton University). What an array 
of intelligentsia to select the 1974 Wilks Medalist! 

The 1974 Wilks Medalist was born in 1904 in Williamsport, Pennsylvania. 
He secured a Bachelor of Science degree and a Masters degree in Chemical 
Engineering from the Massachusetts Institute of Technology in 1925 
and 1926. He later studied briefly at the University of Berlin and at 
Harvard. After a short stint as a teacher, he became a research associate 
in the Evaluation of School Broadcasts at Ohio State University and 
later a research associate with the Princeton Office of radio Research. 
It was during this period that he began his acquaintance with S. S. 
Wilks and the statistical fraternity at Princeton. During World War 11, 
he was employed as a statistician with the Manhattan Project in Oak Ridge, 
Tennessee. From 1947 onwards he has been a private consultant to the 
food, eteel, chemical and pharmaceutical industries. For a period he 
was also a consultant to the U, S. Army at the Signal Research Laboratories 
at Fort Monmouth, New Jersey. He has also been a consultant for consumers' 
Union, helping with organizing, planning and analysis of its comparative 
experiments. He is a member of the Cancer Clinical Investigations Review 
Committee of the National Cancer Institute and has served as a consultant 
the the Office of Air Pollution. He was Chairman of the Gordon Conference 
on Statietics in Chemistry and Chemical Engineering in 1954, and 
collaborated with W. J, Youden and S. Lee Crump in the early establishment 



of these annual conferences. He was Chairman o f  the Section of Physical 
and Engineering Sciences of the ASA in 1959. He has published widely 
In the JASA, Biometries and Technometrics, has been a contributor to the 
Berkeley Symposia and to journals in the engineering professions. He 
co-Authored with F. S. Wood the text "Fitting Equations to Data" (1971) 
and he is currently completing a manuscript on the design and analysis 
of industrial experiments. This latest manuscript, although still 
unpublished, is already recognized for its novel contributions to the 
organization and interpretation of factorial experiments. He was the 
R. A. Fisher Memorial lecturer to the joint meetings of the ASA and IMS 
in 1971, and the W. J. Youden memorial lecturer for the American Society 
for Quality Control in 1974. He was one of the original associate 
editors of Technometrics, He is a fellow of the American Statistical 
Association and of the Institute of Mathematical Statistics. He has 
attended and contributed to many of these Army Design of Experiments 
Conferences. He is well known to us for his unique talks and commentaries, 
and lieterners are assured of an entertaining as well as education 
experience whenever he speaks at a meeting. He is most adept at 
combining theory to the positive solution of practical problems, and is 
perhaps the Nation's most outstanding statistical consultant to the 
engineering and industrial sciences. 

Now, the winner of the 1974 Wilks Medalist will be announced by Jerry 
Cornfield. 

CUTHBERT DANIEL RECEIVES THE 1974 SAMUEL S. WLLKS MEMORIAL MEDAL 

The Presentation of the Award Made by Jerome Cornfield, 
President of the American Statistical Association 

1 The following citation was read: 

"To Cuthbert Daniel in recognition of his outstanding contributions 
to the applications of statistics in the sciences, for his 
researchee in the novel uses and interpretations of factorial 
designs, and for his vigor in stimulating rewarding colloguy at 
e ta t i s t i ca l  meetings." 

ACCEPTANCE REMARKS OF CUTHBERT DANIEL ON RECEIVING 
THE SAMUEL S .  WILKS MEMORIAL bEDAL FOR 1974 

I Mrs. Wilks, President Cornfield and fellow Statisticians: - 
Like many others, I was helped by Sam Wilks from the moment of my 
first meeting him. He arranged for my first real contact with 
statietics in 1944 by asking a young member of his gorup at Princeton 
(A.Mood) to tutor me. Although younger than I, Sam was my Dutch Uncle 
and advisor many times over the next 25 years. 



Wilks was the first of a long line of statisticians who have given me 
a i d .  I think that for my case the award should have added to its 
present inscription, the words "with a little bit of help from his 
fr iends."  A grea t  deal, actually. Allan Birnbaum (who both named and 
linearized the half-normal plot), Henry ~cheffe* (whose memoranda over 
22 years I have just found in four file folders all labelled Scheffe*, 
Current), Gus Haggstrom (who has worked manfully to keep me more honest 
than I had planned to be), and Fred Wood (who is a difficult colleague 
because of his insietence on getting everything right), are only four of 
the most helpful of my colleagues. 

I thank you, then, and accept with full recognition of my past and 
continuing dependence on my atatistical friende. 




