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A BAYESIAN FRAMEWORK FOR STATISTICAL,
MULTI-MODAL SENSOR FUSION

Michael J. Smith∗ Anuj Srivastava †

Abstract

We propose a framework for obtaining statistical inferences from multi-modal and multi-
sensor data. In particular, we consider a military battlefield scene and address problems that
arise in tactical decision-making while using a wide variety of sensors (an infrared camera, an
acoustic sensor array, a human scout, and a seismic sensor array). Outputs of these sensors
vary widely, from 2D images and 1D signals to categorical reports. We propose novel statistical
models for representing seismic sensor data and human scout reports while using standard
models for images and acoustic data. Combining the joint likelihood function with a marked
Poisson prior, we formulate a Bayesian framework and use a Metropolis-Hastings algorithm
to generate inferences. We demonstrate this framework using experiments involving simulated
data.

1 Introduction

Tactical decision makers in the military and in homeland security are increasingly dependent upon
information collected by an ever-expanding array of electronic sensors. Commanders require sys-
tems that can either formulate decisions in an automated fashion or assist in decision making by
processing the available sensor data. A specific problem is to detect, track, and recognize targets
of interest in a battlefield situation using imaging and other sensing devices. The widespread use
of sensors such as imaging devices has made them essential tools of non-invasive surveillance of
battlefields and public areas such as airports and stadiums, as well as remote locations and areas
of restricted access, where additional preventive measures are needed. Usage of multiple sensors
observing a scene simultaneously has become a common situation. An important question for de-
veloping automated systems is: How to fuse information from these multiple sources to learn and
understand the underlying scene? In this paper, we address this problem of sensor fusion using
a statistical framework, by building probability models for sensor data and scene variables, and
seeking high probability solutions.

What makes the problem of fusing sensor data a difficult one? An important issue is the widely
different nature of outputs generated by different sensors. For instance, an IR camera generates
a 2D image, a seismic sensor measures an electromagnetic wavefront, an acoustic sensor measures
an audio signal, and a human scout reports categorical data. Traditional techniques of extracting
features and merging feature vectors do not apply here directly. Past research in sensor fusion
has generally focused on multiple sensors of similar type, e.g. multiple cameras or multiple signal
receivers, and the solutions tend to exploit this similarity. The problem of sensor fusion from
completely different sensors is much more difficult. An attractive solution is to take a statistical

∗Department of Mathematical Sciences, United States Military Academy, West Point, NY 10996
†Department of Statistics, Florida State University, Tallahassee, FL 32306
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approach and to use joint probabilities instead of fusing data or features directly. That is, define
a single inference space and use different sensor outputs to impose probabilities on this inference
space. Despite differences in the nature of sensor outputs, the probabilities imposed can still be
utilized individually or jointly to form scene estimates.

Some of the current ideas for fusing data from multiple sensors of similar type include the
following. Viswanathan and Varshney [13] use likelihood ratio tests (LRTs) to combine the decisions
of signal sensors operating in parallel; Costantini et al. [1] apply a least-squares approach to fuse
synthetic aperture radar (SAR) images of different resolutions; Filippidis et al [2] study a similar
problem using two SAR sensors. Rao et al [9] describe a decentralized Bayesian approach for
identifying targets. Kam, Zhu, and Kalata [3] present a survey of techniques used in the problem
of robot navigation including Kalman filtering, rule-based sensor fusion, fuzzy logic, and neural
networks. However, rather limited attention has been focused on fusion of sensors with different
modalities: Strobel et al. [12] describe the use of audio and video sensors for object localization
using Kalman filtering; Ma et al. [5] use optical and radar sensor fusion for detecting lane and
pavement boundaries. Some papers have focused on alternate frameworks for statistical sensor
fusion: Mahler [6] develops the theory of finite-set statistics (FSST) as an extension of Bayesian
methods for multiple-target tracking.

1.1 Bayesian Sensor Fusion

We take a fundamental approach to scene inference using a Bayesian formulation that is similar to
the approach of Miller et al [7, 8]. Rather than extracting features, we choose to analyze the raw
sensor data directly and jointly to estimate the locations and identities of target vehicles that are
present. For this paper, we have avoided the difficulty of temporal registration of sensor outputs by
assuming that all sensors are synchronized in time. However, our methodology obviates the need for
spatial association — the fusion proceeds according to the conditional probabilities corresponding
to each of the different data vectors.

We formulate the sensor fusion problem next. Consider a planar region of a battlefield containing
an unknown number of targets of different types. Our goal is to use the sensor data to detect and
recognize them. Let D ⊂ R2 be a region of interest in a battlefield, and let X denote an array of
variables describing the target positions (in D) and types. In addition to target positions, there
are a number of other variables, such as their pose, motion, load, etc, that can be of interest and,
in general, one should estimate all of them. We simplify the problem by assuming these other
variables to be known and fixed. In particular, we assume a fixed orientation for all target vehicles.

Table 1: Sensor Suite

Label Sensor Nature of Operation Detected Aspects Output
s1 Infrared Camera Low-Resolution Imager Target Location & ID 2D Image Array (Y1)
s2 Acoustic Array Audio Signal Receiver Direction Only; No ID 1D Signal Vector (Y2)
s3 Scout Human Vision Rough Location; ID Categorical Data (Y3)
s4 Seismic Array Wave Receiver Rough Location; Partial ID Zone Detection (Y4)

We cannot observe X directly; instead, we must rely on the data that the sensors generate.
Sensors can typically detect only certain aspects of the scene; i.e., sensors are partial observers.
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Figure 1: Sensor Data Derived from Projections of the Scene

Our goal is to use this partial and complementary information from different sensors to form a
complete inference. As summarized in Table 1, an acoustic sensor array can detect the directions
along which audio signals arrive from target vehicles, but it ascertains neither the targets’ radial
distances along those directions nor the targets’ identities. A scout is trained to recognize target
identities, but he has limited ability to report precise locations. Imaging sensors are also limited by
their resolution, the possibility of target obscuration, and the presence of scene clutter. We assume
the IR camera provides top views of the scenes using overhead shots. Despite their respective
shortcomings, all of these sensors provide a means to discover the number of targets. In contrast,
a seismic sensor is a “classifier” — it reports only target type (tracked vehicle, wheeled vehicle,
dismounted personnel). We depend upon the complementary nature of the sensors and combine
their data to conduct unified inference about the scene. Our choice of sensors is motivated by
current practices and future plans of the military. In addition to the current routines of battlefield
imaging using aerial (infrared) imaging and human scouting, the Army has interest in developing a
variety of unmanned ground sensors (UGS) that include acoustic and seismic sensors. These UGS
are advantageous over electronic/optical systems due to their low cost, low power requirement, and
large detection/tracking range.

Definition 1 Bayesian sensor fusion is a methodology for scene inference that: (i) formu-
lates a prior distribution for the scene, (ii) constructs probability models for multiple-sensor data
conditioned on the scene, and (iii) conducts unified inference about the scene using the posterior
distibution of the scene given the sensor data.

In Figure 1, we depict as projections g1(X), . . . , gp(X) the various aspects or attributes of the
scene that our sensors s1, . . . , sp can detect. Each sensor is subject to observation errors σi in the
generation of data vectors Y1, . . . , Yp. We assume that these errors are independent so that the
Yi s are conditionally independent given X. Let Li(Yi |X) denote the likelihood function for data
vector Yi conditioned on the scene X and let ν0(X) denote a prior distribution on the scene X.
Applying Bayes’ rule and assuming conditional independence of the Yi s given X, we obtain the
posterior distribution of our interest:

ν(X |Y1, . . . , Yp) ∝ L1(Y1 |X) · · ·Lp(Yp |X) ν0(X).

Our methodology leads us to generate estimates X̂ of the scene from the posterior distribution
ν(X |Y1, . . . , Yp). Indeed, one may distinguish different Bayesian sensor fusion schemes according

3



to the sense in which their estimates are optimal. Several criteria such as MAP, posterior median,
or MMSE, are commonly used. Techniques for producing optimal estimates according to any of
these criteria are detailed in [11]. We employ Markov chain Monte Carlo methods to generate
samples from the posterior distribution ν(X |Y1, . . . , Yp). Specifically, we implement a version of
the Metropolis-Hastings algorithm in a MATLAB environment. We propose a prior distribution
for the scene space and probability models for the four modes of sensor data mentioned above:
infrared imagery (Y1), acoustic sensor data (Y2), a scout’s spot report (Y3), and seismic data (Y4).
We apply our methodology to simulated battlefield scenes and obtain results that illustrate the
inferential advantage to using all available sensor data.

Next, we outline major goals of this paper. (i) We propose statistical models for seismic sensor
data and human scout reports, and derive their likelihood functions. (ii) Along with the estab-
lished models for IR and acoustic sensors, we use these likelihood functions in formulating a fully
Bayesian approach to battlefield inferences. And, (iii) we construct an MCMC solution to gener-
ating Bayesian inferences from the posterior distribution.

This paper is organized as follows. A representation of targets’ positions and identities, and
statistical models for two sensors leading to a joint posterior distribution are presented in Section
2. A Metropolis-Hastings algorithm to sample from this posterior is described in Section 3. Some
examples of scene inferences presented in Section 4. Finally, some simulation results are illustrated
in Section 5.

2 Scene Representations and Sensor Models

This section presents statistical models and representations for the scene and the sensors. Because
of its modular nature, our methodology can readily accommodate different or additional models
that future research may suggest.

2.1 Scene Representation and Prior Model

Let X denote the positions and target identities of vehicles present in a region of the battlefield.
We represent X as a point in the space X =

⋃∞
n=0 (D×A)n, where D ⊂ R2 is a battlefield region

of interest, A = {α1, . . . , αM , α∅} is a set of M possible target types (α∅ means that no target is
present), and n is the number of targets present. Since n is not known a priori , we allow for all
possible values of n in the construction of X . To support follow-on Markov chain development, we
discretize the battlefield region D along a rectangular grid: let D = {1, . . . , R} × {1, . . . , C} with
R,C < ∞. This allows us to use (i, j) coordinates to denote target locations. We also impose
the constraint n ≤ RC. The motivation for an upper bound on the number of targets in a fixed
region of the battlefield is clear: two targets cannot occupy the same physical space. We disallow
the possibility that targets stack themselves vertically; the upper bound RC generously allows
for target placements at each point in the discretized region. This modifies the state space to be
both discrete and finite: X =

⋃RC
n=0 (D × A)n. We express a typical state X ∈ X as a matrix:

X =

r1 r2 · · · rn

c1 c2 · · · cn

α1 α2 · · · αn

, where (ri, ci)T are coordinates of target locations. Each column of X

represents a target described by its center-mass location (row and column) and its identity (α). Let
‖X‖ = n denote the number of columns in the state matrix X and let Xj denote the jth column
of X for j = 1, . . . , n. For n = 0, let X∅ denote the empty state.

4
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Figure 2: Left panel shows the top view of a simulated scene containing three trucks and four tanks.
Right panel shows a visual rendering of scout’s spot report Y3 (right) with labeled quadrants.

We consider X to be a realization of a marked homogeneous Poisson spatial point process. In
other words, we make the following collection of assumptions. Let N ∼ Poisson(λ|D|) for some
λ > 0 where | · | denotes Lebesgue measure on R2 and we assume that |D| > 0. Conditioned on
{N = n}, let the locations q1, . . . , qn of targets be distributed independently and uniformly in D.
Conditioned on the locations q1, . . . , qn, let the target identities be assigned independently: for
each location, assign identity αj ∈ A with probability πj ≥ 0 for j = 1, . . . ,M where

∑M
j=1 πj = 1.

These assumptions specify a prior probability measure ν0 defined on a σ-field of subsets of X .

2.2 Sensor Models

Here we detail the statistical models that we have adopted for the various sensors under consider-
ation: infrared camera s1, acoustic sensor array s2, human scout s3, and seismic sensor array s4.
For s1 and s2, we use established models from the literature with incorporation details contained
in [11]. However, this paper offers new models for s3 and s4 and provides detailed motivations for
both.

2.2.1 Model for Scout’s Spot Report

Army units conduct routine tactical operations in accordance with standing operating procedures or
SOPs. Among other provisions, SOPs prescribe reporting formats that scouts use to communicate
their observations to higher headquarters. Here we assume that the “spot report” format calls for
a partitioning of the observed area D into four quadrants and that the report provides quadrant
counts for each target type. See Figure 2 for an illustration. Let Y3 denote the scout’s spot
report. We represent it as a vector of length 4M where M is the number of target vehicle identities
in A\α∅ = {α1, . . . , αM}. Each component of Y3 belongs to Z+ = {0, 1, 2, . . .}. We propose a
hierarchical model for the conditional distribution of Y3 given X.

To motivate the construction of the model, we may suppose that the scout sequentially answers
questions that he poses to himself: How many targets? Where are they? What are they? He
answers the first question by counting those vehicles that he can see. A reasonable model should
therefore allow for a variety of cases: he sees all the vehicles that are present; he misses one or
more; he “sees” one or more vehicles that are not present; he loses track of his count and begins
repeating vehicles that he has already counted. But then, regardless of how the scout arrives at
his collection of observed targets, he must decide — vehicle by vehicle — how to classify them
according to quadrant and target type. Again, a reasonable model should allow for some ambiguity

5
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Figure 3: Distances to Nearest Quadrant Boundaries for a Fourth-Quadrant Target

in the quadrant classification of a target lying close to a quadrant boundary. The model detailed
below exhibits one way to incorporate these observations about the nature of the scout’s report.
Total Count: Let NS be the total number of target vehicles that the scout observes. We model NS

as a discrete random variable taking values in Z+ with probability masses obtained by evaluating a
Gaussian density function at these points and then normalizing. To specify the Gaussian density,
we set the mean µ equal to n (the actual number of targets in the scene) and we take the variance
σ2 to be this function of the mean:

σ2(n) =

{
β0, if n = 0;

n/β1, if n > 0,

where β0 and β1 are chosen to account for the scout’s level of training, his competence, the status
of his equipment, weather conditions, and other sources of error. Note that the variance increases
linearly with the true target count. Let G(k) = G(k |n, β0, β1) denote the probability mass that
this discretized Gaussian distribution places on k. Then

G(k) =



exp
(
− 1

2β0
(k−n)2

)
P

z∈Z+
exp

(
− 1

2β0
(z−n)2

) , n = 0;

exp
(
−β1

2n
(k−n)2

)
P

z∈Z+
exp

(
−β1

2n
(z−n)2

) , n > 0.

Quadrant Target Counts: Given {NS = n0}, we model the components of Y3 as sums of classi-
fication counts constrained so that

∑4M
j=1(Y3)j = n0. The counts tally the outcomes of “generalized

Bernoulli” trials. That is, each observed target corresponds to a conditionally independent trial;
each trial has 4M possible outcomes corresponding to the scout’s possible quadrant & target-type
classifications. The outcome of trial t is governed by parameters {ptj}4M

j=1 that satisfy ptj ≥ 0 and∑4M
j=1 ptj = 1 for each t = 1, . . . , n0. These generalized Bernoulli parameters, in turn, depend upon

the scene X. (Note that we have a different collection of generalized Bernoulli parameters for each
vehicle. If, instead, we had one fixed collection of parameters applicable for all n0 observed targets,
then Y3 would follow a conditional multinomial distribution given X.)
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Now we describe the choice of generalized Bernoulli parameters {ptj}4M
j=1 for the tth trial. Con-

sider a target at location qt = (rt, ct)T and suppose that qt lies within quadrant it. Our convention
is that a target’s location is specified by its center-of-mass. As illustrated in Figure 3, let dti denote
the distance from qt to the ith quadrant — Euclidean distance to the nearest quadrant boundary
— and set dtit = 0. Then, for a fixed constant a > 0, set

p̃ti =
exp(−dti/a)∑4

j=1 exp(−dtj/a)
, i = 1, 2, 3, 4. (1)

In words, p̃ti is the probability that the scout reports quadrant i as the location for target t.
Now we account for the scout’s reported target type. Let I{αt = j} indicate that αj is the identity
of target t; let I{αt 6= j} indicate that αj is not the identity of target t. We use these indicators
and a classification error parameter denoted σ3 to split each p̃ti: for j = ji = (i− 1)M + 1, . . . , iM
with i = 1, 2, 3, 4, put

ptj = (1− σ3) p̃ti I{αt = ji} +
σ3

M − 1
p̃ti I{αt 6= ji}.

In words, the scout correctly reports the target type with high probability and he is equally likely
to report any of the incorrect target types.

We apply the above formulation of generalized Bernoulli parameters {ptj}4M
j=1 to each of the

vehicles that the scout observes (t = 1, . . . , n0). If it happens that n0 = n, where n is the correct
number of vehicles, we assume that the scout observes each target exactly once and that he classifies
them independently as above-described trials. In case n0 < n, we assume that the scout observes
and similarly classifies a proper subset of targets, where each of

(
n
n0

)
subsets is equally likely. In case

n < n0 ≤ 2n, we assume that the scout classifies all targets that are present and that he “double
counts” n0− n targets, where each of

(
n

n0−n

)
collections of doubly-counted targets is equally likely.

Let b·c denote the greatest integer less than or equal to its argument. For n0 > 2n, we assume
that the scout repeatedly classifies each target k times, where k = bn0

n c, and then augments this
redundancy by including an equally-likely choice from among

(
n
r

)
subsets where r = n0 mod k.

Likelihood Function: As suggested earlier, the scout’s target-set selection can be modeled in
many ways. For the scheme described above, conditioned on {NS = n0}, let T ∈ X denote the
array of targets that the scout observes. Let P(T ) denote the collection of column permutations
of T and let To ∈ P(T ) denote an ordered n0-tuple of targets (locations and identities). Then the
description in this section leads to this likelihood function for Y3:

L3(Y3 |X) =
G(n0)
n0 !

∑
To∈P(T )

(To)n0∏
t=(To)1

pt1
(Y3)1 pt2

(Y3)2 · · · pt,4M
(Y3)4M . (2)

The permutations arise because the scout may perform his vehicle-by-vehicle classification according
to any ordering; each makes an equally-weighted contribution to the likelihood.

2.2.2 Model for Seismic Data

Open-source documentation about seismic sensors is easy to find; see, for example, “Remote Battle-
field Sensor System (REMBASS) and Improved Remote Battlefield Sensor System (IREMBASS)”
at the location1. According to such sources, a seismic sensor detects and classifies (but does not

1http://www.fas.org/man/dod-101/sys/land/rembass.htm
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Figure 4: Same Simulated Scene with Overlay of Seismic Detection Zones (left) and Visual Ren-
dering of Seismic Data Y4 (right) with k = 5 labeled zones.

count) those targets whose ground vibrations emanate from within a circular detection zone of
known radius. Depending upon the placement of the sensors, these detection zones may or may
not overlap. Additionally, the battlefield region D may contain “dead space” where target vehicles
are not detectable by any of the seismic sensors.

Any statistical model that describes data collected by these sensors should reflect certain key
aspects of the sensors’ behavior. First, whether or not the sensors detect the target vehicles depends
upon the locations of the vehicles, the locations of the seismic sensors, and each sensor’s detection
zone radius. As stated in Section 2.2.1, our convention is that a target’s location is specified by its
center-of-mass. We assume that all seismic sensors have circular, non-intersecting detection zones
with equal radii as depicted in Figure 4. Second, each sensor provides a single classification that
summarizes the target-type presence in its zone. If at most one target type is present, there is no
confusion. But a statistical model should contain some mechanism whereby the sensor reconciles
the presence of more than one target type in its detection zone. The model that we propose offers
one way to address these issues.

Assume that k seismic sensors having mutually disjoint detection zones generate a data vector
Y4 with k components (one for each sensor). Let (Y4)j ∈ A report the jth sensor’s summary of
target-type presence in its detection zone. Figure 4 provides an illustration for k = 5. Its left
panel shows the overlay of detection zones on top of the same simulated scene displayed for the
scout’s spot report. Note that two tanks and one truck lie in dead space — their center-mass
locations are not within any of the detection zones. For this scene, the correct seismic data vector
is Y4 = [α2, α1, α∅, α1, α2]′ where α1 = tank and α2 = truck. A visual rendering of Y4 appears in
the right panel where the labeling of the detection zones to match vector components is as follows:
top-left is 1, top-right is 2, center is 3, bottom-left is 4, and bottom-right is 5.

Let σ4 denote a fixed error parameter and let nij denote the number of type-αi targets (i =
1, . . . ,M) that are present in detection zone j = 1, . . . , k. Fix a detection zone j and let P (·) denote
a probability measure defined as follows on all subsets of A.

• Case 1 If zone j is devoid of target vehicles, we allow the sensor to report correctly with

8



high probability and we assume that the sensor is equally likely to report erroneously any of
the target types:

P
{
(Y4)j = y |n1j = · · · = nMj = 0

}
=


1− σ4, y = α∅;
σ4
M , y ∈ A;
0, otherwise.

• Case 2 If zone j contains exactly one target type, we again allow the sensor to report
correctly with high probability. However, in this case, we assume that the sensor is more
likely to report an incorrect target type than to report the absence of targets; we assume that
all wrong-type classifications are equally likely.

P
{
(Y4)j = y |nij > 0 for i = i0 only

}
=


σ4
4 , y = α∅;
1− σ4, y = αi0 ;

3σ4
4(M−1) , y ∈ A\{αi0};
0, otherwise.

• Case 3 This is most interesting — the sensor must “decide” among competing target types.
Denote by n·j =

∑M
i=1 nij the number of targets (of all types) present in detection zone j.

Let I{αt = i} indicate whether αi is the identity of target t = 1, . . . , n·j . Let a > 0 be a
fixed constant and let dt denote the distance from target t to the center of the detection
zone. These distances are analogous to those depicted in Figure 3 and contribute to the
classification probabilities in a manner similar to Equation 1.

P
{
(Y4)j = y | 2 ≤ |{i : nij > 0}|

}
=



σ4, y = α∅;

(1− σ4)
Pn·j

t=1 I{αt=i}e−dt/a

Pn·j
t=1 e−dt/a

, y = αi ∈ A;

0, otherwise.

We assume that the seismic sensors’ classifications are conditionally independent given the scene.
The above enumeration of cases depending on X and the assumption of conditional independence
lead to the following likelihood function for Y4:

L4(Y4 |X) =
k∏

j=1

P
{
(Y4)j = y |X

}
. (3)

2.3 The Posterior Distribution

The likelihood functions L1(Y1 |X) and L2(Y2 |X) for infrared images and acoustic data (respec-
tively) are given in [11]. Combined with the likelihood functions derived in this paper, and along
with the assumption of conditional independence of the data vectors, we may now express the
posterior distribution:

ν(X |Y1, Y2, Y3, Y4) ∝ L1(Y1 |X) L2(Y2 |X) L3(Y3 |X) L4(Y4 |X) ν0(X). (4)

9



Although we will sometimes use the shorthand ν(·) ≡ ν(· |Y1, Y2, Y3, Y4), we will always mean that
the likelihood functions Li(Yi |X) are defined (respectively) as in Equations 2 and 3 (and as in [11])
and that the prior distribution ν0 is defined as in Section 2.1.

3 Metropolis-Hastings Algorithm

So far we have defined a posterior distribution ν on the scene space X , and our task now is to
obtain samples from the posterior distribution ν so that we may conduct scene inference. This
section presents the algorithm we use to generate approximate samples from ν.

3.1 Transitions of the Markov Chain

We control the evolution of the Markov chain by restricting the one-step transitions to a class
of “simple moves.” Although this slows down the convergence of the resulting Markov chain, we
impose the restriction because analyzing the chain is easier in this setting [4, 7, 8].

Given the current state X(t) at time t, we consider four fundamental types of transitions. To
each type corresponds a collection of “neighboring” states (neighbors of X(t)) — the states that
can be reached from X(t) in one transition. We now introduce notation for these sets of neighbors.

1. The first simple move is DEATH. This means that we select and remove one of the current
targets from the state matrix. Let ND(X(t)) denote the neighbors of state X(t) under the
DEATH transition. Define

ND(X(t)) =

{
{X(t)

−j : j = 1, . . . , n}, if ‖X(t)‖ ≥ 1;
{X(t)}, if ‖X(t)‖ = 0,

where X
(t)
−j denotes the matrix X(t) after removing column j.

2. The second simple move is CHANGE ID. This means that we select a current target in
the state matrix and change its identity α. Let NC(X(t)) denote the neighbors of state X(t)

under the CHANGE ID transition. Define

NC(X(t)) =

{
{X(t)

∆ j : j = 1, . . . , n}, if ‖X(t)‖ ≥ 1;
{X(t)}, if ‖X(t)‖ = 0,

where X
(t)
∆ j denotes the matrix X(t) after changing the identity component of column j.

3. The third simple move is ADJUST. This means that we select a current target in the state
matrix and slightly perturb its location q. Let NA(X(t)) denote the neighbors of state X(t)

under the ADJUST transition. Define

NA(X(t)) =

{
{X(t)

⊕ j : j = 1, . . . , n}, if ‖X(t)‖ ≥ 1;
{X(t)}, if ‖X(t)‖ = 0,

where each X
(t)
⊕ j denotes as many as eight perturbations to the location components of X

(t)
j .

For example, if a current target has location q = (i, j), then we permit an adjustment to
q′ ∈ {(i±1, j), (i±2, j), (i, j±1), (i, j±2)}∩D. The symbol ⊕ is suggestive of this perturbation
pattern of rows and columns.
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Figure 5: Simple Moves from current state (leftmost) to perform DEATH, CHANGE ID, ADJUST,
and BIRTH (left-to-right).

4. The fourth simple move is BIRTH. This means that we augment the current state matrix
by the addition of another target. Let TX(t) = {X(t)

j : j = 1, . . . , n} ⊂ (D × A) denote the
collection of targets represented in state matrix X(t) and let NB(X(t)) denote the neighbors
of state X(t) under the BIRTH transition. Define

NB(X(t)) = {X(t)
τ : τ ∈ (D×A) \TX(t)},

where X
(t)
τ is the augmentation of the matrix X(t) by one additional column τ corresponding

to any “legal” target not already present: ‖X(t)
τ ‖ = ‖X(t)‖+ 1.

To help visualize the slight adjustments to a given state matrix X(t) contained in the sets
of neighbors ND(X(t)), NC(X(t)), NA(X(t)), NB(X(t)), we present examples in Figure 5. The
ADJUST example depicts a shift of the uppermost tank; the other examples are obvious. In
Chapter 5, we present portions of Markov chain sample paths that exhibit incremental adjustments
similar to Figure 5.

3.2 The Metropolis-Hastings Algorithm

We now state the basic algorithm that prescribes the evolution of our Markov chain; see, for
example, Robert and Casella [10]. Fix a state space X and let ν (known as the target distribution)
be a probability distribution on X .

Algorithm 1 (Metropolis-Hastings)
Given the current state X(t) ∈ X ,

1. Generate Yt ∼ G(y|X(t)). (G is called the proposal distribution.)

2. Set X(t+1) =

{
Yt w.p. γ(X(t), Yt);
X(t) w.p. 1− γ(X(t), Yt),

where γ(x, y) = min
{

1, ν(y) G(x|y)
ν(x) G(y|x)

}
.

For a large class of proposal distributions G and for X(1) ∼ F where F is an arbitrary probability
distribution on X , this algorithm is known to generate a Markov chain with unique stationary
distribution ν. For a detailed description of G based on the simple moves in Section 3.1 and for a
discussion on asymptotic properties of this Markov chain, please refer to [11].
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4 Conducting Scene Inference

Implementing the Metropolis-Hastings algorithm in MATLAB, we obtain an approximate sample
from ν(· |Y1, Y2, Y3, Y4). Specifically, we generate X(1) ∼ ν0 (prior distribution) and then observe
X(2), X(3), . . . according to the Metropolis-Hastings transition kernel. After stopping the chain,
we discard the first B states (sometimes called a burn-in period to allow time for the Markov chain
to approach its stationary distribution) and we retain, for purposes of inference,

{X(B+1), X(B+2), . . . , X(B+R)}.

In this chapter, we describe methods for using our sample to answer a variety of questions. We
denote the retained portion of the Markov chain by

{Xj}R
j=1 where we set X1 = X(B+1), . . . , XR = X(B+R). (5)

Letting ν denote the posterior distribution of the scene, we proceed under the assumption that
{Xj} ∼ ν.

Having obtained a sample {Xj} from the posterior distribution ν, we might wish to produce a
maximum a posteriori estimate X̂MAP of the scene. Such an estimate is characterized by X̂MAP =
argmaxX∈X ν(X), that is, X̂MAP is a mode of the posterior distribution. An obvious candidate
to estimate X̂MAP is the sample mode: we can simply report the state matrix that appears most
frequently among {Xj}. An alternative approach abandons the previously described sample and
instead uses an adjustment to the Metropolis-Hastings algorithm given earlier. The technique is
known as simulated annealing and it provides a means to obtain MAP estimates X̂MAP; see, for
example, Winkler [14].

5 Simulation Results

Now we present some experimental results demonstrating the proposed framework for Bayesian
sensor fusion. In these experiments, we utilize sensor data simulated according to the models
proposed.

We start with a simulated scene with corresponding sensor data in Figure 6 and construct a
Markov chain to sample from the resulting posterior. Figure 7 shows periodic snapshots along a
sample path of this Markov chain in X . Before proceeding with scene inference, we make some
qualitative observations about the performance of our algorithm. The top-left panel in Figure 7
depicts the initial state. Navigating through the panels in left-to-right, top-to-bottom fashion, we
see the state of the chain at multiples of 100 steps. The bottom-right panel depicts the true scene.
At a glance, we observe that this particular sample path evolves quite close to the true scene.
Figure 8 illustrates how the posterior energy associated with a sample path regulates the evolution
of the Metropolis-Hastings algorithm. It depicts H(X(t)) ∝ − log ν(X(t)) plotted against t

25 . The
non-increasing nature of the posterior energy indicates that the Metropolis-Hastings algorithm is
indeed steering the sample path toward target configurations with more and more probability mass
under the posterior distribution.

6 Summary

We have presented a statistical framework for merging information from multi-modal sensors in
order to generate a unified inference. To setup a Bayesian problem, we have introduced statistical
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Figure 6: Simulated Scene 2 (top) and Corresponding Sensor Data (bottom) from (left to right)
Infrared Camera, Acoustic Sensor Array, Scout, Seismic Sensor Array

models for two sensors - seismic sensor and human scout - and used established models for infrared
camera and acoustic array. Assuming a homogeneous Poisson prior on the target placements in the
scene, we formulate a posterior distribution on the configuration space, and utilize a Metropolis-
Hastings algorithm to generate samples and inferences from it. Experimental results are presented
for detecting and recognizing targets in a simulated battlefield scene.
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Figure 7: Evolution of Markov Chain for Simulated Scene 2: (left-to-right and top-to-bottom)
X(1), X(100), X(200), . . . , X(1000), XTRUE
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Abstract 

Reliability Economics is a field that can be defined as the collection of all problems in which there is 
tension between the performance of systems of interest and their cost.  Given such a problem, the aim is to 
resolve the tension through an optimization process that identifies the system that maximizes some 
appropriate criterion function (e.g. expected lifetime per unit cost). In this paper, we focus on coherent 
systems in n independent and identically distributed (iid) components and mixtures thereof, and 
characterize both a system's performance and cost as functions of the system's signature vector (Samaniego, 
IEEE-TR, 1985). For a given family of criterion functions, a variety of optimality results are obtained for 
systems of arbitrary order n. The case of an underlying exponential distribution is used to illustrate these 
results. Approximations are developed and justified when the underlying component distribution is 
unknown. In the latter circumstance, assuming that an auxiliary sample of size N is available on component 
failure times, the asymptotic theory of L-estimators is adapted for the purpose of proving the consistency 
and asymptotic normality (as N → ∞) of estimators of the expected ordered failure times of the n 
components of the systems under study. These asymptotic results lead to the identification of optimal 
systems relative to a closely approximated criterion function.  Proofs of the results stated herein appear in a 
referenced Technical Report. 
 

I. Introduction  

  The emerging field of Reliability Economics (RE) is perhaps most easily defined by its goals 
rather than by its tools or results.  The literature in Reliability Economics is quite widely scattered, and the 
area is yet to be unified and conceptualized as a distinct field of study. Roughly speaking, the field can be 
thought of as the collection of problems and frameworks in which there is tension between the performance 
of a group of systems of interest and their cost. In general, expensive systems perform quite well and 
inexpensive systems perform less well.  Ideally, one would like to select the system that represents the best 
compromise between performance and cost. This is, in fact, often the goal of an RE analysis, though there 
are other goals of possible interest. 
  

When one thinks of a particular manufactured system that one might consider purchasing, two 
questions naturally arise: (1) “How well does it work? and (2) “How much does it cost?” These questions 
are so natural that situations in which one or the other question might be deemed irrelevant would seem to 
be both extreme and quite rare. If money were truly “of no object”, then naturally one would purchase the 
system with the best performance, or if money was very tight, one might be forced to buy the least 
expensive system available without questioning its performance characteristics. Excluding these extreme 
situations, the natural strategy in procurement situations is to take both performance and cost into account. 
It is thus quite surprising that the mathematical and statistical underpinnings of doing so in a systematic 
way are, at present, in a relatively primitive state.  

 
Exceptions exist in selected problem areas such as “warranty analysis” (see, for example, Blischke 

and Murthy (1996) and Singpurwalla (2004)), but general developments in Reliability Economics are at 
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present quite sparse.  In military acquisitions, for example, it is frequently the case that a particular 
prototype system is developed to meet certain performance and suitability goals, and that once a system 
meeting those goals is developed and is validated through operational testing, the system is purchased in 
whatever numbers the allocated budget can accommodate. Such an approach foregoes the formal 
investigation of optimality questions such as “What system design would give us the best performance per 
unit cost?”  In this study, our goal is to address the question: “Is it possible to identify system designs 
which are optimal in some appropriate sense in the face of economic constraints?” In more common 
parlance, can one find the system that gives us the most bang for the buck?  We discuss below our progress 
toward answering that question. 

 
 Let us first examine why the problem of answering the type of question posed above has 
heretofore resisted clean, analytical solutions. Consider the notion of “coherent systems of order (or size) 
n”, a fundamental idea in reliability dating back to the seminal paper by Birnbaum, Esary and Saunders 
(1961). Coherent systems of order n are n-component systems that are monotone (i.e., the state of the 
system can only stay the same or improve when a component is improved), and in which every component 
is relevant (i.e., it actually affects system performance under some configuration of the functioning or 
failure of the other components).  
 

Identifying the exact number of coherent systems of a given order is a fascinating open question. 
A few crude approximations exist, but all that is really known is that the number is finite but tends to be 
very large. The number is known to grow exponentially with n, so that, for example, there are well over a 
billion different coherent systems of order 30. This provides part of the explanation for the resistance seen 
in attempts to optimize relative to the class of all coherent systems of a given size. The problem is a 
discrete optimization problem in which the space to be searched is usually huge. 

   
There is a second reason that finding analytical solutions to optimization problems would be 

difficult. That is that there has not been a tool available which summarizes the behavior of a system as a 
design parameter with respect to which one can optimize. The structure function ϕ (see, for example, 
Barlow and Proschan (1981)) which characterizes a system by the relationship between the n-dimensional 
vector of 1s and 0s representing the states of the n components (working or not) and the state of the system 
(1 or 0) is (i) awkward to compute for complex systems and (ii) too clumsy to use as an index for all 
coherent systems of a given size.   

 
These two difficulties, together, have led to the reliance on “searching techniques” for seeking 

good (near-optimal) solutions as efficiently as possible. Genetic algorithms appear to be the favored 
approach in the recent literature. There is a substantial literature on the latter approach. Chapter 7 of the 
monograph by Kuo, Prasad, Tillman and Hwang (2001) discuss the algorithmic approach to constrained 
optimization problems in reliability and provide many references. For a concrete example of the use of 
genetic algorithms in searching for a system design that minimizes costs while achieving a fixed reliability 
threshold, see Deeter and Smyth (1998).  An example of the use of a genetic algorithm in searching for a 
cost-optimal maintenance policy may be found in Usher, Kamal and Sayed (1998).  

 
We now turn no to a discussion of some background ideas and results which provide the 

foundation for the approach we will take to problems of optimal system design under reliability and 
economic constraints.  

 
2. Signatures and mixed systems.  

In the formulation of problems in reliability economics we have studied, both of the obstacles 
above have been overcome, one, quite curiously, by making the space of systems of interest even larger and 
the other by identifying a new and useful index of that space. We’ll discuss the latter issue first, as the 
former one follows upon it naturally. In a paper in the IEEE Transaction on Reliability, Samaniego (1985) 
defined the notion of “system signature”. In brief, if one restricts attention to systems of order n whose 
components have independent and identically distributed (iid) lifetimes, then the behavior of the system’s 
lifetime is completely determined by the underlying component lifetime distribution F and a probability 
vector s = (s1, s2,…., sn) called the system’s “signature”. The ith component of s is simply the probability 



that the ith component failure (that is, the ith order statistic among the component failure times X1, X2,…, 
Xn) causes the system to fail. Since all n! permutations of the n failure times are equally likely under an iid 
assumption, the computation of s tends to be a manageable combinatorial problem. In Samaniego (1985), 
representations were given for the distribution function FT, density function fT, and failure rate rT of the 
system lifetime T in terms of the component lifetime distribution F and the signature s. Although it was not 
applied to optimization problems at the time, it became clear over time that the signature serves as an 
excellent index in optimization problems involving the family of coherent systems. 

 
The use of signatures as proxies for the corresponding system designs requires a bit of a defense.  

Since signatures are based on the assumption of iid component lifetimes, one might well question their 
relevance in problems in which components lifetimes are dependent or have different distributions. This 
question is taken up in Kochar, Mukerjee and Samaniego (1999), where it is argued that when comparing 
systems, one wants to consider a level playing field, as it is clear that a poor system with good components 
can outperform a good system with poor components. If, however, all components are independent and 
have the same distribution, then any superiority in one system’s performance over another must be 
attributable to the system design alone.  Kochar, Mukerjee and Samaniego (1999) proved a number of 
preservation theorem for signatures (e.g., stochastic ordering between two signatures implies stochastic 
ordering between the corresponding system lifetimes).  These results were used to demonstrate that 
signatures were useful tools in the comparison of competing systems. Boland, Samaniego and Vestrup 
(2003) showed the notion of signature was equally applicable to comparisons among communication 
networks. Indeed, they established in that paper the exact relationship between Satyanarayana and 
Prabhakar’s (1978) “dominations” and the signature of a network. 

 
Having an index for coherent systems is, of course, not enough to render the optimization 

problems of interest analytically tractable. That’s because one still has to contend with maximization over a 
large discrete space. Boland and Samaniego (2004b) proposed consideration of stochastic mixtures of 
coherent systems. A mixed system of order n is obtained by a randomization process over the class of 
coherent systems of order n. In essence, one simply picks a coherent system of order n at random according 
to a fixed mixing distribution. If coherent system τi has signature vector s(i) and is chosen with probability 
pi for i = 1,…, k, then it is easily seen that the mixed system Σ piτi will have signature vector Σ pis(i). Since 
the k-out-of-n system (which fails upon the kth component failure) has a unit vector sk:n as its signature 
(with 1 as its kth element), it is clear that any probability vector p may be considered to be a signature. 
Indeed, the vector p is the signature of the mixed system Σ pk sk:n. A simple example of a mixed system or 
order 3 would be the system that selects the series system (whose signature is (1, 0, 0)) with probability ½ 
and a parallel system (whose signature is (0, 0, 1)) with probability ½. The signature of such a system is (½, 
0, ½), which is different from any of the distinct signatures of the 5 possible coherent systems of order 3. 
Mixing clearly expands the space of available systems. 

 
The mathematical effect of introducing mixed systems is that a complex discrete optimization 

problem is immediately converted into a continuous problem. We may now seek to optimize with respect to 
the simplex of probability vectors in an n-dimensional space. The tools of differential and integral calculus 
can now be brought to bear on this problem. Interestingly, we also discover, as will be explained below, 
that there are problems in which a certain mixed system will dominate all other systems, that is, the strategy 
of randomizing among a collection of coherent systems can outperform the best that can be achieved by 
any coherent system (a degenerate mixture) alone. 
 

3. Optimality Criteria 

Implicit in the loose description of Reliability Economics above is the existence of a criterion 
function that depends on both performance and cost and an optimization process for maximizing the 
criterion function among the class of systems under consideration.  In the work we report on here, we have 
utilized a particular class of criterion functions with two basic properties that might be considered essential 
in RE problems: the criterion function should vary proportionately with measures of system performance 
and inversely with measures of system cost. In Samaniego (1985), it was noted that if T is the lifetime of a 
system in iid components and with signature s, then the survival function of T can written as 



   P (T > t) = ∑ =

n

i 1
si P (Xi:n > t),    (3.1) 

where X1:n, X2:n,…,Xn:n are the ordered failure times of the n components, from smallest to largest. It 
follows that  

   ET = ∑ =

n

i 1
si EXi:n.     (3.2) 

Thus, the expected system lifetime can be written as a linear combination of the elements of the signature 
vector.  In the same vein, one could envision the expected cost of a system as a different linear combination 
of the components of s, say,  

    EC = ∑ =

n

i 1
cisi.      (3.3) 

One instance where such a linear combination arises as an appropriate representation of cost is in the 
“salvage model” where one assumes a fixed cost CF for all n-component systems, and models a component 
cost as A and the value of a used component (salvaged from the system after the system fails) as B. Under 
these assumptions, the expected cost of the system is given by  

    EC = ∑ =

n

i 1
(CF + n(A – B) + Bi) si,    (3.4) 

which is a linear function of the elements of s as above. The criterion function under which the results 
we’ve obtained are derived is somewhat more general than simply the ratio of (3.2) to (3.3) or (3.4).  We 
have sought to optimize a criterion function with would include such a ratio as a special case. Specifically, 
we consider, as a measure of the relative value of performance and cost, the ratio   

mr(a, c, s) =  (∑ =

n

i 1
aisi ) / (∑ =

n

i 1
cisi )r.   (3.5) 

Several remarks on (3.5) are in order.  First, we note that, while setting ai = EXi:n is a natural 
choice for the vector a, it is not required by our construct, and other choices might be preferred depending 
on the application involved. One reasonable alternative is the vector a with elements ai = P (Xi:n > t), in 
which case the numerator of (3.5) would simply be the system’s reliability function at the point t.  Further, 
the salvage model is but one way of motivating a sum such as Σcksk. Another would be to obtain an expert 
assessment of the cost of constructing a k-out-of-n system, and then set ck equal to that cost.  The 
justification for that choice of the vector c is that the mixed system represented by the signature s can be 
represented as choosing a k-out-of-n system with probability sk and thus incurring the cost ck with 
probability sk. The expected cost of using this mixed system would be precisely Σcksk.  The exponent r in 
(3.5) is a tuning parameter that allows one to weigh performance and cost differently. While the case when 
“r = 1” is of obvious interest, a large r might be required in problems in which controlling costs is essential 
(putting a higher value on less expensive systems) while a small r is appropriate when performance is given 
more weight than cost. The choice of r will vary with the application. 
 

4. Optimality Results 

 Under an iid assumption on component lifetimes and under the criterion function given in (3.5), 
we have obtained the following results. Proofs may be found in Dugas and Samaniego (2004). 
 

Theorem 1: When r = 1, the criterion function (3.5) is maximized by a k-out-of n system. 

The result above was obtained by variational arguments.  The optimal system is the k-out-of-n 
system with the largest ratio of a to c, that is for k such that ak/ck = max ai/ci, where the maximum is taken 
over the values i = 1,…, n. 

 
Theorem 2: For r ≠ 1, the criterion function in (3.5) is always maximized by a mixture of at most two k-
out-of n systems. 
 

Theorem 2 was obtained using the tools of multivariate calculus.  For each of the n(n-1)/2 possible 
mixed systems in contention, the best mixture of the two systems involved can be calculated in closed 
form.  Thus, the identification of the optimal system reduces to a simple numerical comparison.  It is worth 
noting that, when r ≠ 1, the optimal system might be a k-out-of-n system (i.e., a degenerate mixture), but it 
need not be. For example, when n = 2, r =2.5, ai = EXi:n, F is taken to be a uniform distribution and the 



salvage model for costs is assumed, the mixed system with signature (2/3, 1/3) is optimal and strictly better 
than either of the two coherent systems of order 2. 

 
Theorem 3.  If the sequence {ai/ci, i = 1,…., n} is monotone, then the optimal system is a mixture of a 
series system and a parallel system, with the mixture being degenerate for r sufficiently large or small. For 
sufficiently large r, the series system is optimal; for sufficiently small r, the parallel system is optimal. 
   

Theorems 1 and 2 above settle the question of finding the optimal system for the criterion function 
in (3.5) and for the case where the vectors a and c can be completely specified. Theorem 3 sheds light on 
specific circumstances under which a particular type of system design is optimal. Note that the exponential 
distribution satisfies the hypothesis of Theorem 3 when ai = EXi:n and the salvage model is assumed.  
 

5. Statistical Issues 

 The problem that remains to be addressed relates to facilitating the practical application of the 
results described above.  The problem of identifying the mixed system that maximizes the criterion 
function m in (1.5) has been solved for any fixed values of the vectors a and c and the constant r. Now, the 
cost vector c and the tuning parameter r involve assessments on the part of the experimenter, and it is not 
unreasonable to assume that these values can be determined, with the assistance of experts, in a given 
application of interest. The vector a, on the other hand, is typically a function of the unknown underlying 
distribution F of the iid component lifetimes.  The most natural choice for a is the vector of expected order 
statistics, with the ith element being given by ai = EXi:n for i = 1, 2,…., n.  We will hereafter assume, for 
concreteness, that this is the specification of the vector a that has been chosen. Our inferential results about 
a can be adapted without difficulty to alternative specifications of a which depend on other aspects of F.  
 

The practical implementation of the methods above for identifying an optimal system design 
require that the vector a be estimated from data.  Several questions arise: how should a be estimated?  If the 
vector a* = (a1

*,…,an
*) represent an estimate of the vector of expected order statistics from a “hypothetical” 

sample of size n from F, what are the properties of the “optimal system” corresponding to a*? In the 
theorems below, we provide answers to these questions. First, we note that, in the iid framework that has 
been assumed, one can perform independent life-testing experiments on a set of N components and 
estimate the expected order statistics corresponding to a sample of size n (the order of the systems under 
consideration) using so-called L-statistics (i.e., linear combinations of order statistics) based on a random 
sample of size N. Moreover, since n is the fixed size of the systems under study while N can be freely 
chosen by the experimenter, one may assume that N is much larger than n. The large sample behavior of 
our estimators  (as N → ∞ ) of EXi:n for i = 1, 2,…., n will be of particular interest.  It is easy to estimate 
the order statistic ai = EXi:n consistently if one is willing to make simple but restrictive assumptions on the 
distribution function F. For example, under the assumption that F has bounded support, one can quite easily 
obtain consistent estimators {ai

*} and show that the signature of the approximately optimal system 
converges to that of the optimal system as N → ∞. However, the assumptions to which we’ve alluded fail 
to apply to standard lifetime distributions F of practical interest. We thus turn to a more general framework 
for ensuring the desired asymptotic behavior of “optimal system” corresponding to our estimator a*. 

   
Stigler (1969, 1974) and Shorack (1969, 1972) developed the theory for the large sample behavior 

of L estimators under a variety of scenarios. Under various sets of assumptions, L-estimators are shown to 
be N - consistent estimators of their target parameter.  Moreover, a suitably standardized version of the 
statistic will be asymptotically normal. The strongest versions of such results have been obtained by van 
Zwet (1980) and by Helmers (1982). Applying the tools and ideas of the theory of L-statistics, we have 
developed a viable theory for the approximation of optimal systems in problems of practical interest. The 
estimator of µi:n = EXi:n, for i = 1, 2, … n, that we propose for study is the L-statistic given by 

  µ*i:n = 
N
1 ∑ =

N

j
w

1 i,j Xj:N,      (5.1) 

where  



 w i,j = N [Γ(n+1) / Γ(i) Γ(n-i+1)] u∫ −

Nj

Nj

/

/)1(
i-1 (1 – u)n-i du.    (5.2) 

      
The following asymptotic results regarding µ*i:n have been established. Proofs may be found in Dugas and 
Samaniego (2004). 
 

Theorem 4. If the underlying distribution F of the iid components of all mixed systems of order n has a 
finite second moment, then µ*i:n  µ⎯→⎯p

i:n as the size N of the auxiliary sample grows to ∞. 
 

Theorem 5. If the underlying distribution F of the iid components of all mixed systems of order n has a 

finite third moment, and if F is nondegenerate, then 

 N (µ*i:n - µi:n )  Y ~ N ( 0, σ⎯→⎯D
i 2)         as N → ∞,    (5.3) 

where  

 σi 2 =   (F(x))  (F(y))[F(min(x,y)) – F(x) F(y)]  dxdy,   (5.4) ∫
∞

∞− ∫
∞

∞− w i w i

and 

 w i (u) = [Γ(n+1) / Γ(i) Γ(n-i+1)] ui-1 (1-u)n-i      for 0≤ u ≤ 1.    (5.5) 

 
 The results above allow one to estimate the criterion function mr of (3.5) with arbitrary accuracy.  
The continuity of the function mr in the vector a ensures the convergence mr(a*, c, s)  m⎯→⎯p

r(a, c, s) as 
N → ∞ for each fixed c and s, so that the value of the criterion function mr for the approximately optimal 
signature s* converges as N → ∞ to that of the optimal signature relative to the true but unknown vector a. 
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Establishing the Center for Data Analysis and Statistics 
(CDAS) at the United States Military Academy 

 
Rodney X. Sturdivant 

Department of Mathematics Sciences 
United States Military Academy, West Point, New York 

 
1 Executive Summary 
 
The Center for Data Analysis and Statistics (CDAS) was organized in the Department of 
Mathematical Sciences, United States Military Academy in January of 2004.  The center 
is designed to provide statistical consulting and perform analysis to support researchers 
in the West Point community and for DoD agencies as required.  In this paper we discuss 
the organization, mission and utility of the CDAS.  The paper is designed to inform 
members of the DoD statistical community of the opportunities and benefits the CDAS 
can provide for their own agencies.  We also briefly discuss completed and ongoing 
projects as well as lessons learned in establishing a statistical consulting service. 
 
2 Introduction 
 
The Department of Mathematical Sciences at the United States Military Academy 
(USMA) established the Center for Data Analysis and Statistics (CDAS) to address a 
perceived need for statistical consulting support both at USMA and throughout the 
Department of Defense (DoD).  The CDAS was founded in January of 2004 with the 
primary goal of providing support to USMA researchers with statistical questions and 
data analysis needs.  The organization is also chartered to potentially provide support to 
organizations outside of the West Point community as needed. 
 
3 CDAS Organization 
 
The CDAS is a new branch of an already existing center: the Mathematical Sciences 
Center of Excellence (MSCE).  The MSCE provides coordination for outreach and 
projects for both faculty and students in the Department of Mathematical Sciences with a 
variety of external organizations to include an important partnership with the Army 
Research Laboratory (ARL).  The CDAS enhances the capabilities to include a statistical 
component and support.   
 
The organization of the CDAS is depicted in Figure 1.  In addition to administrative 
leadership from a director and assistant director, the primary statistical expertise is 
provided by “senior faculty advisors” with Ph.D.’s in statistics or related fields.  
Members of the CDAS work on projects in teams (or individually) but have ready access 
to the senior advisors in case they need statistical support themselves.   
 
Currently, membership and participation is completely voluntary and done in addition to 
normal teaching loads.  The CDAS has between 15 and 20 members who have expressed 
an interest in working on projects.  The membership is not restricted to the Department of 
Mathematical Sciences.  The CDAS has active members from the Orthopedic Surgeon at 
Keller Army Community Hospital, the Department of Electrical Engineering and 



Computer Science and the Department of Systems Engineering at West Point.  Members 
include both Ph.D. and M.S. degree holders in a variety of fields to include statistics, 
biostatistics, epidemiology and operations research. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1:  Organization of the CDAS 

 
4 CDAS Mission and Projects 
 
The CDAS is designed to provide statistical consulting and data analysis support for the 
West Point community first and to DoD agencies where possible.  The level of support 
can range across a very wide spectrum.  In some cases, the service could be as limited as 
answering a quick statistical question or acting to review/comment on a statistical 
approach to a problem.  At the other extreme, the project might include complete data 
analysis done by the CDAS for a client. 
 
In addition to provided support to other agencies, the CDAS is designed to also provide 
professional development opportunities for faculty members at USMA.  The projects 
allow members to increase their statistical expertise, keep current on statistical techniques 
and put skills into practice.  These experiences are invaluable for rotating military faculty 
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members who will leave West Point for assignments throughout the Army – many in 
Functional Area (FA) 49 (Operations Research) where they will perform similar duties. 
 
A third goal is to enhance the educational experience for cadets in our programs.  This 
can occur in several ways.  One is that the faculty projects provide insights and examples 
for use in the classroom.  In some instances, faculty work is extended to student work in 
homework assignments our course projects.   
 
A more direct impact is that cadets may become involved in the actual CDAS work.  
There are two mechanisms in place for such participation.  The first is the MA491 
course: a senior thesis conducted in the spring semester.  Where the scope and timing of 
a client project is appropriate, the CDAS members can act as advisors for a cadet(s) 
thesis to work on the problem (or part of it).  A second opportunity for cadets to 
participate is during summer Academic (AIAD).  In that case, the client actually sponsors 
a cadet during the summer to work on a project. 
 
While the organization is relatively new, we have already had numerous clients across 
the gamut of possible projects.  We have provided tutoring and quick answers to 
statistical questions for many clients.  Several much larger projects have also come to the 
CDAS and cross a wide spectrum of disciplines, statistical techniques and organizations.  
Some examples include: 
 

• A study of juvenile recidivism in New York with the New York Military 
Academy; involved logistic regression and survival analysis 

• Donor solicitation with the Association of Graduates (AOG) at West Point;  
sampling theory, ANOVA and categorical data analysis 

• Football “sabermetrics” advice for a cadet project; involved ordinal logistic 
regression 

• ACL injuries in cadets studied by the orthopedic surgeon at West Point – 
primarily categorical data analysis 

 
Several projects are currently being worked and some tentative ties with organizations 
outside of West Point in place.  We have intentionally built the organization slowly in 
order to ensure quality service.  As a volunteer organization, our greatest challenge is 
encouraging participation from all members so that a few are not over-whelmed with 
work.  We are developing a web-site and data base to help control and manage requests 
for statistical support.  The administrative aspects of such an organization still require 
some work. 
 
The other obvious challenge is to ensure we have the appropriate expertise to provide 
sound statistical advice and support.  Most clients have brought problems somewhat 
foreign to the member providing the service.  This leads to a need to shape client 
expectations as the CDAS team needs time to research the topic.  On the other hand, 
these cases provide the very professional development opportunities we seek for our 
members.  As a group, the CDAS has a wealth of expertise in a variety of statistical areas 
providing needed support to those working a project.  Regular monthly meetings provide 
opportunities to discuss ongoing projects or have members share their own statistical 
knowledge to expand that of each individual member.  These meetings have probably 
been the greatest benefit of the CDAS to date. 
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5 The CDAS and Other Agencies   
 
Over time, we hope to become a ready source of statistical support throughout the DoD.  
In this vein, we offer several important benefits to agencies that might need statistical 
work done.  One advantage of using the CDAS is that we can offer an “honest broker” 
and a “second set of eyes” on data analysis projects.  In most cases, the CDAS is 
unaffected by the results of a statistical analysis done by agencies we might support.  As 
a result, our confirmation of results of such analysis can provide strong support since we 
have no vested interest in the outcome. 
 
A second role we might provide in time is something of a repository for statistical 
analysis throughout the Army.  If West Point has ties to various agencies performing data 
analysis we might be able to help connect (as the ACAS does) those working on similar 
problems. 
 
Perhaps most importantly, the CDAS can help support when either expertise or time are 
lacking.  This support might be quick questions and advice or could be much larger in 
scope.  The CDAS is prepared to help perform the analysis when needed.  Even very 
large projects over longer periods of time are possible.  In particular, the organizations 
with such needs can consider several key opportunities for support.  One is the 
previously mentioned cadet availability.  This is best during the Spring semester (January 
through April) with senior projects or during the summer in dedicated AIADs. 
 
Our faculty members are also available for larger project work.  This is particularly the 
case during the summer months when many instructors work on research projects. 
 
Finally, membership in the CDAS is not limited to either the Department of 
Mathematical Sciences or United States Military Academy.  We can envision a CDAS 
which includes statisticians from a number of organizations ready to provide support to 
the DoD on statistical projects.  We should note here that we are actively pursuing hiring 
new civilian Ph.D. in statistics or related fields to infuse more expertise into the CDAS.  
These positions are part of an established post-doctoral fellowship (Davies Fellowship) 
which has been very successful for all participants over a number of years. 
 
6 Contact Information 
 
Information on the CDAS may be found at the web site: 
   http://www.dean.usma.edu/departments/math/CDAS/ 
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Part I.  Stopping Rule 
 
1.  Introduction 
 
     Historically, TRAC analysts have relied on a fixed-sample-size1 procedure (the "n = 21 rule-
of-thumb") to estimate the mean value µ of an output measure of battle effectiveness.  For 
example, µ may represent the mean number of friendly losses.2  The "n = 21 rule-of-thumb" is 
based on the assumptions that the replications are independent and produce a sequence of 
independent, identically distributed random variables X1, X2, X3, ..., Xn .  Confidence intervals and 
tests of hypothesis can then be obtained based on an application of the Central Limit Theorem, 
namely that for n sufficiently large, the distribution of the random variable 

/n

X
s n

                                                              (1.1) 

is approximately normally distributed, where  and 

2

1 1
( )

1

n n

i i
i i

n

X X X
X s

n n
= =

−
= =

−

∑ ∑
.  It follows 

that for sufficiently large n, an approximate 100 × (1 − α)% confidence interval for µ is given by 
 

α

2

1,1 / 2
n

n
sX t
n− −± ,     (1.2) 

where 0 < α < 1 and  is the upper 1 − α /2 critical point for the t distribution on n − 1 
degrees of freedom.  A value typically chosen for α is .05 yielding a confidence level of (1 − α) 
or 95%.    If it is further assumed that X

1,1 / 2nt α− −

1, X2, X3, ..., Xn are normally distributed, it follows that the 
confidence interval (1.2) is exact for any sample size n  > 1.  One drawback of the  
fixed-sample-size approach is that the analyst has no control on the precision of the estimate X . 
 
 
2.  Notions of precision 
 
Law and Kelton [2000], hereafter referred to as LK [2000], define a number of ways of 
measuring the error in X .  Suppose that n replications resulted in a mean X  = 99.7 when the 
(unknown) true value of µ = 100.  The absolute error of estimation β would be  

Xβ µ= −  

or 0.3.  The relative error of estimation γ would be  
X µ

γ
µ

−
=  

or 0.003 which can be thought of as a percentage error of 0.3% in X .   
     The sample mean X  of a random sample of size n from a population with mean µ and 
standard deviation σ  has a standard deviation which can be estimated by /ns n

                                                     

, where sn is 
defined as above.  Because sn is a consistent estimator of the population variance, the sample 
mean becomes "stable" for large n.  By specifying a degree of accuracy, say relative error, the 

 
1 That is, a fixed number n of replications 
2 Generally, analysts are not in the business of obtaining precise estimates of battle parameters for the sake 
of estimation alone, but rather to be able to compare these estimates across study alternatives. 
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analyst is able to formulate a stopping rule for a sequence of replications and be assured that with 
high probability (specifically, 1 − α), the sample mean has been estimated within the specified 
degree of accuracy. 
 
3.  The work of Cherolis 
 
Cherolis [1992] suggested a sequential procedure based on (1.2) to determine the number of 
replications necessary to estimate µ with a specified degree of accuracy.  The procedure is in the 
form of a stopping rule which can determine, after a small number of replications have been 
performed, how many subsequent replications are necessary to be able to estimate µ with a 
specified accuracy.  One drawback of Cherolis' result is that it applies to a single measure of 
effectiveness.  Because of recent simulation work involving the Army's Future Combat System 
(FCS), it is of interest to determine a stopping rule that can determine how many replications are 
necessary to be able to estimate a number of output parameters simultaneously. 
 
4.   The case for a single measure of effectiveness   
 
LK [2000] suggest the following sequential procedure for obtaining an estimate of µ with a 
specified relative error of γ,  0 < γ < 1, that takes only as many replications as are actually needed: 
 
Suppose X1, X2, X3, ... is a sequence of independent, identically distributed random variables.  It is 
important to note that the random variables need not be normally distributed.  These may 
represent, for example, the numbers of friendly losses in replications 1, 2, 3, etc..  Choose an 
initial number of replications n0 ≥ 2.  The actual number chosen should depend on the amount of 
replication-to-replication variability.  If the variability is not large, then n0 = 5 replications may be 
sufficient.  If the variability is large, then at least n0  = 10 replications should be made.  The 
choice of relative precision γ may have to be adjusted when there are not sufficient resources to 
perform the required number of replications.3
 
Step 1.  Make n0 replications of the simulation and set n = n0. 
 

Step 2.  Compute X  and the quantity 
2

1,1 / 2( , ) n
sn t
nαδ α − −= , where s is defined in (1.1) and the 

level of confidence is 100×(1−α) %, 0 < α < 1. 
 
Step 3.  If ( , ) /n Xδ α ′≤ γ , where /(1 )γ γ γ′ = + , use  X as the point estimate for µ and stop.  If 

α = .05, for example, then the interval 
(.05, ) [ ( , .05), ( , .05)]I X n X nγ δ δ= − +  

is an approximate 95% confidence interval for µ with the desired precision.  If the inequality 
fails, replace n by n + 1, make one additional replication of the simulation, go to step 2 and repeat 
the process. 
 
 
 

                                                      
3 LK[2000] show that it is possible to obtain rough estimates (a table of values) of the number of 
replications required to estimate µ with desired levels γ of relative precision. 
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5.  The case of multiple measures of effectiveness 
 
Let µ1, ..., µk represent the means of k measures of effectiveness.  For each mean µs, a 

(1 − αs) × 100% confidence interval is determined, s = 1, ..., k.  Suppose that α α
=

=∑

1
1

k

s
s

.  Then 

the joint probability that all k confidence intervals simultaneously contain their respective true 
means is at least  

α
=

−∑ .                                                (5.1) 

 
This result is known as the Bonferroni inequality and (5.1) is called the Bonferroni bound.   It 
should be noted that the αs need not be equal.  For example, given four measures of effectiveness, 
suppose that a 99% confidence interval were computed for µ1, a 98% confidence interval were 
computed for µ2, a 97% confidence interval were computed for µ3 and a 96% confidence interval 
were computed for µ4.  In this case, it may be that the first measure (s = 1) is most important and 
so the highest level of confidence (99%) is chosen for that measure.  If the confidence level is 
99%, then α1 = 1 − .99 = .01.  For confidence level 98%, α2 = 1 − .98 = .02, and so on.  Using the 
Bonferroni bound (5.1), the joint probability that all 4 confidence intervals simultaneously 
contain their respective means would be at least [1 − (.01 + .02 + .03 + .04)] or 0.90.  In order to 
extend the above stopping rule to include multiple measures of effectiveness, it is necessary to 
specify a relative precision for each measure.  The 3-step procedure outlined above would have to 
be performed for each measure.  At any stage of the process, it may occur that some measures 
require an additional replication and some not.  The procedure will stop when every inequality in 
Step 3 of the above procedure holds.  Because the procedure requires more data than in the case 
of a single measure of effectiveness, LK[2000] recommend that the number k of measures be no 
greater than 10. 
 
Part II.  Measures of Effectiveness 
 
The following four measures of performance were of interest:  friendly (BLUE) system (vehicle) 
losses, friendly individual soldier (dismounted) losses, threat (RED) system (vehicle) losses, and 
threat individual soldier (dismounted) losses.  It was desired to apply the stopping rule to all four 
measures simultaneously.   
 
Part III.  Application 
 
Because one replication of the full Caspian scenario takes approximately 60 hours of computer run 
time, it was recommended that the sequential procedure suggested in Part I be tested in scaled down 
version of the same scenario whose run time is considerably less, about 6 hours.  The sequential 
procedure was tabulated in an Excel spreadsheet.  A portion of the spreadsheet is reproduced here.
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Extrapolating Testing for Biological Warfare Agents from the  
Laboratory to a Field Environment 

Charlie E. Holman, Army Evaluation Center 
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Field testing using live Biological Warfare Agents (BWA) has long been forbidden in the 
U.S. However, increasing BWA threats to both troops in the field and to the Homeland 
has made it imperative for the U.S. to develop systems that can detect and reliably 
identify BWA threats. Among the systems that the U.S. is developing is a “point” 
detection system that would be positioned in an area of potential BWA contamination to 
verify whether or not a BWA is present and to identify it if present. Testing of this system 
in a laboratory environment with live BWA is possible, but testing with live BWA cannot 
be done in the field. This paper describes a methodology to extrapolate results from 
laboratory testing through controlled open-air testing to a field environment. Both the 
overall methodology and the statistical methodology are discussed. Carefully 
parameterized logistic regression is the proposed statistical approach, and feasibility 
results based on previous field testing will be presented. Success of this methodology (if 
the proposed testing is executed) may be presented at a subsequent ACAS. 

 

Introduction. 
The four-service Joint Biological Point Detection System (JBPDS) is among the systems 

that the United States is developing to deal with the threat posed by Biological Warfare Agents 
(BWA). The JBPDS is an integrated system designed to automatically detect and identify the 
presence of BWA aerosols through direct contact with “clouds” potentially containing BWAs. 
Several versions of the JBPDS are available, including a relatively compact man-portable 
version that can be pre-positioned in an area potentially subject to BWA attack and a ground-
mobile version that can rapidly be deployed to investigate suspicious clouds. The JBPDS 
provides an audible Alarm together with visual indication of the presence of BWAs displays 
their identification if any. It can also produce samples for transport to designated laboratories for 
confirmatory analysis. 

As shown in Figure 1, the JBPDS is composed of four main line-replaceable units 
(LRUs): the Bio Agent Warning Sensor (BAWS), a wetted-wall cyclone collector/concentrator, 
the Fluidic Transfer System (FTS), and the identifier (Automated Hand-Held Assay, AHHA). An 
inlet duct on the BAWS LRU provides a pathway for sampling ambient air in close proximity to 
the instrument. The BAWS particle sensor constantly compares instantaneous measurements to 
an established background. A fluorescence detector, internal to the BAWS, determines if the 
sampled air contains aerosolized BWAs. If the BAWS alarms, the collector/concentrator collects 
and concentrates a sample that is passed by the FTS to the AHHA for identification of the BWA. 
When the AHHA receives the appropriate signal, a liquid sample from the FTS is automatically 
injected onto the assay strips. The strips, housed in a carrier, have identification markers that 
appear when a liquid sample of the BWA is inoculated onto the matching antibody strip. An 
optical reader of the carrier strips provides a means for identification.  

 



 

 The JBPDS has been tested in an enclosed containment chamber, in a controlled outdoor 
“Ambient Breeze Tunnel” (ABT), and in open field environments. Actual BWAs have only been 
used in the chamber, however, since outdoor testing with live/active BWAs (or even 
killed/inactivated BWAs) has long been forbidden in the U.S. In an open field environment 
(including the ABT), testing is only possible with killed/inactivated agent-like organisms (ALO). 
and/or live/active (or killed/inactive) biological simulants. However, no systematic study has yet 
been done to link performance of the JBPDS in the chamber with actual BWAs to performance 
of the JBPDS in outdoor environments with simulants and killed ALOs. In addition, it has not 
been possible to test the JBPDS as an integrated system in current containment chambers. There 
is also an issue concerning how the important cloud concentration factor is measured in the 
various test environments. Concentration is typically measured in terms of Agent Containing 
Particles per Liter of Air (ACPLA) for which there are several measurement methods, but the 
relationships between results for the various methods have not been thoroughly studied. 

The Whole System Live Agent Test (WSLAT) is being proposed to address the issues 
outlined in the previous paragraph. First, WSLAT proposes constructing a containment chamber 
suitable for testing the smallest man-portable JBPDS configuration as an integrated system. 
Alternatively, disassembled JBPDS components would be tested simultaneously in existing 
chambers. For each of the four BWA agent classifications (spore bacteria, vegetative bacteria, 

Figure 1. JBPDS Bio-Suite Overview.



 

viruses, and toxins), WSLAT proposes to test both live/active and killed/inactive BWAs in the 
chamber along with both live/active and killed/inactive ALOs and live/active and killed/inactive 
simulants. Then killed/inactive ALOs and both live/active and killed/inactive simulants will be 
tested outdoors in the ABT and in open field environments. ACPLA measurement will be 
systematically addressed, but this paper will not cover the ACPLA issue in detail. In addition, the 
effects of particle size and cloud duration may be investigated. 

Analysis Construct and Proof of Principle. 
Although no systematic study has yet been done to link performance of the JBPDS in the 

chamber with actual BWAs to performance of the JBPDS in outdoor environments with 
live/active simulants and killed ALOs, limited test data are available to investigate whether such 
linkages are feasible. In particular, the JBPDS has undergone integrated system testing in the 
ABT and field with simulants, and the BAWS and the assay strips have been tested separately in 
a containment chamber with both live/active BWAs and live/active simulants. The following 
analysis construct and proof of principle exploits existing data to show that WSLAT is feasible 
from an analytic standpoint. 

The existing test data for one agent classification were used to develop a logistic 
regression model for estimating JBPDS Prob[Alarm] and Prob[ID|Alarm] based on “Test” 
(“Chamber,” “ABT,” or “Field”), “Agent” (“BWA” or “Sim”), “Particle Size” (“Larger” or 
“Smaller”), and concentration (actually LogACPLA = Log10 ACPLA). The parameters obtained 
from that model were used to extrapolate chamber results for BWA to ABT and Field in a 
reasonable manner. Duration of exposure was not considered at this time due to insufficient data 
across tests. Particle size data was not available for ID data in the chamber, so particle size was 
not used as a fitting factor for Prob[ID|Alarm]. Examination of results by particle size for 
ID|Alarm data from ABT and field tests suggest that particle size has little if any influence on 
ID. Available particle size data relevant to Alarm were not very good, and they also had minimal 
effect; particle size was used in the model primarily to illustrate how such a factor might be 
incorporated. 

Logistic regression is the standard statistical technique for modeling a discrete response 
variable as a function of continuous variables or a combination of continuous variables and 
discrete predictive factors. In the simplest case where there are only two values of the response 
variable (e.g., “Alarm” and “No Alarm” or “ID” and “No ID”) logistic regression fits 
Prob[Alarm]=eXb/(1+eXb) (or Prob[ID|Alarm]=eXb/(1+eXb)) where X is a matrix of coefficients 
and b is a vector of parameters. This is equivalent to fitting the log-odds ratio 
(ln{Prob[Alarm]/Prob[No Alarm]} or ln{Prob[ID|Alarm]/Prob[No ID|Alarm]}) as a linear model 
Xb. 

After much experimentation with available data, the following linear model was fitted 
using logistic regression to available JBPDS Alarm data for field trials and ABT trials and the 
chamber testing 

 ln(Prob[Alarm]/Prob[No Alarm]) = intercept + t(test) + a(test,agent) + p(particle size) 
  + c(test,agent)*(LogACPLA-m) (1) 

where the shift parameter m is actually the overall mean of logACPLA. For simplicity, the 
intercept, test, and agent parameters for each model were grouped together to give an overall 
“group” parameter g(test,agent) given by 



 

 g(test,agent) = intercept + t(test) + a(test,agent) - c(test,agent)*m. (2) 

Then the reparameterized model was: 

 ln(Prob[Alarm]/Prob[No Alarm]) = g(test,agent) + p(particle size) 
  + c(test,agent)*LogACPLA. (3) 

Entertaining the notion that the ratio of the BWA slope for the ABT to the BWA slope for the 
Chamber should be the same as the ratio of the simulant slope for the ABT to the simulant slope 
for the Chamber  (and similarily for the field) gives the constraints: 

 c(ABT,BWA)/c(Chamber,BWA) = c(ABT,Sim)/c(Chamber,Sim) (4a) 

and 

 c(Field,BWA)/c(Chamber,BWA) = c(Field,Sim)/c(Chamber,Sim) (4b) 

Extrapolating group parameters for ABT and field tests was not so straightforward, but a simple 
rationale enabled the desired extrapolation. Let c50(Test,Agent) be the concentration at which 
Prob[Alarm]=0.5 (estimated from the logistic regression). A reasonable constraint for 
extrapolation of BWA chamber performance to the ABT is that 

 c50(ABT,BWA) - c50(Chamber,BWA) = c50(ABT,Sim) - c50(Chamber,Sim). (5a) 

Likewise, a reasonable constraint for extrapolation of BWA chamber performance to the field is 
that 

 c50(Field,BWA) - c50(Chamber,BWA) = c50(Field,Sim) - c50(Chamber,Sim). (5b) 

Since c50(Test,Agent) occurs when Prob[Alarm]=Prob[No Alarm] (i.e., ln(Prob[Alarm]/Prob[No 
Alarm]) = 0), it follows from formula (3) that (ignoring the effect of particle size since it does 
not presently depend on test or agent) 

 c50(Test,Agent) = -g(test,agent)/c(test,agent). (6) 

Applying constraints (5a) and (5b) together with formulas (4a), (4b), and (6) gives 

 g(ABT,BWA) = g(Chamber,BWA)*c(ABT,Sim)/c(Chamber,Sim) 
     + g(ABT,Sim)*c(Chamber,BWA)/c(Chamber,Sim) (7a) 
     - g(Chamber,Sim)*c(Chamber,BWA)*c(ABT,Sim)/{c(Chamber,Sim)}2 

and 

 g(Field,BWA) = g(Chamber,BWA)*c(Field,Sim)/c(Chamber,Sim) 
     + g(Field,Sim)*c(Chamber,BWA)/c(Chamber,Sim) (7b) 
     - g(Chamber,Sim)*c(Chamber,BWA)*c(Field,Sim)/{c(Chamber,Sim)}2. 

The notion that slopes and relative positions of c50 for BWA potentially vary in 
accordance with equations (4a), (4b), (5a), and (5b) is speculative at this point. However, the 
charts in Figure 2 (derived by pasting logistic regression output from the SAS JMP statistical 
package into a Microsoft Excel workbook and performing the calculations described above) 
indicate reasonable-looking extrapolations from the available test data. For analysis, ACPLA 
measurements for Chamber testing were scaled similarily to ACPLA from ABT and Field 
testing. The extrapolations reflect not only the facts that c50(Chamber,BWA) was about half of 
c50(Chamber,Sim) and that the simulant curves for ABT and field tests were shifted to the right 
from the chamber test but also the flattening of curves for ABT and Field tests. 



 

Treatment of ID|Alarm data was very similar to that for the Alarm data. The following 
linear model (identical to formula (1) for Alarm except that no attempt was made to fit particle 
size since no particle size data were available for the chamber) 

 ln(Prob[ID|Alarm]/Prob[No ID|Alarm]) = intercept + t(test) + a(test,agent) 
  + c(test,agent)*(LogACPLA-m) (8) 

where as before, the shift parameter m is actually the overall mean of LogACPLA. As with 
Alarm data, the intercept, test, and agent parameters for each model were grouped together to 
give an overall “group” parameter g(test,agent) given by 

 g(test,agent)=intercept + t(test) + a(test,agent) - c(test,agent)*m. (9) 

Then the reparameterized model was: 

 ln(Prob[ID|Alarm]/Prob[No ID|Alarm]) = g(test,agent) 
  + c(test,agent)*LogACPLA. (10) 

Logistic regression output was again pasted into a Microsoft Excel workbook and 
equations (4a), (4b), (7a), and (7b) were used to calculate revised and extrapolated parameters. 
As with Alarm data, the charts from Excel displayed in Figure 3 show that the extrapolations 
give reasonable results. In chamber ID|Alarm testing, solutions of known concentration were 
inoculated directly onto the identification media, so that ACPLA was known very precisely and 
the curve inflections are very sharp. If there had been more uncertainty in chamber ACPLA 
determination, curves for chamber ID|Alarm data would have been much flatter (as they were in 
ABT and field tests where ACPLA was determined with more uncertainty). The extrapolations 

Figure 2. P[Alarm] Dependence on ACPLA by Test Environment and Particle Size
(Grey Background Indicates Simulant, Pink Background Indicates BWA, Orange Background Indicates Extrapolated BWA)
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used reasonably reflect flattening in ABT and field tests by shrinking the c(Chamber, agent) 
parameters. As expected, they also capture the slight shift to the left suggested by simulant data 
for the ABT and field tests. 

 Extension to Full WSLAT. 
If WSLAT is conducted, it is anticipated that the analysis construct used above will be 

the starting point for analysis. In addition to possibly having more than one particle size for each 
Agent, “Shorter” and “Longer” durations are possible for cloud releases, and there will be a 
“Live/Killed” status factor. In particular, it is anticipated that both live/active and killed/inactive 
BWAs as well as both live/active and killed/inactive ALOs and simulants will be used in each 
agent classification (spore bacteria, vegetative bacteria, virus, and toxins). The live/active and 
killed/inactive BWAs will be released only in WSLAT chambers, but it is anticipated that both 
live/active and killed/inactive ALOs and simulants will be released in the ABT and the field. 
This will provide the ability to crosswalk the transformations used to extrapolate current BWA 
chamber data to ABT and field environments between live/active and killed/inactive simulants, 
between live/active simulants and killed/inactive ALOs, etc. Examination of these relationships 
in WSLAT test data may build confidence in the ratio approach or suggest a better approach. It is 
anticipated that separate fits would be done for each agent classification. Tentative factors and 
levels for WSLAT are listed in the following table. 

Figure 3. P[ID|Alarm] Dependence on ACPLA by Test Environment
(Grey Background Indicates Simulant, Pink Background Indicates BWA, Orange Background Indicates Extrapolated BWA)
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Factor Parameter Nesting Levels Level Labels
Test t None Chamber, ABT, Field C,A,F 
Particle Size p None Larger, Smaller LP,SP 
Duration d None Larger, Smaller LD,SD 
Agent a Test BWA, Sim B,S 
Status s Test, Agent Live/Active, Killed/Inactive L,K 
Concentration c Test, Agent NA (coefficient)  

The initial log-linear model to be entertained for Alarm is: 

 ln(Prob[Alarm]/Prob[No Alarm]) = intercept + t(test) + p(particle size) +d(duration) 
  + a(test,agent) + s(test,agent) 
  +  c(test,agent)*(LogACPLA-m) (11) 

and a similar model will be entertained for ID|Alarm. Reparameterization and extrapolation is 
expected to proceed as it did for currently available data in this analysis construct. 
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1 Executive Summary 
 
We extend goodness-of-fit measures used in the standard logistic setting to the 
hierarchical case.  We develop theoretical asymptotic distributions for a number of 
statistics using residuals at the lowest level.  Using simulation studies we examine the 
performance of statistics extended from the standard logistic regression setting: the 
Unweighted Sums of Squares (USS), Pearson residual and Hosmer-Lemeshow statistics.  
Our results suggest such statistics do not offer reasonable performance in the hierarchical 
logistic model in terms of Type I error rates.  We also develop Kernel smoothed versions 
of the statistics and apply a bias correction method to the USS and Pearson statistics.  
Our simulations demonstrate satisfactory performance of the Kernel smoothed USS 
statistic, using Type I error rates, in small sample settings.  Finally, we discuss issues of 
bandwidth selection for using our proposed statistic in practice.    
 
2 Introduction 
 
The logistic regression model is a widely used and accepted method of analyzing data 
with binary outcome variables.  The standard logistic model does not easily address the 
situation, common in practice, in which the data is clustered or has a natural hierarchy.  .  
For example, in education students are grouped by teachers, schools and districts.  In 
medicine, patients may have the same doctor or use the same clinic or hospital.  In recent 
years, statistical research has led to development of models that explicitly account for the 
hierarchical nature of the data.  Many of these models are now available in commonly 
used software packages.  While use of the models has increased, the development of 
methods to assess model adequacy and fit has not been commensurate with their 
popularity. 
 
3 The Hierarchical Logistic Regression Model 
 
The standard logistic approach models the probability that Y  takes on the value one, 
denoted Pr( 1)Yπ = = .  For simplicity, first consider the case where there are two 
levels in the hierarchy.  Further, suppose in this situation there is a single predictor 
variable.  Ignoring the second level, the standard logistic regression model is: 
 
 ij ij ijY π ε= + , 

 0 1logit( ) log
1

ij
ij ij

ij

x
π

π β β
π

⎞⎛
= = +⎟⎜⎜ ⎟−⎝ ⎠

, (1)               



 
where  is the subject or level one indicator and 1,..., ji = n 1,...,j J=  is the group or 

level two indicator.  The model assumes the distribution of the outcome variable is 
binomial: ~ B(1, )ij ijY π .  The standard assumptions about the error structure are then 

that the errors are independent with moments: 
 
 put in text line 2E( ) 0 and Var( ) (1 )ij ij ij ijεε ε σ π π= = = − . 

 
.   
 
The hierarchical logistic regression model accounts for the structure of the data by 
introducing random effects to model (1).  In this case, with two levels, we might suppose 
that either or both coefficients (intercept and slope of the linear logit expression) vary 
randomly across level two groups.  Assuming both are random the hierarchical logistic 
model is written: 
 

 0 1logit( ) log
1

ij
ij j j ij

ij

x
π

π β
π

⎞⎛
= = +⎟⎜⎜ ⎟−⎝ ⎠

β

0

, (2) 

 
with 0 0j jβ β µ= + , and 1 1j 1 jβ β µ= + .  The random effects are typically assumed 

to have a normal distribution so that 2
0 0N(0, )jµ σ�  and 2

1 N(0, )j 1µ σ� .  Further, 

the random effects need not be uncorrelated so we have 0 1 0Cov( , )j j 1µ µ σ= .  

Assumptions about ijε  (the level one errors) remain the same as in the standard logistic 

model.   
 
Substituting the random effects into expression (2) and rearranging terms, the model is: 
 

 0 1 0 1logit( ) log ( ) ( )
1

ij
ij ij j j ij

ij

x x
π

π β β µ
π

⎞⎛
= = + + +⎟⎜⎜ ⎟−⎝ ⎠

µ . (3) 

 
In this version of the model, we see a separation of fixed and random components which 
suggests a general matrix expression for the hierarchical logistic regression model given 
by: 
 

 logit( )  , 
= +

= +
y π ε

π Xβ Zµ  (4) 
 
where  is an  vector of the binary outcomes; π  the vector of probabilities;  
is a design matrix for the fixed effects; and  a 

y 1N × X
β 1p×  vector a parameters for the fixed 

portion of the model.  The level one errors have mean zero and variance given by the 
diagonal matrix of binomial variances: 
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 Var( ) diag[ (1 )]ij ijπ π= = −ε W . 

 
Choppy These quantities, then, are the same as in standard logistic models.  The 
quantities added to the model to introduce the random effects are the design matrix for 
the random effects, , and the vector of random parameters, µ .  This latter vector has 
assumed distribution  with a block diagonal covariance matrix. 

Z
(Nµ 0,Ω� )

Section on estimation 
Several methods are available for estimating the parameters of this model.  By 
conditioning on the random effects and then integrating them out, an expression for the 
maximum likelihood estimates is available.  This integral is difficult to evaluate, but 
recently estimation techniques using numerical integration, such as adaptive Gaussian 
quadrature, have been implemented in software packages.  This method is computational 
intensive and suffers from instability.  In some packages, the ability to handle larger 
models is lacking. 
Don’t expand on EM 
A second closely related method uses the E-M algorithm to maximize the conditional 
likelihood function [1].  In this case, the random effects are treated as “missing data” and 
the algorithm, in  the “E” (Expectation) step estimates these parameters by obtaining their 
conditional (on the data and current estimates of the fixed parameters) expected values.  
Then, with random parameter estimates in place, the “M” or Maximization step is 
invoked in which standard generalized least squares (GLS) estimates of the fixed 
parameters are calculated.  The algorithm alternates between E and M steps until some 
convergence criteria is met.  The E-M algorithm also involves heavy computation and is 
not available in most commercial software packages. 
 
Bayesian methods of estimation have increased in popularity although they have not been 
implemented in the more popular software packages.  Gibbs Sampling [3] and 
Metropolis-Hastings (M-H) are Markov Chain Monte Carlo simulation techniques [4] 
typically used to produce parameter estimates under this approach.  Again, the techniques 
involve heavy computation.   
     
The most readily available methods in software packages involve quasi-likelihood 
estimation [5].  For the logistic hierarchical model the idea is generally to use a Taylor 
approximation to “linearize” the model.  The estimation is then iterative between fixed 
and random parameters.  These procedures suffer from known bias in parameter 
estimates [6].  However, there are methods to reduce this bias available [7].  Further, the 
methods are easily implemented and generally converge with less computational effort 
than other methods.  Throughout this study we use the SAS GLMMIX macro which 
implements a version of quasilikelihood estimation SAS refers to as PL or “pseudo-
likelihood” [8]. 
 
4 Theoretical Asymptotic Distribution Development of ? 
 
better start of section 
Copas [9] proposed the unweighted sum of squares (USS) statistic as a goodness-of-fit 
measure for the standard logistic model.  If  consistent number of subscripts  is the 
observed response for the i

iy
th subject (here we are only concerned with indexing at level 
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one) and ˆiπ  the model predicted value based on the estimated parameters, the USS 

statistic is the sum of the squared residuals, ˆî ie y iπ= − , or: 
 
 2ˆ ˆ ˆ ˆ(t

i iS y )π= = −∑e e   

 
Hosmer et. al.  give the asymptotic moments of  for the standard logistic case as: Ŝ
 

   ˆE( ) trace( )S ≅ W
and ,    1

ˆVar[ trace( )]S ′− ≅W d (I - M )Wd
 
where  is the vector with general element d 1 2i id π= − W,  is the covariance matrix in 
standard logistic regression given by diag[ (1 )]i i iw π π= = −W , and 

1
1

−′ ′=M WX(X WX) X  is the logistic regression version of the “hat” matrix. 
 
Model fit is then assessed forming a standardized version of the statistic for comparison 
to the standard normal distribution:   
 

 
ˆ ˆtrace( )

ˆ ˆVar[ trace( )]ˆ
S

S

−

−

W

W
.  

 
Evans follows a similar procedure to produce a standardized statistic for a logistic 2-level 
mixed model with random intercept only.   Our simulation studies of a version of this 
statistic in models with random slopes suggest that the theoretical normal distribution 
under the null hypothesis of a correctly specified model does not hold in smaller samples 
typically encountered in practice.  The statistic itself is inflated due to either large or 
small observations in the covariance matrix.   
 
le Cessie and van Houwelingen [12] note similar problems with goodness-of-fit measures 
in certain standard logistic regression settings.  They observe a shrinkage effect when 
considering the approximation for the test statistic.  The estimated test statistic may be 
written as the statistic with true values minus a quantity that is always positive.  In order 
to control the problem in the standard logistic case they use kernel smoothing of Pearson 
residuals.  We similarly develop a USS statistic in the hierarchical logistic model using 
kernel smoothed residuals. 
 
The smoothed residuals are weighted average of the residuals which controls for issues 
with extremely large or small values.  One can perform kernel smoothing of the residuals 
in either the “y-space” or “x-space” [10].  In the “x-space” all covariates are used in 
developing the weights.  In the “y-space”, the weights are produced using relative 
distances of the model predicted probabilities of the outcome given by: 
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1ˆ

ˆ
ˆn

π

π

⎞⎛
⎟⎜= ⎟⎜

⎜ ⎟
⎝ ⎠

π M .  

 
We use Kernel smoothing of the residuals in the “y-space” in this research.  In the 
standard logistic setting the difference between the two approaches was negligible [10].  
The “y-space” smoothing is somewhat simpler and, as demonstrated in the next section, 
produces reasonable results. 
 
The vector of smoothed residuals is given by: 
 
 ˆ ˆ=se Λe , 
 
where  is the matrix of smoothing weights: Λ
 

 
11 1 1

1

n

n nn

λ λ

λ λ n

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

λ
Λ

λ
O . 

 
The weights, ijλ , are produced using the kernel density by:  

  

 
( )
( )
ˆ ˆ

ˆ ˆ

K

K

i j

i j

h

ij

h
j

π π

π π
λ

−

−
=
∑

. (5) 

 
where K( )ξ  is the Kernel density function and h is the bandwidth. 
 
We explore three choices used in other studies for the Kernel density function.  The first 
was the uniform density used in a study of a goodness-of-fit measure in standard logistic 
regression [12]  defined as: 
 

 
1 if 0.5

K( )
0 otherwise 

ξ
ξ

<⎧
= ⎨
⎩

. 

 
A second choice used in standard logistic studies involving smoothing in the “y-space” 
([10] and [13]) was the cubic kernel given by: 
 

 
31  if ( )

0 otherwise      
K ξ ξξ

⎧ 1− <⎪= ⎨
⎪⎩

. 

 
Finally, we tested the Gaussian Kernel density [14] defined: 
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21 1

22
( ) exp( )K

π
ξ ξ= −

. 
 
The bandwidth, h, controls the number of observations weighted in the case of the 
uniform and cubic densities.  For the Gaussian Kernel, all observations are weighted.  
However, observations outside of two or three standard deviations of the mean 
effectively receive zero weight.  The bandwidth then determines how many residuals are 
effectively given zero weight in the Gaussian case. 
 
The choice of Kernel function is considered less critical than that of the bandwidth [15].  
There are several methods available (plug-in, cross-validation etc.) for selecting the 
“optimal” bandwidth.  Here we are more concerned with the efficacy of smoothing as an 
approach.  Thus, we examine several bandwidth choices.   
 
Simulations suggest that, using the uniform Kernel in the Pearson statistic for standard 
logistic models, a bandwidth in which approximately n  of the observations have non-
zero weights is best and the weighting too many observations is too conservative [12].  
The same criteria worked well with the cubic Kernel in the standard logistic case [10]. 
  
Some preliminary work suggested that the use of fewer observations is preferred in the 
hierarchical setting.  Sentence makes no sense ->This is not surprising as the shrinkage 
effect in the statistic appears even more pronounced.  We thus test the bandwidth 
weighting n  of the residuals for the uniform and cubic kernel for each ˆiπ , as well as 
smaller bandwidths so that 0  or .5 n  0.25 f the kernel values were not zero.  For the 
Gaussian kernel, the chosen bandwidth places the selected number of observations within 
two standard deviations of the mean of the (0,1)N  de sed in the kernel estimation 
(somewhat analogous to the other kernels as outside of 2 standard deviations the weights 
are extremely small in the normal density).   

n  o

nsity u

 
Regardless of the bandwidth criteria, we choose a different bandwidth hi for each ˆiπ  (in 
the fashion of Fowlkes, [13]).  The weights are then standardized so that they sum to one 
for each ˆiπ  by dividing by the total weights for the observation as shown in expression 
(5). 
 
The USS statistic based upon these smoothed residuals is then given by: 
 

 2

1

ˆ ˆ ˆˆ
n

s si
i

S e
=

′= =∑ s se e  

 
The distribution (moments?) of this statistic under the null hypothesis that the model is 
correctly specified is extremely complicated.  However, we can produce expressions to 
approximate the moments of the statistic.  We make first approximate the residuals in 
terms of the level one errors [16]:    
 
 ˆ ( )  ,≈ − +e I M e g  (6) 
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where take out of in line equations [ ] 1−′ ′= +M WQ Q WQ R Q  and 

.  In these expressions, [ ] 1−′= +g WQ Q WQ R Rδ [ ]=Q X Z is the design 

matrix for both fixed and random effects, and 
ˆˆ
ˆ
⎞⎛

= ⎟⎜
⎝ ⎠

βδ
µ

 the vector of estimated fixed and 

random effects.  The other matrix in the expression involves the estimated random 

parameter covariances and is defined:  
1

0 0
ˆ0 −

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

R
Ω

. 

 
Under the null hypothesis of correct model specification, the errors have known moments 
allowing us to produce the approximate mean and variance for the statistic.  We first 
write the statistic using the approximation of (6):   
 

 

ˆ ˆ ˆ
ˆ ˆ

ˆ ˆˆ ˆ[( ) ] [( ) ]
ˆ ˆ ˆˆ ˆ( ) ( ) 2 ( )

sS ′=
′ ′=

′ ′≈ − + − +

′ ′ ′ ′ ′ ′ ′= − − + − +

s se e
e ΛΛe

I M e g Λ Λ I M e g

e I M Λ Λ I M e ˆ. g Λ Λ I M e g Λ Λg  
 
Standard methods to calculate the expected value of a quadratic form (for example, [17]) 
allow us to express the first moment as: 
 

 

ˆ ˆ ˆ ˆˆ ˆE( ) E[ ( ) ( ) 2 ( ) ]
ˆ ˆ ˆ ˆtrace[( ) ( ) ]  .

sS ′ ′ ′ ′ ′ ′ ′= − − + − +

′ ′ ′ ′= − − +

e I M ΛΛ I M e ˆg ΛΛ I M e gΛΛg

I M ΛΛ I M W gΛΛg  (7) 
 
The variance is expressed as: 
 

 
4 4 4 4

ˆ ˆ ˆ ˆˆ ˆVar( ) Var[ ( ) ( ) 2 ( ) ]

Var( ) Var( ) 2Cov( , )
sS ′ ′ ′ ′ ′ ′ ′= − − + − +

′ ′′ ′= + +

e I M ΛΛ I M e ˆg ΛΛ I M e g ΛΛg

e A e b e e A e b e
 

 

where no 4:  and .  To evaluate 
this expression we use a lesser known result [18] so that the final expression becomes: 

4
ˆ ˆ( ) ( )′ ′= − −A I M Λ Λ I M 4

ˆˆ2 (′ ′ ′= −b gΛΛ I M)

4 4

 

  (8) 

4 4 4 4 4

2
4 4 4

1

4 4

ˆ ˆVar( ) Var( ) 2Cov( , )

ˆ ˆ ˆ[ (1 6 )] 2 trace( )

2 (1 )(1 2 ) .

s
n

ii i i
i

ii i i i i
i

S

a w w

a b π π π
=

′ ′′ ′= + +

′= − + +

+ − −

∑

∑

e A e b Wb e A e b e

A WA W b Wb

 
The moment expressions are then used to create a standardized statistic: 
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ˆ ˆE( )

ˆVar( )
s s

s

S S

S

− . (9) 

 
Under the null hypothesis of correct model fit this statistic has don’t use “theory 
here…reword: theoretical asymptotic standard normal distribution.  In order to test model 
fit, the moments are evaluated using the model estimated quantities where necessary in 
expressions (7) and (8). 
 
5 Simulation Study Results   
 
The standardized statistic of expression (9) has a dittotheoretical standard normal 
distribution asymptotically.  In a large enough sample, one would expect these statistics 
to appropriately reject the null hypothesis for a given rejection rate.  In a hierarchical 
model “large enough sample” has two implications.  First, the total sample must be large.  
Further, the number of subjects in each group should also be large.  In practice, both 
conditions may not always be met.  Usually the total sample size for hierarchical data is 
reasonably large, but the cluster sizes might still cause us to question the validity of 
asymptotic results.  We used simulations to examine the performance of the statistics in 
settings with small sample and cluster sizes likely to occur in practice.   
 
The simulation study consisted of 28 different settings involving four factors: dimension, 
number of covariates, Intra-class or Intra-cluster Correlation (ICC), and random effects. 
 
The first factor, dimension, involved the number of levels in the hierarchy as well as 
cluster sizes.  Noting that hierarchical models of more than three levels are rare in 
practice, we defined four levels for this factor: 
 1A:  2-level model with 20 groups of 20 subjects (400 subjects) 
 1B:  2-level model with 50 groups of 4 subjects (200 subjects) 
 1C:  2-level model with 25 groups of 4 subjects (100 subjects) 
 1D:  3-level model with 10 groups at level three, each with 5 subgroups of 4 
subjects (200 subjects) 
 
The second factor,   , had 2 levels defined as: 
 2A:  A single continuous covariate at each of level one and level two 
 2B:  A single continuous covariate at level two and 5 covariates at level one 
(three continuous and two dichotomous) 
 
The ICC was also broken into two levels.  We used several measures to calculate the ICC 
and experimented to determine what values of each constituted high and low ICC values.  
One of these, hlρ [19], is sufficient to give an idea of the factor levels:  
  
 3A:  Moderately low ICC; this corresponds to hlρ  of roughly 0.20 to 0.24. 

 3B:  Moderately high ICC; this corresponds to hlρ  of roughly 0.50 to 0.57. 
 
The final factor involves the number of random effects in the models and was broken 
into three levels, again based on the most likely scenarios in previous studies: 
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 4A:  Random intercept (only in the three-level model). 
 4B:  Random intercept and one random slope for a level one continuous 
covariate. 
 4C:  Random intercept and two random slopes (level one continuous and 
dichotomous variables); available for factor 2 level 2B only.  
 
The resulting 28 simulations are shown in Table 1. 
 

Table 1:  Four Factor Simulation Study Design 

SIMULATION FACTOR 1 FACTOR 2 FACTOR 3 FACTOR 4 
1 1A 2A 3A 4B 
2 1A 2A 3B 4B 
3 1A 2B 3A 4B 
4 1A 2B 3B 4B 
5 1A 2B 3A 4C 
6 1A 2B 3B 4C 
7 1B 2A 3A 4B 
8 1B 2A 3B 4B 
9 1B 2B 3A 4B 

10 1B 2B 3B 4B 
11 1B 2B 3A 4C 
12 1B 2B 3B 4C 
13 1C 2A 3A 4B 
14 1C 2A 3B 4B 
15 1C 2B 3A 4B 
16 1C 2B 3B 4B 
17 1C 2B 3A 4C 
18 1C 2B 3B 4C 
19 1D 2A 3A 4A 
20 1D 2A 3A 4B 
21 1D 2A 3B 4A 
22 1D 2A 3B 4B 
23 1D 2B 3A 4A 
24 1D 2B 3A 4B 
25 1D 2B 3A 4C 
26 1D 2B 3B 4A 
27 1D 2B 3B 4B 
28 1D 2B 3B 4C 

 

We generated 1000 data sets for each of the 28 simulations outlined in the previous 
section.  We then fit the appropriate hierarchical logistic model using the SAS Glimmix 
macro (PQL estimation).  Finally, proposed kernel smoothed USS goodness-of-fit 
statistic was computed using the model output.  In this study, we were concerned with 
rejection rates for the statistic when the correct model was fit to the data. 
   
We considered, in particular, how often the null hypothesis was rejected at three 
commonly used significance levels (α̂ ): 0.01, 0.05 and 0.1.  A statistic for which the 
asymptotic distribution continues to hold in the smaller samples rejects at the same rate 
as α̂  in the 1000 simulations.  Using 1000 replications in each simulation, approximate 

 9



95% confidence intervals are within 0.6%, 1.4% and 1.9% of the respective values of α̂  
used. 
  
We simulated the statistic for three different choices of kernel density and bandwidth.  In 
most simulations, the cubic Kernel density was best.  In general, the three kernels appear 
similar, for their optimal bandwidth choice.  In our study, the cubic might appear better 
due to having an optimal bandwidth nearest one of the three bandwidths we chose.  In 
practice the density chosen appears to be much less important than the bandwidth.   
 
The three simulated bandwidths ranged from the smallest which weighted the fewest 
subjects among the three choices (roughly 1

4 n  subjects). The other two bandwidths 

weight more of the subjects:  roughly 1
2 n  subjects and n  subjects respectively.  

After reviewing the results for these three bandwidth choices, the optimal choice 
appeared to weight fewer subjects than the smallest bandwidth in five of the simulation 
settings (simulations 7, 12, 13, 20 and 28).  In those cases, we ran additional simulations 
to find the approximately optimal bandwidth choice.   
 
Results for the estimated optimal choice are shown in Table 2 for all 28 simulation 
settings using the cubic kernel density.  In each case, the simulated rejection rate based 
on 1000 replications is displayed for each of the three significance levels (α̂ ): 0.01, 0.05 
and 0.1.  Shaded cells in the table are simulation runs in which the 95% confidence 
interval for the estimated rejection level includes the desired value.     
 

Table 2:  USS Kernel Statistic (Cubic Kernel Density Function) Simulation Study 
Results 

Simulation 0.01 0.05 0.1 Simulation 0.01 0.05 0.1
1 0.02 0.062 0.103 15 0.011 0.049 0.093
2 0.009 0.032 0.085 16 0.006 0.042 0.076
3 0.011 0.047 0.084 17 0.014 0.039 0.094
4 0.011 0.039 0.083 18 0.013 0.038 0.08
5 0.017 0.062 0.1 19 0.016 0.052 0.091
6 0.016 0.042 0.084 20 0.035 0.03 0.06
7 0.01 0.04 0.09 21 0.011 0.052 0.089
8 0.018 0.055 0.097 22 0.014 0.064 0.115
9 0.008 0.049 0.102 23 0.007 0.035 0.074

10 0.009 0.048 0.087 24 0.014 0.062 0.11
11 0.014 0.051 0.099 25 0.017 0.06 0.112
12 0.01 0.04 0.07 26 0.012 0.037 0.074
13 0.01 0.04 0.08 27 0.016 0.053 0.11
14 0.009 0.031 0.07 28 0.01 0.04 0.08

Significance Significance

 
reverse shading – maybe not shade  
footnote to table indicating shading 
As shown, the statistic rejects appropriately in nearly all simulation runs.  The 
simulations suggest that the USS Kernel statistic is appropriate for use in logistic 
hierarchical models.  The study includes a variety of small sample settings and the use of 
our theoretical asymptotic distribution performs admirably.   
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We do note that tests of normality typically reject (in all but five settings) the normal 
distribution in the simulation runs.  However, we believe that this is in part due to the 
power to detect departures from normality with 1000 replications.  Examination of the 
histogram (Figure 1) and QQ Plot (Figure 2) in a typical simulation setting suggests that 
the assumption of normality for the standardized statistic holds even in the small sample 
setting.  We note a slight skew in the statistic but, coupled with rejection rates at various 

significance levels, believe the statistic is appropriate for use in practice. 
 
Remove figures and verbally describe 
 

Figure 1:  Histogram of USS Kernel Smoothed Standardized Statistic Values in 
Simulation 2 (1000 replications) 
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Figure 2:  QQ Plot of USS Kernel Smoothed Standardized Statistic Values in 
Simulation 2 (1000 replications) 

 

 

6  Discussion 
 
end with what we didn’t start with what we did We did not include results for several 
other versions of goodness-of-fit statistics that were explored in this study.  These 
included a USS statistic using the residuals without smoothing, a statistic using the 
Pearson residuals (both with and without smoothing) and a version of the Hosmer-
Lemeshow statistic.  In each case, the theoretical asymptotic distribution did not hold for 
the small sample settings of our simulation study [16].  We do not recommend these 
statistics for use in practice. 
 
We do recommend use of the USS Kernel smooth statistic but the choice of bandwidth 
deserves some discussion.  The “optimal” bandwidth choice is not entirely clear and is a 
subject for further research.  Without further study, we offer only a general rule for 
practice.  For reasonably large cluster sizes (20) and number of groups (20) the 
bandwidth weighting approximately 1

2 n  of the residuals works well.  For smaller 

cluster or sample sizes, we recommend a smaller bandwidth ( 1
4 n ).  The scope of our 

study prevents us from speculating for other data schemes. 
 
Based on our study, these are conservative bandwidth choices; if anything, the USS 
kernel statistic will reject a bit too often.  In fact, we observed that the statistic will 
generally reject too often when the bandwidth chosen is too large.  This suggests that a 
quick “sensitivity analysis” to bandwidth choice can help.  If a larger choice does not 
reject the analyst can be reasonable certain the selected model is reasonable. 
 
A summary goodness-of-fit statistic is not the only criterion to determine whether a 
model is acceptable.  Rather, it is used to alert the analyst to a potential problem.  The 
possibility of the statistic rejecting too often in isolated cases is not problematic.  This 
result should prompt the model builder to look more closely at the model and data.  If no 
unacceptable problems are discovered upon further research the model will generally still 
be useful. 
 
The tendency of the statistic to reject too often in some simulation study settings using 
our recommended bandwidth choices is also somewhat mitigated by the ability to 
produce significant parameter estimates for those data schemes.  We found that the 
amount of “over rejection” is greater in simulation runs in which one or the other of the 
random parameters is not “significant”.  Here, significance is based on the ratio of the 
estimate to its standard error (to form a z-statistic).  In the five settings where are 
proposed bandwidths would reject too often, one of the random effects is often not 
significant.  In such a situation, the analyst might choose a model excluding the random 
effect.  The kernel smoothed statistic in settings with fewer random effects appears to 
perform well (in fact, even the unadjusted statistics may be useful in such cases [11]). 
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Recurrent Event Model and Army Hospitalization 
 

Yuanzhang Li, Timothy E. Powers 
 
Introduction 

In many fields of study, research questions involve life course events that can 
happen repeatedly over time, such as injuries, hospital admissions, risk events, etc. 
Researchers analyzing such data are often concerned with both the “if” and “when” of 
event occurrence. Traditional survival analysis methods, however, are most commonly 
applied to situations in which the outcome of interest that can occur only once for each 
subject under study.   Different models, or at least adaptations of these traditional survival 
analysis techniques, are needed to examine data involving recurrent events. 

One setting in which such models are needed is the study of hospitalizations 
among new enlistees in the United States Army.  Early hospitalizations of enlistees are 
not only quite costly, but have been shown to be a strong risk factor for another costly 
problem -- early attrition.  Hence, it is of interest to understand the risk factors for early 
hospitalizations, and multiple hospitalizations, among new enlistees. 

A number of multivariate regression models have been proposed for use with 
recurrent events. 1-5  In this study, we will apply five different recurrent models that have 
been proposed in the scientific literature to Army enlistee hospitalization data, and to 
closely related data simulations.  We will examine results for consistency across models, 
and for robustness of each model as alterations are made to event timing, percentage of 
subjects experiencing events, and sample size. 
 
Methods 
Five different recurrent models were compared by using SAS procedures: Poison Process, 
Counting Process, Conditional A, Conditional B, and Marginal. Each of these models 
will be used to estimate the influence of several three factors (hospitalization timing, 
proportion of subjects hospitalized, and sample size) on control variable effect estimates.   
The control variables include gender, race, age, Armed Forces Qualification Test (AFQT) 
percentile score,  indicators of body weight (underweight or overweight), and an indicator 
of medical qualification status at the time of application for service (qualified, 
temporarily disqualified, permanently disqualified). 
 
Details of the models to be used are given below. 
 
The Poison process model 

The Poison model is essentially event counting, with the assumption that each 
event is independent of other events.  Under this model, a subject contributes to the risk 
set for an event as long as the subject is under observation.  Further, it is assumed that all 
time periods of the same length have the same probability of an event occurring.  In the 
current setting, it should be noted that some hospitalization causes (e.g. injuries which 
leave a subject at greater risk for subsequent injury) might not satisfy the above 
assumptions. 

This model ignores the order of the events, leaving each subject to be at risk for 
any event as long as they are still under observation. The data structure for the Poison 



model would consist only of the length of time at risk and the number of events 
experienced during that time. 

 
The counting process model 

 
The second model is the counting process. This model assumes that each event is 

independent. A subject contributes to the risk set for an event as long as the subject is 
under observation at the time the event occurs; the data for a subject with multiple events 
could be described as data for multiple subjects while each subject has different entry 
date and is followed until the next event occurs.  For example, in the data set we see that 
the first subject will be at risk for any event occurring between 0 and 80 months and 
subject two for any events occurring between 0 and 71 months. 
 

This model, thus, ignores the order of the events leaving each subject to be at risk 
for any event as long as they are still under observation at the time of the new event 
occurring. This implies that a subject could be at risk for a subsequent event without 
having experienced the prior events. Since this model ignore the event order, same as the 
Poison model, for some causes of hospitalization, it might not be fine. But for some 
causes of hospitalization, which can’t be recovered well, such as asthma, mental disease, 
Schizophrenia, etc, it might be improper to use this model. 
 
The conditional model A 
 
 The third model is a conditional model. Using such a model, it assumes that it is 
not possible for a subject to be at risk for event 2 without having experienced event 1. It 
means if a subject is at risk for a subsequent event, then it is already having experienced 
the previous event; In order to contract the data in such an order, a strata variable is 
designed to indicate the event number. In this model the time interval of a subsequent 
event starts at the end of the time interval for the previous event. 

This model is useful for modeling the full time course of the recurrent event 
process. In the data set the time intervals are set up exactly the same as in the counting 
process model with each time interval starting at the time of the previous event occurring. 
But the difference between this model and the counting process model is that we are 
using the stratum variable to keep track of the event number; thus, ensuring that it is not 
possible to be at risk for subsequent events without having experienced the previous 
events. 
 
The conditional model B 

Next model is also a conditional model. This model only differs from the 
Conditional Model A in the way how the time intervals are structured. For the data, each 
time interval starts at zero and ends at the length of time until the next event occurs. The 
result is that the risk sets for each of these conditional models are completely different 
and the questions that these analysis answer are also very different. This model is very 
useful for modeling the time between each of the recurring events rather than the full 
time period of the recurrent event process. In the data set the first subject experiences 
four time intervals which each start at time zero but end at the length of time until the 



next event. This model ignores the length of full time period. For the data including a lot 
of subjects without events, it might overestimate the significance of the factors we 
studied. 

As in Conditional Model A we use the stratum variable to keep track of the event 
number; thus, ensuring that it is not possible to be at risks for subsequent events without 
having experienced the previous events. 
 
 
The marginal model 

In the marginal model each event is considered as a separate process.  We assume 
that the time for each event starts at the beginning of follow up time and ends at the time 
of event occurring or to the end of the follow up time; Each subject is considered to be at 
risk for all events; The number of events at risks for all subjects are the same, which is 
the maximum number of events among all subjects. In other word, all subjects in the 
study contribute follow up times to all possible recurrent events. The marginal model 
considers each event separately and models all the available data for the specific event. 
By using the marginal model, the size of the data set is much bigger than that used by 
other models, especially, if there are a lot of subjects without experienced events. 

Table 1 below shows the data structures necessary to implement each of the 
models described above.  In this table, the “Time” variable shows the observation time 
(in months) used in the various models. The variable “Event” shows the number of events 
(in this case, hospitalizations) occurring in the given period. Finally the variable “Status” 
shows indicates the ordering of events (those with multiple events showing Status=1 
indicate models that do not consider event order). 
Table 1: Data Structure: 



 
Table 1.  Structure of Recurrent Event Data for Various Models 
 
 
 
 

 

Model EnlisteeTime(month) Event Status Enlistee Time Event Status
Poison Process 1 (0,  80) 4 1 2 (0,71) 2 1

(0, 5] 1 1 (0, 32] 1 1
(5, 9] 1 1 (32, 62] 1 1
(9, 56] 1 1 (62,71] 0 1
(56, 80] 1 1
(0, 5] 1 1 (0, 32] 1 1
(5, 9] 1 2 (32, 62] 1 2
(9, 56] 1 3 (62, 71] 0 3

(56, 80] 1 4
(0, 5] 1 1 (0, 32] 1 1
(0, 4] 1 2 (0, 30] 1 2
(0, 47] 1 3 (0, 9] 0 3
(0, 24] 1 4
(0, 5] 1 1 (0, 32] 1 1
(0, 9] 1 2 (0, 62] 1 2
(0, 56] 1 3 (0, 71] 0 3
(0, 80] 1 4 (0, 71] 0 4
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For all models except the Poisson process, we use the proportional means regression 
model.  For each observation 

β'
0 )()( XetMtM =  

where M(t) is  the Mean Cumulative Function (MCF) for the number (or associated cost) 
of events of interest up to time t; X’ is a vector of time invariant covariates; and M0(t) is a 
baseline MCF. 

 
For the Poison regression, SAS/genmod procedure will be used.  For all other 

models we will use SAS/PHREG. 
 
Data 
In this study we use both true data and simulated data. The true data consists of follow-up 
on all enlistees who began Army service from 1999 to 2002 for hospitalizations occurring 
during this same period. The life data is censored at Dec. 31 2002 or the date, when the 
enlistee left the service. 
 
The simulated data are based on the true data, but three features of the data are altered to 
determine the influence of three factors (hospitalization timing, proportion of subjects 
hospitalized, and sample size) on control variable effect estimates. 
Each of the generated data sets, described in detail below, was generated, 100 times each: 

 
1. Hospitalization timing: 
 
1.1. Early hospitalization 
For each enlistee hospitalized k times, we set the date of first hospitalization at x days 

from the beginning of service, at 2x days for second hospitalization, …k*x days in the kth 
time, where k=1, 2, 3.  Eight datasets of this type were generated using  x=5, 10, 15, 20, 
30, 60, 70 and 80. 

 
1.2 Late hospitalization 
Similar to above, but the hospitalization date was start counting from the date, when 

they left the service, or the censor enduing date December 31, 2002.  The total eight data 
sets were generated by selecting  x=5, 10, 15, 20, 30, 60, 70 and 80. 

 
2. Proportion of subjects hospitalized 
In the true data, about 6% of subjects were hospitalized.  Simulated data with 

different hospitalization proportions were created using a stratified sampling technique to 
select subsets of hospitalized and non-hospitalized subjects from the true data. The ratios 
of hospitalized to non-hospitalized subjects selected were set to be 1:19, 1:9, 1:7,1:4 and 
1:3 respectively. Thus, the hospitalization rates were about 5%, 10%, 12.5%, 20% and 
25% in the 5 generated data sets. 

 



3.  Sample size 
Fixing the percentage of hospitalized subjects at 20%, we use stratified sampling to 

select samples of sizes 2000, 4000, 8000 and 10000 from the true data. 
 

Fixing the percentage of hospitalized subjects at 20%, we use stratified sampling to 
select samples of sizes 2000, 4000, 8000 and 10000 from the true data. 
 
Results 
 
True Data 
Table 2 shows the estimated control variable effects from each of the five different 
recurrent events models considered.  It is seen that estimates were quite similar across the 
different models. The marginal model and Poison model have slightly higher significance 
levels than the others; while the two conditional models have slightly lower significance. 
 
Assessing the factors themselves as hospitalization predictors, hospitalization rates were 
significant different by age, gender and AFQT. It is interesting that the presence of an 
initially disqualifying medical condition (presumably surmounted with an accession 
medical waiver) did not have a significant effect on likelihood of hospitalization. 
However, those with a temporarily disqualifying medical condition at the time of 
application had significant higher hospitalization rates than those who did not have any 
initial disqualification. 
 



Table 2:  Control Factors Related to Hospitalization Likelihood:  Influence of Model 
Selection on Estimated Effects 
 
Parameter Model Estimates Standard Error P_value 

Poisson -0.0030 0.001 0.000 
Counting -0.0030 0.001 0.000 
Conditional A -0.0027 0.001 0.001 
Conditional B -0.0026 0.001 0.002 

AFQT 

Marginal -0.0037 0.001 <.0001 
Poisson 0.0210 0.005 <.0001 
Counting 0.0201 0.005 <.0001 
Conditional A 0.0160 0.005 0.001 
Conditional B 0.0186 0.005 0.000 

age 

Marginal 0.0243 0.005 <.0001 
Poisson 0.7751 0.032 <.0001 
Counting 0.7769 0.032 <.0001 
Conditional A 0.7213 0.032 <.0001 
Conditional B 0.6865 0.032 <.0001 

Female 

Marginal 0.7763 0.032 <.0001 
Poisson 0.0734 0.063 0.245 
Counting 0.0660 0.063 0.296 
Conditional A 0.0640 0.063 0.312 
Conditional B 0.0618 0.063 0.328 

Perm DQ 

Marginal 0.0890 0.063 0.159 
Poisson 0.1289 0.045 0.005 
Counting 0.1261 0.045 0.006 
Conditional A 0.1049 0.045 0.021 
Conditional B 0.1106 0.045 0.015 

Temp DQ 

Marginal 0.1485 0.045 0.001 
Poisson 0.0241 0.033 0.457 
Counting 0.0242 0.033 0.456 
Conditional A 0.0165 0.033 0.612 
Conditional B 0.0171 0.032 0.599 

Over Weight 

Marginal 0.0183 0.033 0.574 
Poisson 0.0943 0.045 0.035 
Counting 0.0942 0.045 0.036 
Conditional A 0.0893 0.045 0.046 
Conditional B 0.0847 0.045 0.059 

Less Weight 

Marginal 0.0897 0.045 0.045 

     
 
 
 



Simulated Data 
 
Table 3 shows the average z-scores of effect estimates from the various data simulation 
scenarios allowing for variation in the timing of hospitalizations.  (Recall that 100 
datasets were created under each scenario -- the results below are the averages of results 
from these.)  These results help to examine the stability of model estimates as the timing 
of hospitalization events among subjects varies. Results from the Poison model are not 
shown since they depend only on the number of events that occur, and thus do not change 
according to the timing of events. 
 
It is seen that, in general, the model estimates remain fairly stable as the timing of events 
is altered.  For example, looking at the Conditional A model, the average z-score for the 
effect of being female when hospitalizations were set to occur an average of every 5 days, 
was 7.13.  As the average time interval between hospitalizations increased, this 
coefficient did not change much, stabilizing at 7.30 as the average time between 
hospitalizations grew to 60 days or more.  The estimated effects of the other factors were 
similarly stable within this model, and indeed within all of the models examined.  Not 
surprisingly, then, the actual coefficient estimates also showed little variation (data not 
shown). 
 
Perhaps the largest impact of timing on effect estimation is seen in the Conditional A 
model when comparing the effect of hospitalizations occurring early in service to those 
occurring late in service.  For example, the z-scores for the “Temporary disqualification” 
variable when the hospitalizations occurred early in service ranged from 0.83-0.98, all far 
from statistical significance.  However, when the hospitalizations occurred late in service, 
the z-scores ranged from 1.87-1.91, a range considered in some settings to indicate 
borderline statistical significance.  A similar pattern was seen for the age variable under 
this model as the hospitalizations moved from early in service to late in service. 
 
Finally, there were no dramatic differences in results from the different models.  The 
Conditional A model and the Counting Process model yielded results very similar to one 
another, and the results from the Conditional B and Marginal models were quite similar 
to one another.  This was true not only of the z-scores, but also of the effect coefficients 
(data not shown).



 
 
 
Table 3: Average Z-scores of Effect Estimates Relating Predictive Factors to Likelihood of Hospitalization:  Applying 
Several Models to Simulated Data 

Hospitalization 
intervals Average z-scores of effects 

Model 
Zero 
Point Days Female age AFQT Over 

DQ 
Less 
Weight Perm DQ Temp DQ

5 7.13 0.38 -0.10 0.32 1.48 1.80 0.83 
10 7.17 0.42 -0.14 0.31 1.52 1.82 0.88 
15 7.23 0.46 -0.15 0.30 1.53 1.87 0.90 
20 7.24 0.50 -0.16 0.28 1.56 1.90 0.96 
30 7.28 0.55 -0.14 0.29 1.60 1.93 0.98 
60 7.30 0.53 -0.14 0.28 1.59 1.92 0.98 
70 7.30 0.53 -0.14 0.28 1.61 1.91 0.96 

Start of 
service 

80 7.30 0.54 -0.15 0.27 1.61 1.91 0.96 
80 8.34 1.76 -1.15 -0.05 1.54 2.51 1.90 
70 8.34 1.76 -1.18 -0.06 1.54 2.50 1.88 
60 8.33 1.74 -1.21 -0.04 1.55 2.50 1.87 
30 8.42 1.78 -1.18 -0.10 1.57 2.50 1.91 
20 8.42 1.78 -1.21 -0.12 1.46 2.54 1.89 
15 8.42 1.74 -1.18 -0.11 1.49 2.53 1.90 
10 8.44 1.78 -1.22 -0.10 1.52 2.58 1.90 

Conditional 
A 

End of 
service 

5 8.50 1.75 -1.21 -0.03 1.54 2.59 1.91 
5 6.71 1.50 -0.83 -0.10 1.47 2.55 1.58 
10 6.69 1.50 -0.82 -0.12 1.48 2.54 1.60 
15 6.74 1.49 -0.80 -0.13 1.49 2.57 1.60 
20 6.76 1.48 -0.80 -0.13 1.48 2.56 1.64 
30 6.83 1.47 -0.79 -0.10 1.50 2.59 1.65 
60 6.86 1.45 -0.80 -0.10 1.48 2.59 1.64 
70 6.85 1.45 -0.80 -0.10 1.50 2.58 1.63 

Start of 
service 

80 6.86 1.46 -0.81 -0.11 1.50 2.58 1.63 
80 8.17 1.26 -0.49 0.08 1.51 2.02 1.41 
70 8.17 1.28 -0.50 0.07 1.52 2.03 1.38 
60 8.15 1.26 -0.54 0.07 1.53 2.03 1.37 
30 8.22 1.26 -0.53 0.10 1.52 2.02 1.37 
20 8.20 1.15 -0.55 0.12 1.50 2.00 1.33 
15 8.19 1.06 -0.49 0.15 1.52 1.97 1.34 
10 8.16 1.02 -0.45 0.21 1.54 1.93 1.28 

Conditional 
B 

End of 
service 

5 8.14 0.97 -0.38 0.24 1.56 1.89 1.26 
5 7.33 0.44 -0.09 0.29 1.44 1.78 0.86 
10 7.38 0.51 -0.14 0.26 1.45 1.81 0.92 
15 7.45 0.54 -0.16 0.25 1.47 1.86 0.94 
20 7.48 0.60 -0.17 0.22 1.48 1.90 1.00 
30 7.53 0.66 -0.16 0.21 1.51 1.97 1.01 
60 7.54 0.65 -0.16 0.20 1.50 1.97 1.00 
70 7.53 0.66 -0.16 0.20 1.52 1.96 0.99 

Counting 
Process 

Start of 
service 

80 7.54 0.67 -0.17 0.20 1.52 1.96 0.98 



80 8.37 1.81 -1.14 -0.09 1.50 2.51 1.91 
70 8.36 1.83 -1.15 -0.10 1.52 2.52 1.88 
60 8.34 1.82 -1.18 -0.09 1.52 2.52 1.87 
30 8.41 1.83 -1.16 -0.07 1.51 2.50 1.87 
20 8.40 1.81 -1.17 -0.08 1.48 2.52 1.87 
15 8.39 1.78 -1.15 -0.07 1.50 2.51 1.87 
10 8.38 1.78 -1.15 -0.06 1.49 2.52 1.87 

End of 
service 

5 8.36 1.78 -1.16 -0.04 1.50 2.53 1.88 
5 7.02 1.53 -0.99 -0.10 1.41 2.58 1.74 
10 7.04 1.53 -0.99 -0.10 1.41 2.59 1.74 
15 7.05 1.53 -1.00 -0.10 1.42 2.59 1.74 
20 7.06 1.53 -1.00 -0.10 1.42 2.59 1.75 
30 7.07 1.53 -1.01 -0.09 1.42 2.60 1.75 
60 7.07 1.53 -1.01 -0.09 1.42 2.60 1.75 
70 7.07 1.53 -1.01 -0.09 1.42 2.60 1.75 

Start of 
service 

80 7.07 1.53 -1.01 -0.09 1.42 2.60 1.75 
80 7.85 1.98 -1.26 -0.05 1.37 2.36 1.74 
70 7.85 1.98 -1.26 -0.05 1.37 2.36 1.74 
60 7.85 1.98 -1.26 -0.05 1.37 2.36 1.74 
30 7.84 1.96 -1.25 -0.04 1.37 2.36 1.73 
20 7.81 1.93 -1.22 -0.01 1.40 2.35 1.74 
15 7.81 1.93 -1.22 -0.02 1.40 2.35 1.73 
10 7.80 1.93 -1.23 -0.02 1.40 2.36 1.74 

Marginal 

End of 
service 

5 7.80 1.93 -1.23 -0.01 1.40 2.36 1.74 

 
 
 
The Hospitalization Rate Effect 
  
Tables 4 and 5 show the average effects and z-scores of effect estimates from the various 
data simulation scenarios allowing for variation in the percentage of subjects 
experiencing hospitalization.  (Recall again that 100 datasets were created under each 
scenario -- the results below are the averages of results from these.) 



 
Table 4. Average Effect Estimates for Predictive Factors:  Applying Several Models to Simulated Data with 
Different Percentage of Hospitalization. 

Model 
Percent of 
subjects 
hospitalized 

Sex Age AFQT Overwt Underwt Perm DQ Temp 
DQ 

0.05 0.726 0.019 -0.003 0.023 0.130 0.235 0.170 
0.10 0.698 0.015 -0.003 0.030 0.099 0.141 0.157 
0.15 0.652 0.017 -0.003 0.026 0.112 0.129 0.137 

Poisson 
 

0.20 0.618 0.017 -0.002 0.022 0.088 0.106 0.118 
0.05 0.700 0.015 -0.003 0.014 0.140 0.187 0.148 
0.10 0.671 0.013 -0.003 0.013 0.104 0.124 0.130 
0.15 0.644 0.014 -0.002 0.016 0.101 0.127 0.123 

Conditional 
A 
 

0.20 0.608 0.015 -0.002 0.019 0.089 0.089 0.104 
0.05 0.664 0.017 -0.003 0.014 0.136 0.188 0.154 
0.10 0.638 0.015 -0.002 0.014 0.100 0.119 0.136 
0.15 0.610 0.015 -0.002 0.016 0.097 0.124 0.126 

Conditional 
B 
 

0.20 0.574 0.016 -0.002 0.020 0.085 0.084 0.108 
0.05 0.739 0.018 -0.003 0.021 0.147 0.211 0.176 
0.10 0.701 0.016 -0.003 0.021 0.106 0.130 0.151 
0.15 0.662 0.016 -0.002 0.021 0.103 0.133 0.137 

Counting 
 

0.20 0.616 0.017 -0.002 0.026 0.089 0.091 0.115 
0.05 0.750 0.020 -0.004 0.014 0.148 0.243 0.205 
0.10 0.719 0.018 -0.003 0.016 0.103 0.158 0.181 
0.15 0.687 0.019 -0.003 0.015 0.099 0.164 0.167 

Marginal 

0.20 0.647 0.020 -0.003 0.021 0.083 0.119 0.145 
 
It is seen that the average effect coefficients and z-scores for the various control factors 
are quite similar regardless of the percentages of subjects hospitalized.  This is true both 
within and across the models considered.  Sex is highly statistically significant in all 
models and across all percentages of hospitalization, while age, AFQT score, and the two 
medical qualification status variables are near statistical significance in all models and 
hospitalization percentages. 
 
It is worth noting that the selected hospitalized and non-hospitalized samples have the 
same distribution by the control factors (sex, age, etc.) as the true data.  Accordingly, the 
estimated effects of these factors should be similar to those from the modeling of the true 
data.  This was, indeed, generally the case (data not shown). 



 
 
Table 5: Average Z-scores of Effect Estimates Relating Predictive Factors to Likelihood of Hospitalization:  
Applying Several Models to Simulated Data with Different Percentage of Hospitalization. 

Model 
Percent of 
subjects 
hospitalized 

Sex Age AFQT Overwt Underwt Perm DQ Temp DQ 

0.05 11.88 2.08 -2.02 0.37 1.54 2.14 2.00 
0.10 13.23 1.85 -1.96 0.55 1.35 1.43 2.14 
0.15 13.87 2.43 -2.04 0.53 1.71 1.47 2.09 

Poisson 

0.20 14.48 2.59 -2.07 0.51 1.46 1.32 1.96 
0.05 11.73 1.62 -1.87 0.21 1.68 1.72 1.76 
0.10 13.07 1.65 -1.79 0.25 1.42 1.27 1.78 
0.15 14.12 1.95 -1.91 0.33 1.56 1.47 1.88 

Conditional 
A 

0.20 14.72 2.28 -2.16 0.44 1.51 1.12 1.75 
0.05 11.11 1.82 -1.85 0.22 1.68 1.78 1.85 
0.10 12.43 1.84 -1.73 0.25 1.39 1.26 1.87 
0.15 13.40 2.17 -1.84 0.32 1.52 1.48 1.94 

Conditional 
B 

0.20 13.94 2.48 -2.06 0.46 1.47 1.09 1.82 
0.05 11.13 1.75 -1.83 0.29 1.60 1.70 1.82 
0.10 12.46 1.78 -1.71 0.34 1.33 1.21 1.82 
0.15 13.46 2.09 -1.80 0.40 1.47 1.42 1.90 

Counting 

0.20 14.06 2.38 -2.04 0.54 1.43 1.06 1.78 
0.05 10.74 1.87 -2.15 0.19 1.53 1.88 2.01 
0.10 11.95 1.92 -2.08 0.24 1.22 1.38 2.05 
0.15 12.84 2.28 -2.24 0.27 1.33 1.62 2.13 

Marginal 

0.20 13.34 2.58 -2.53 0.41 1.22 1.28 2.03 
 
Table 6 shows the standard deviations of the estimated demographic effects in 
simulations with different percentages of subjects being hospitalized. In general, we 
would like to use the method with less standard deviation of estimates, if the estimates 
are unbiased.  Overall, the standard deviations from both conditional models are similar 
to one another, and they are smaller than those from the counting process and marginal 
models. 



 
Table 6: Standard Errors of Effect Estimates:  Applying Several Models to Simulated Data with Different 
Percentage of Hospitalization 

Model 
Percent of 
subjects 
hospitalized 

Sex Age AFQT Overwt Underwt Perm DQ Temp DQ 

0.05 0.046 0.010 0.002 0.058 0.065 0.089 0.072 
0.10 0.035 0.006 0.001 0.034 0.041 0.051 0.056 
0.15 0.028 0.005 0.001 0.028 0.040 0.042 0.045 

Poisson 

0.20 0.022 0.004 0.001 0.026 0.030 0.030 0.029 
0.05 0.048 0.008 0.001 0.046 0.059 0.073 0.063 
0.10 0.032 0.007 0.001 0.035 0.043 0.061 0.045 
0.15 0.028 0.006 0.001 0.028 0.034 0.047 0.040 

Conditional 
A 

0.20 0.023 0.004 0.001 0.020 0.029 0.043 0.033 
0.05 0.047 0.008 0.001 0.044 0.058 0.069 0.061 
0.10 0.032 0.007 0.001 0.034 0.042 0.057 0.045 
0.15 0.028 0.006 0.001 0.027 0.034 0.043 0.039 

Conditional 
B 

0.20 0.022 0.004 0.001 0.020 0.028 0.042 0.033 
0.05 0.054 0.009 0.001 0.050 0.067 0.081 0.072 
0.10 0.035 0.007 0.001 0.039 0.048 0.065 0.050 
0.15 0.031 0.006 0.001 0.031 0.037 0.051 0.043 

Counting 

0.20 0.025 0.005 0.001 0.022 0.031 0.047 0.037 
0.05 0.056 0.009 0.001 0.051 0.070 0.085 0.074 
0.10 0.038 0.008 0.001 0.040 0.050 0.066 0.053 
0.15 0.033 0.006 0.001 0.032 0.041 0.052 0.046 

Marginal 

0.20 0.027 0.005 0.001 0.024 0.033 0.049 0.040 

 
Comparing Tables 4 and 6, it can be seen that for the sex variable, the standard errors are 
much less than their respective mean estimated coefficients for all five models and all 4 
different hospitalization rates.  This means the estimation of this effect is robust across 
the models, and shows that gender is a significant predictor of hospitalization. 
 

For the other demographic factors, the mean coefficients are comparable in size to 
their respective standard errors. This means that the estimated coefficient may not be so 
reliable, and we should not draw conclusions based on only one selected model. 

 
The standard errors of effect estimates are decreasing as the hospitalization rate is 

increasing, as would be expected.   In particular, when the hospitalization rate is about 
20%, the effects estimates for age and AFQT are quite reliable across models.  When the 
hospitalization rate is about 5%, the standard errors are quite large compared to the mean 
estimated coefficients. Model selection and interpretation should be done more carefully 
at such lower levels of hospitalization percentages. 

 



Sample Size Effect 
 
The results in Table 7 show effect estimates from simulated data of various sample sizes.  
The selected numbers of hospitalized individuals were 500, 1000, 1500 and 2000 
respectively, and four times as many controls were selected for each of these cases. 
Hence the hospitalization ratio was 20% overall for each data. As in the previous 
analyses, the distributions of hospitalized and non-hospitalized subjects by the control 
variables (sex, age, etc.) in this simulation were the same as in the true Army 
hospitalization data. 
 
The results indicate that sample size has little effect on the effect estimates regardless of 
which model is used.  As expected, however, larger sample size results in reduced 
standard error and thus greater statistical significance (data not shown). 



 
Table 7: The demographic factor effect s by sample size 
Model Sample Size Sex Age AFQT Overwt Underwt Perm DQ Temp DQ 

2,000 0.546 0.017 -0.003 0.022 0.170 0.293 0.203 
4,000 0.569 0.013 -0.002 0.015 0.122 0.125 0.156 
8,000 0.604 0.020 -0.002 0.020 0.108 0.123 0.115 

Poisson 

10,000 0.618 0.016 -0.002 0.032 0.100 0.110 0.125 
2,000 0.559 0.014 -0.003 0.017 0.174 0.266 0.190 
4,000 0.566 0.011 -0.002 0.008 0.121 0.120 0.147 
8,000 0.601 0.018 -0.002 0.016 0.104 0.120 0.112 

Conditional 
A 

10,000 0.611 0.014 -0.002 0.026 0.097 0.103 0.113 
2,000 0.523 0.016 -0.003 0.016 0.164 0.270 0.190 
4,000 0.536 0.012 -0.002 0.009 0.118 0.113 0.150 
8,000 0.568 0.019 -0.002 0.015 0.103 0.114 0.109 

Conditional 
B 

10,000 0.579 0.015 -0.002 0.027 0.093 0.101 0.116 
2,000 0.548 0.016 -0.003 0.021 0.170 0.283 0.202 
4,000 0.572 0.012 -0.002 0.015 0.122 0.118 0.155 
8,000 0.607 0.020 -0.002 0.020 0.107 0.118 0.115 

Counting 

10,000 0.620 0.016 -0.002 0.032 0.100 0.104 0.123 
2,000 0.580 0.021 -0.004 0.014 0.167 0.348 0.245 
4,000 0.599 0.016 -0.003 0.013 0.121 0.142 0.192 
8,000 0.640 0.023 -0.003 0.016 0.106 0.152 0.135 

Marginal 

10,000 0.651 0.018 -0.003 0.030 0.094 0.142 0.157 

 
 
Conclusions 
 
Five different model types were used to estimate the effects of several demographic 
factors on likelihood of hospitalization among new Army enlistees.  When applying these 
models to actual data over a three-year period, the results from these models were quite 
similar.  This result is somewhat comforting in that the major conclusions to be drawn 
from such modeling would therefore not be dependent on which model was used. 
 
Results from simulated data, generated by making judicious changes to the true data, 
indicated that these models, and their similarity in results to one another, were fairly 
robust.  In particular, it was found that changes in the timing of hospitalizations, the 
percentage of subjects hospitalized, and the sample size did not appreciably alter the 
harmony of findings within or across models. 
 
Nonetheless, some observations were of note from the data simulations: 

• After the Poisson (which does not depend the timing of events) the marginal 
model was the most robust with respect to hospitalization event timing. 

• The Conditional A model was more sensitive to events occurring later in service 
than those occurring earlier. 

• There was considerable similarity in results between the Conditional A and 
counting process models, and between the Conditional B and Marginal process 
models. 



• Estimation of demographic effects was relatively stable as the percentage of 
subjects hospitalized increased. 

• The Conditional models showed generally less variation in results, and lower 
significance levels of demographic effects, than the other models. 

• The estimated effects of several demographic factors on hospitalization likelihood 
were not so reliable when the percentage of subjects hospitalized was low.  In 
such a case, results from several models should be considered, and conclusions 
must be drawn carefully. 

 
 
Modeling of recurrent events while accounting for the timing of those events requires 
extension of traditional survival analysis techniques.  The results of this study indicate 
that any of the five models presented in this paper are adequate choices for the modeling 
of hospitalization data among new Army enlistees, and perhaps in other settings as well. 
 
David W., Jr. Hosmer, Stanley Lemeshow, Applied survival analysis: Regression 
modeling of time to event data, 1999, Wiley-Interscience; 
Fleming, T. R. and Harrington, D. P. (1991) Counting Processes and survival analysis, 
New York Willey 
 
Lawless, J. F. and Nadeau, C. (1995), Some simple robust methods for the analysis of 
recurrent events, Technometrics, 37 
 
Lin, D. Y., Wei, L. J., Yang, I., and Ying, Z. (2000), Semiparametric regression for the 
mean and rate functions of recurrent events, J. R. Statisc. Soc.  B., 62, 
 
Gordon Johnston andYing So, Analysis of data from recurrent events, SUGI 28, SAS 
Institute Inc. Cary, North Carolina. 
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Interval Estimates for Probabilities of Non-Perforation 
Using a Generalized Pivotal Quantity 

 
David W. Webb 

U. S. Army Research Laboratory 
Aberdeen Proving Ground, MD  21005 

 
Abstract 
 

A generalized pivotal quantity is developed that yields confidence intervals for 
the cumulative distribution function (CDF) at a specific value when the underlying 
distribution is assumed to be normal.  This problem is similar to the development of a 
tolerance interval, and, unsurprisingly, its solution involves the non-central t distribution.   
Generalized confidence bands for a normal CDF follow easily.  Military applications 
include vulnerability and lethality assessment, for example, interval estimation for the 
probability of non-perforation against homogeneous armored targets. 
 
 
Introduction 
 
An engineer at the U.S. Army Research Laboratory at Aberdeen Proving Ground 
approached the author in the spring of 2004 requesting help in estimating the probability 
that a projectile would not penetrate beyond the thickness of an armor plate.  That is, the 
client wanted an estimate for the probability of non-perforation.  This estimate was to be 
obtained from sample data of depths of penetration into homogeneous armor of “infinite” 
thickness. 
 
To model this phenomena, one could let X be defined as the penetration depth of a 
random projectile and assume that X is a normally distributed random variable with mean 
µ  and variance 2σ .  If 0x  is the thickness of the plate for which the probability of non-
perforation estimate is desired, then the client seeks an estimate for ( )0xXP < , or 

equivalently ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ
σ
µ0x , where ( )⋅Φ  is the cumulative distribution function of a 

standard normal random variable. 
 
Using the sample mean and the sample standard deviation from the observations, the 

plug-in estimate, ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ
s

xx0 , serves as an adequate point estimate for the probability of 

non-perforation.  Of course, point estimates yield no information on the error of 

estimation.  What we’d prefer to report is a confidence interval for ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ
σ
µ0x  so that 

one can say, e.g., “… with 95% confidence, the probability of non-perforation is between 
some lower confidence limit (LCL) and upper confidence limit (UCL).”  Interval 



estimation of ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ
σ
µ0x  is not a new problem – see Owen & Hua (1977), Odeh & 

Owen (1980), Hahn & Meeker (1990), or Patel & Read (1996).  However, in this paper 
we will examine this problem from the perspective of generalized confidence intervals, a 
technique that allows one to obtain confidence intervals for any function of µ  and 2σ . 
 
 
Classical and Generalized Confidence Intervals 
 
In the ensuing discussion, it is imperative that we make the notational distinction between 
a random variable and its observed value.  An observable random variable (either scalar 

or vector) will always be denoted by a capital letter, for example, ∑
=

=
n

i
iX

n
X

1

1 ; its 

observed value will be denoted using small case, for example, ∑
=

=
n

i
ix

n
x

1

1 . 

 
In recalling the classical definition of confidence interval, let { }nXXXX ,,, 21 K

v
=  be a 

random sample of size n, and θ  be a scalar parameter of interest.  It should be noted that 
θ  may actually be a function of other parameters.  If there exists statistics  ( )XL

v
 and 

( )XU
v

  whose distributions are free of any unknown parameters, and that satisfy 
( ) ( )( )XUXLP

vv
<<=− θα1 , then a ( ) %1001 α−  confidence interval for θ  is given by 

( ) ( )( )xUxL , . 
 
One technique that is used to construct a classical confidence interval for a parameter θ  
is the pivotal method.  It is comprised of the following four steps:  1) Obtain a pivot, that 
is, a random quantity whose distribution does not depend upon any unknown parameters.  
2) Write a simple probability statement that bounds the pivot.  3) Invert this into a 
probability statement that bounds θ .  4) If the bounds for θ  do not depend on any 
unknown parameters, one can use them to obtain a confidence interval for θ . 
 
We note that a pivot is a function of: 

a) the random data (typically a set of sufficient statistics), 
b) the unknown parameter of interest, and 
c) perhaps other nuisance parameters. 

 
As long as the cumulative distribution function associated with the observations is 
continuous, a pivot will exist (Mood, Graybill & Boes, 1974).  However, for many 
problems, no pivot exists which can be inverted to form a confidence interval.  In many 
cases this is due to the presence of nuisance parameters.  In such instances, approximate 
methods, or some other technique for constructing a confidence interval is needed. 
 
One relatively new technique involves the use of generalized pivots (Weerahandi, 1993).  
A generalized pivot is a function of the same three arguments as a traditional pivot plus 
the observed data.  A generalized pivot can be written as ( )ηθ ,,, xXR vv

, reminding us of 
its four arguments; and it must satisfying the following conditions: 

a) the distribution of ( )ηθ ,,, xXR vv
 is free of any unknown parameters, and 

b) the observed value ( )ηθ ,,, xxRr vv
=  is free of the nuisance parameter η . 



Furthermore, we say that ( )ηθ ,,, xXR vv
 is a generalized pivot for θ if θ=r .  The 

percentiles of a generalized pivot for θ  yield generalized confidence limits/bounds for 
θ . 
 
 
Constructing Generalized Pivots 
 
Since their introduction, generalized confidence intervals have been utilized on a limited 
basis, in part because of the lack of a clear method for constructing generalized pivots.  
Even in his seminal paper Weerahandi wrote “The problem of finding an appropriate 
pivotal quantity is a nontrivial task”, and “… the construction of pivotals requires some 
intuition.”  Recently, a seven-step algorithm has been proposed (Iyer & Patterson, 
unpub.) that elucidates how generalized pivots and confidence intervals can be obtained.  
Their algorithm is given here, along with its implementation towards an interval estimate 

for ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=
σ
µθ 0x , the probability of non-perforation. 

 
Step 1:  Find a set of independent, sufficient statistics for the sample. 
 

Assuming a normal population, the sample mean, ∑
=

=
n

i
iX

n
X

1

1 , and the sample 

variance, ( )∑
=

−
−

=
n

i
i XX

n
S

1

22

1
1  are sufficient statistics. 

 
Step 2:  From these, find a same-sized set of statistics whose distributions are 
independent of the unknown parameters. 
 

We have ( )1,0~ N

n

XZ σ
µ−

=  and ( ) 2
12

2
~1

−
−

= n
SnV χ

σ
. 

 
Step 3:  Solve for the unknown parameters in terms of the statistics in Step 2. 
 

With some simple algebraic manipulation, one obtains 
nV
nZSX 1−

−=µ  and 

V
nS 1−

=σ . 

 
Step 4:  Substitute the expressions for the unknown parameters in Step 3 into θ . 
 

Starting with the parameter of interest, θ , we make substitutions for µ  and σ , 
then simplify: 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
−

−
Φ=

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
−−

Φ=⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=
n

Z

V
nS

Xx

V
nS

nV
nZSXx

x
11

1

0
0

0

σ
µθ . 



Step 5:  Substitue the (random) sufficient statistics with their observed values. 
 

In the previous expression for θ , the sufficient statistics appear in the first 
addend.   After substituting the observed values, we have the random variable 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
−
−

Φ
n

Z

V
ns

xx
1

0 .  Notice that because of the substitution, this expression is 

no longer equated to θ .  But more importantly, note that this random variable 
has a distribution that is independent of either µ  or 2σ . 

 
Step 6:  Substitute the remaining random terms with their sufficient-statistic based 
equivalents.  Finally, this is the generalized pivot for θ . 
 

Denoting this generalized pivot by R, one obtains 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

+
−

−
−

Φ=

n

X
n

Sn
ns

xxR σ
µ

σ
11

1 2

2
0 .  R meets the definition of a 

generalized pivot for θ  since it has the same parameter-free distribution as 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
−
−

Φ
n

Z

V
ns

xx
1

0 , and its observed value is 

( ) θ
σ
µ

σ
µ

σ
=⎟

⎠
⎞

⎜
⎝
⎛ −

Φ=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

+
−

−

−
Φ= 0

2

2
0 11

1
x

n

x
n

sn
ns

xxr . 

 
Step 7:  The percentiles of the generalized pivot form generalized confidence limits (or 
confidence bounds) for θ . 
 

In general, these percentiles may be obtained through Monte-Carlo simulation.  

For example, we know that ( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

+
−

−
−

Φ=

n

X
n

Sn
ns

xxR σ
µ

σ
11

1 2

2
0  has the 

same distribution as 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
−

−
Φ

n
Z

V
ns

xx
1

0 .  Therefore, one could generate, and 

order a “large” sample of values of R, e.g., ( ) ( ) ( )1000021 ,,, RRR K .  Then a 95% 

two-tailed generalized confidence interval is ( ) ( ) ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ++

2
,

2
97519750251250 RRRR

. 

 
 



Equating the Generalized and Classical Confidence Intervals for Probability of Non-
Perforation 
 
In some cases, the percentiles of the generalized pivot may be expressed in closed form.  
When a conventional confidence interval exists (for example, a confidence interval for 
the mean of a normal random variable), the generalized confidence interval will reduce to 
it.  In the following exercise, we will show how the generalized confidence interval for 

⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=
σ
µθ 0x  is equivalent to the interval derived by Owen & Hua. 

 

Consider a ( ) %1001 α−  lower confidence bound for ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=
σ
µθ 0x .  It is defined in 

Step 7 to be that value, LB , for which ( )RBP L ≤=−α1 .  Recalling the distributional 
equivalent of R discussed in Step 6, we have. 
 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

+
−
−

Φ≤=−
n

Z

V
ns

xxBP L 1
1 0α . 

 
Algebraically manipulating this equation, one obtains 
 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−

Φ−
≤

−
=−

−

1

1
1

0

n
V

BnZ

n
s

xxP Lα  

 
Notice that the right side of the inequality is a non-central t random variable with non-
centrality parameter ( )LBn 1−Φ−  and 1−n  degrees of freedom.  However, a non-

central t random variable with non-centrality parameter ( )LBn 1−Φ−  is the mirror image 

of a non-central t random variable with non-centrality parameter ( )LBn 1−Φ  (Johnson 
and Kotz, 1970).  Therefore, 
 

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

≤=− −Φ−

n
s

xxTP
LBnn

0
,1 11 α . 

 
But this probability is equivalent to the cumulative distribution function of a non-central t 
random variable with non-centrality parameter ( )LBn 1−Φ  and 1−n  degrees of 

freedom, evaluated at 

n
s

xx −0 .  This is the same result as proven by Owen and Hua.  The 

value of the non-centrality parameter that satisfies this probability statement (and in turn 
produces the desired lower confidence bound, LB ) must be solved using numerical 
methods, e.g., the bisection method. 
 



Application 
 
Fifteen projectiles ( 15=n ) are fired into armor plates to record the depth of penetration.  
The results in ascending order are given in the table below.  Find an estimate for the 
probability of non-perforation if the production armor is to be 60 units thick. (Note: these 
data are not actual, but have been contrived for illustrative purposes.) 
 

Sample Data 
29.4 46.1 47.5 52.7 57.6 
34.6 46.2 50.9 55.9 60.8 
43.3 46.4 52.7 56.4 69.5 

 
The sample mean is 50=x  and sample standard deviation is 10=s .  Therefore, the 

plug-in point estimate is ( ) ( ) 841.1
10

50606060 =Φ=⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=<
s

xXP . 

 
A 95% generalized confidence interval is ( )UL BB ,  where LB  satisfies 

( ) ( )( )15

15
10

5060975. 11 15,1415,14 ≤=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

≤= −− ΦΦ LL BB TPTP  and UB  satisfies 

( )( )15025. 115,14 ≤= −Φ LBTP .  Using the bisection method in MATLAB®, we obtain 

642.=LB  and 947.=UB . 
 
By allowing the thickness of the armor to vary, one can generate confidence bands for the 
normal cumulative distribution function (see Table 1).  Perhaps of more importance to the 
armor design engineer would be a plot that shows the relationship between armor 
thickness and a one-sided lower confidence bound for the probability of non-perforation 
(see Table 2).  Such a chart would allow the engineer to choose that thickness which 
offers the desired level of protection against perforation by an enemy projectile. 
 



 
Figure 1.  95% confidence bands for the probability of non-perforation. 

 
 

 
 

Figure 2.  Armor thickness versus 95% lower confidence bound for the 
probability of non-perforation.  For example, a thickness of 85.2 yields a high 
level (at least 99%) of protection against perforation. 

 



Concluding Remarks 
 
The beauty of this theory is that a generalized confidence interval can be constructed for 
any function of the normal parameters.  In particular, if the parameter of interest is some 
function of the normal parameters, ( )σµθ ,g= , then it can be shown that a generalized 

pivot for θ  is ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−=

S
s

S
sXxgR σµ , .  For example, Weerahandi (2004) discusses 

estimation of 22 σµ
σµθ

+
+

= ; and Iyer and Patterson (unpub.) derive interval estimates for 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ −

Φ−⎟
⎠
⎞

⎜
⎝
⎛ −

Φ=<<=
σ
µ

σ
µθ abbXaP . 

 
On the surface, it may appear that generalized confidence intervals hold great potential 
for solving complex estimation problems.  However, it is important to understand that the 
actual coverage probability of a generalized confidence interval may not necessarily 
equal α−1  when the percentiles of the pivot have no closed-form solution.  The actual 
coverage probability may be influenced by nuisance parameters.  A detailed simulation 
study is necessary to evaluate the (approximate) coverage probability, and hence the 
quality of the generalized confidence interval. 
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Reducing Simulation Runs for Future Combat System Key 
Performance Parameter Analysis 

 
Lieutenant Colonel Thomas M. Cioppa, Ph.D. 

US Army Training and Doctrine Command Analysis Center 
PO Box 8695 

Monterey, CA  93943-0695 
 

 
Abstract:  The Future Combat System (FCS) Key Performance Parameter (KPP) 

simulation runs executed in the stochastic Combined Arms and Support Task Force 

Evaluation Model (CASTFOREM) simulation can exceed 40 hours per replication.  

Historically, each combination of input factor levels requires 21 replications.  These 

replications, when coupled with the large number of combinations of different input 

factors, can exceed manpower and computer resources.  A methodology to minimize the 

number of replications required is proposed.  Applying normality theory to this issue can 

be misleading since the output measures may not be normally distributed.  The proposed 

methodology incorporates two techniques to determine the minimum number of 

replications required and reduce the required number of simulation runs.  The first 

technique examines the output measure using the coefficient of variation, which is 

defined for the output measure as its standard deviation divided by the mean.  The second 

technique is to use bootstrapping for the executed simulation runs.  A bootstrapping 

sample is obtained by randomly sampling from the original data points.  Bootstrap 

confidence intervals can be constructed to compare various alternatives.  These 

techniques were robustly applied to recent FCS KPP CASTFOREM simulation runs and 

showed substantial merit.  

 

I.  INTRODUCTION 

 The time to execute a simulation is always of concern and interest to the analyst.  

The valuable and limited resource of time is best applied to ensuring the simulation 

setting is accurate, data inputs are valid, and sufficient time is available to analyze the 

simulation output to provide results to decision makers (Law and Kelton, 2000).  The 

time problem is compounded in military simulations where scenario establishment is 
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time-consuming.  Recently, the Future Combat System (FCS) Key Performance 

Parameter (KPP) analysis required extensive simulation support.   

The simulation used at the US Army Training and Doctrine Command Analysis 

Center (TRAC) at White Sands is the Combined Arms and Support Task Force 

Evaluation Model (CASTFOREM).  CASTFOREM is used to evaluate weapon systems 

and unit tactics, brigade and below by simulating intense battle conditions at battalion 

and brigade levels.   It models a range of operations to include ammunition resupply, 

aviation, close combat; combat service support; C3, countermobility, logistics, 

engineering, mine warfare, fire support, intelligence and electronic warfare, mobility; 

survivability, and air defense.  The time to execute one replication of one scenario 

exceeded 40 hours.   

Previous experience with CASTFOREM showed that after 21 replications of most 

scenarios, the variance of the measure of effectiveness (MOE) had stabilized (Cherolis, 

1992).  The problem faced in the FCS KPP study was that even 21 replications of a single 

scenario could exceed 35 days.  An alternative methodology for reducing the required 

number of replications was needed. 

 

II.  BACKGROUND AND NOTATION 

 Cherolis’ (1992) thesis is based on the assumptions that the replications are 

independent and produce a sequence of independent, identically distributed random 

variables X1, X2, X3, ..., Xn .  The Central Limit Theorem is used to derive confidence 

intervals and hypothesis tests.  When n is sufficiently large, the distribution of the random 

variable is 

       
/n

X
s n

 ,                                                              

where x is the sample mean, s is the sample standard deviation, and n is the sample size.  

This distribution is approximately normally distributed, where 

 and 

2

1 1
( )

1

n n

i i
i i

n

X X X
X s

n n
= =

−
= =

−

∑ ∑
.  Thus, for sufficiently large n, an approximate 100 × 

(1 − α)% confidence interval for the population mean, µ , is given by 
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α

2

1,1 / 2
n

n
sX t
n− −± ,      

where 0 < α < 1 and  is the upper 1 − a/2 critical point for the t distribution on n − 

1 degrees of freedom.   

1,1 / 2nt α− −

 Although the 21 replications is commonly used, it is quite possible that more than 

21 replications (thus more than 35 days) may be required per scenario or alternative 

depending on the precision required.  A justifiable methodology that could reduce the 

number of replications required was needed. 

 

III.  COEFFICIENT OF VARIATION AND BOOTSTRAP 

 The coefficient of variation (CV) is defined as the standard deviation divided by 

mean.  It is a statistical measure of the deviation of a variable from its mean.  There are 

no units associated with this measure.  A smaller value is better and implies less 

variability.  The data does not have to be normally distributed.  A data set with a higher 

CV will have a larger confidence interval than a data set with a smaller CV.  The one 

drawback of the CV is a measure is that MOE data must be quantitative and positive.  

This is not considered a significant problem since the majority of MOE data from 

constructive simulations satisfies these two requirements.  From different fields and 

experience, a CV less than 0.20 indicate a reasonable amount of variability. 

 The bootstrap method (Efron and Tibshirani, 1994) is commonly used to resample 

from sparse data sets.  A bootstrap sample x* = (x*1, x*2, x*3, …, x*n) is obtained by 

randomly sampling n times, with replacement, from the original data points x1, x2, x3, …, 

xn.  The corresponding measure of interest (e.g., mean or median) is taken.  For example, 

assume we have seven data points of (3, 9, 8, 5, 6, 1, 10) and its mean is 6.  One bootstrap 

sample of these seven data points might be (6, 6, 1, 8, 1, 8, 10) and its mean is 5.714.  A 

total of 1000 bootstrap samples are done.  Above is only one example of the 1000 

bootstrap samples.  This procedure is done rapidly (within seconds) using a computer.  A 

bias-corrected and accelerated bootstrap confidence interval (BCa) is calculated (via 

computer) from the 1000 samples and can be used to compare alternatives. 
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 The general algorithm is described.  A minimum of five replications is conducted 

on the simulation.  The CV is calculated.  If the CV is less than or equal to 0.20, the five 

replications are bootstrapped and the BCa obtained.  If after five replications, the CV is 

greater than 0.20, another replication is done and a new CV calculated.  This procedure is 

terminated when the CV is less than or equal to 0.20.  Note that the CV makes no 

assumption of normality. 

 

IV.  APPLICATION TO DATA SETS 

The TRAC element at Monterey previously gained insights on MOE data 

characteristics from TRAC-White Sands Night Vision and Electronic Surveillance 

Directorate Search and Targeting Acquisition Modeling Project.  In most of the MOE 

examined, the CV was under 0.20 in most all cases by the time the tenth replication was 

analyzed.   

There were 36 MOE’s initially identified for the FCS KPP analysis conducted by 

TRAC-White Sands.  Each of the MOE had four alternative force structures.  Thus, a 

total of 144 data sets existed to determine the soundness of using the CV and bootstrap.  

There were 11 replications per alternative. 

The mean was calculated for the 11 replications.  The CV, test for normality, and 

mean and median 90% BCa were calculated for the first five replications, then for the 

first six replications, then for the first seven replications, then for the first eight 

replications, then for the first nine replications, then for the first ten replications, and 

finally for all 11 replications.  

As an example, the first data set included the 11 data points of (279, 287, 356, 

297, 302, 291, 294, 288, 286, 352, 306).  The sample mean of these 11 replications is 

303.5.  The sample 90% confidence interval (using parametric statistics) of the 11 

replications is (289.2, 317.7), but note the data is non-normal.  The true population mean 

is unknown which is typical in military analysis.  Bootstrap samples of 1000 were taken 

for each of the number of replications.  Note that a different 1000 bootstrap samples can 

yield slightly different numbers, but these differences are negligible.  Furthermore, the 

BCa has a slightly wider confidence interval, but it does not require normality 

assumptions. 
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Table 1 shows the results of the CV’s and BCa’s for this data set.  For five 

replications, it is found that the data is not normally distributed (Kolmogorov-Smirnov 

test for normality).  The CV was 0.087 which indicates little variability in the MOE.  The 

mean 90% BCa is (287.8, 330.4) compared to the 90% confidence interval of the 11 

replications of (289.2, 317.7).  This indicates that the BCa is a reasonable approximation 

even with over a 50% decrement in replications required.  As the number of replications 

examined increases, the CV remains relatively constant.  Furthermore, the mean 90% 

BCa experiences some fluctuations, but also is relatively consistent.  

 

 
 

Number of Replications Normal CV Mean 90% BCa Median 90% BCa
5 No 0.087 (287.8, 330.4) (279, 302)
6 No 0.087 (289.2, 327.2) (283, 302)
7 No 0.087 (290.7, 324.5) (279, 297)
8 No 0.087 (290, 318.1) (287, 297)
9 No 0.087 (289.2, 316.1) (286, 294)

10 No 0.086 (292.7, 322.8) (287, 299.5)
11 No 0.086 (293.1, 319.8) (287, 302)

 
 

 

 

Table 1.  CV’s and Confidence Intervals for Representative MOE Data. 

 

Table 1 was for one MOE for one of the four alternatives.  For this specific MOE, 

the other three alternatives were examined.  When a CV < .20 was achieved, the 

procedure was terminated at that number of replications.  For this particular MOE, after 

five replications, each alternative had a CV < .20.  Table 2 provides the CV’s and 

confidence intervals for the remaining three alternatives.  Note that each of these 

alternatives also had 11 replications. 

 

True Mean True Median Replications Normal CV Mean 90%  BCa Median 90%  BCa
Alternative 2 316.3 314 5 Yes 0.131 (276.6, 318.6) (258, 316)
Alternative 3 349.9 361 5 Yes 0.066 (337.2, 361.6) (326, 364)
Alternative 4 235.4 241 5 Yes 0.109 (218.2, 264) (200, 261)

Table 2.  CV and Confidence Intervals for Remaining Three Alternatives for 
Representative MOE Data. 

 
 
 An important consideration for the analyst is how to present the information to 

senior decision makers.  TRAC-White Sands commonly employs box plots to compare 
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alternatives using the Sheffe, Tukey, Bonferroni, or Fisher's least significant differences 

approach.  One drawback of these approaches is that each assumes normality and equal 

variances among the alternatives.  If the normality assumption is not valid, the non-

parametric Kruskal-Wallis test can be used to compare all alternatives and then be 

followed with the Wilcoxan test to compare a particular pair of treatments.  If equal 

variances are not assumed, then the Games-Howell test and one of Tamhane's tests are 

recommended. 

 The proposed alternative emphasizes the BCa and does not rely on normality or 

equal variance assumptions.  The mean 90% BCa’s can be displayed and indicate the 

magnitude and range of the alternatives.  Figure 1 illustrates this approach and uses the 

data from Tables 1 and 2.  Thus, if “bigger is better,” then Alt 3 > Alt 1 = Alt 2 > Alt 4.  

This is obtained by examining if significant overlap of the green bands occurs between 

alternatives.  Since there is no overlap between Alternative 3 and the remaining 

alternatives, Alternative 3, having the highest band, is determined to be best.  Although 

Alternative 1 and Alternative 2 do not coincide exactly (although substantial overlap 

exists in their BCa’s), there is sufficient visual evidence for the senior decision maker to 

suggest that there is not a remarkable difference between the two.  Furthermore, insight is 

gained that Alt 3 has the least variability. 

 

 

 

 

 

 

 

 

 

 

 

 

200 300 400
Alt 1

200 300 400
Alt 1

200 300 400
Alt 2

200 300 400200 300 400
Alt 2

200 300 400
Alt 3

200 300 400
Alt 3

200 300 400
Alt 4

200 300 400
Alt 4

Figure 1.  Comparing the Four Alternatives for the Representative MOE Data. 
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This methodology was executed for each of the remaining 35 MOE’s.  These 

results can be presented upon request.  The purpose of this work was not to check the 

work of TRAC-White Sands, but to determine the merits and implementation insights of 

the CV and bootstrap methods. 

 

V.  SUMMARY 

Although both the mean and median can be used, the mean appears to be 

sufficient.  There was not a significant difference when comparing alternatives on 

whether the data was normally distributed or not (assessed using the Kolmogorov-

Smirnov Test).  The CV was less than .10 in almost 80% of the 144 data sets after five 

replications.  When the bootstrap procedure was done on these five replications, the 

resulting mean 90% BCa included the 11-replication sample mean in all cases.  The CV 

was less than .20 in over 86% of the 144 data sets after eight replications. When the 

bootstrap procedure was done on these eight replications, the resulting mean 90% BCa 

included the 11-replication sample mean in all cases.  Approximately 14% of the CV 

values were greater than .20 (with some greater than .70), but after eight replication, the 

resulting mean 90% BCa included the 11-replication sample mean in all cases. 

If the CV is high for a particular MOE in one alternative, it was found that it is 

high for all of the alternatives for that MOE.  The CV does not significantly change from 

5-11 replications.  For example, from our MOE example for alternative 1, the CV after 

five replications was .087 and after 11 replications, the CV was .086.  The magnitude of 

the MOE value does not effect the CV (unitless).  For example, the MOE example for 

Alternative 1 had values ranging from 279 to 352 and had a CV of .087.  Another MOE 

we examined had values ranging from .79 to .831 and had a CV of .017. 

If there are available resources, then there is nothing that substitutes for the actual 

data obtained from executing the simulation.  The CV value (especially when paired with 

a “picture” of the data) appears to be a good measure to determine how many replications 

are required and does not require normality assumptions.  If the FCS KPP simulation runs 

do require significant resources (mainly time), the bootstrap appears to offer good results 

after five replications when compared to the 11 replications.  Finally, the 90% mean BCa 
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is an excellent analytical and visual tool to show where differences between alternatives 

exist. 
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